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1 Introduction

The following numerical examples for the adjustment of Geodetic networks (1D, 2D and 3D) have
been prepared at the request of many BSc. and MSc. students who were confronted with my
lectures and labs on Geodetic Adjustment over the past years. Most of the examples have been
picked from literature, either papers or text books. Reference is given at the beginning of each
example.

All networks are processed in a right-handed coordinate system. In most examples from litera-
ture, this requires an interchange of x- and y-coordinates. In case of one dimensional networks
(height networks) very often planar coordinates x,y have been simulated in order to display the
network/levelling lines in the plane.

Whenever possible, also inputfiles (*.adat) for the adjustment program "Adjust" by Charles D.
Ghilani (Last access: 25.12.2019) were generated. Together with my own ASCII data files they can
be found in corresponding zip-files as mentioned in the example headers. All calulations were
performed using MATLAB (R2018b) or OcTAVE (5.1.0).

Although done with great care, mistakes and typing errors are most likely to be present, and I
apologize for the caused headaches. In this case or in case of questions/remarks/suggestions, please,
drop me an E-Mail. I will be happy to promptly consider your comments.

In order not to overload the examples, a failure of the global test or the indication of a blunder was
not always prosecuted, i.e. by using iteratively Baarda’s data snooping method. In all examples, a
power-of-test y = 80% was used for data snooping.

Two general remarks with respect to the adjustment procedure have to be added: All problems
- no matter if linear or non-linear — have undergone linearization with corresponding iteration
until convergence was achieved. Therefore, the used model for parameter adjustment reads
Ay = AAx +e, Xy = O'gQ = oﬁP‘l. Ay is the m X 1 vector of reduced observations, A the m X n
design matrix, Ax the n X 1 vector of corrections to the (given) approximate unknown parameters
and e the m X 1 vector or residuals/inconsistencies. The quantities oZ and P, respectively, denote
the traditional variance of unit weight and the m X m observational weight matrix, respectively. P
is always diagonal except for few cases of dynamic networks with stochastic prior information or
GNSS baseline observations with given variance-covariance matrix.

The second remark concerns the datum problem. Without exception, it has been solved using
constraints of the kind DTAx = 0 with the consequence that — even in the case of a fixed datum -
design matrices, the normal equation matrix and the vector of corrections contain in most cases
also columns/rows for datum definining parameters. Removing corresponding columns and rows
from A and Ax was not regarded as reasonable from the practical (programming) point of view.

My sincere thanks go to my colleagues Matthias Roth and Mohammad ]. Tourian who helped me a
lot with Latex and never gave up to patiently answer related questions.


http://www.personal.psu.edu/cdg3/free.htm
http://www.gis.uni-stuttgart.de/lehre/campus-docs/adjustmentexamples.zip

2 One-dimensional networks (Height
networks)

2.1 Ghilani (2010), Ex. 12.6

Ghilani Charles D. (2010): Adjustment Computations. Spatial Data Analysis. Fifth Edition, John
Wiley & Sons, Inc., ISBN 978-0-470-46491-5, Ex. 12.6, pp. 218

Available data files: [1D] Ghilani12_6_Height_fixs.x

Heights/Coordinates

Point name H [m] ‘ Easting x [m] Northing Y [m]
A 437.5960 (D) 2200.0000 5800.0000
B 448.1050 3090.1700 8664.8900
C 453.4650 6113.2600 6045.5400
D 444.9420 3614.2100 4385.7900

Datum: fix, (D)...Datum coordinate

Levelled height differences

in ‘ to ‘ hm) Lev-Line §m] ‘ |07 | fem/Vim] ‘ || [em) ‘ P
A | B | 10.5090 1000.00 0.60 0.600 00 27777.8
C | 15.8810 1000.00 1.20 1.200 00 6944.4
B | C 5.3600 1000.00 0.40 0.400 00 62500.0
D | -3.1670 1000.00 0.40 0.400 00 62500.0
C | D | -8.5230 1000.00 0.50 0.50000 40 000.0
D | A |-7.3480 1000.00 0.30 0.30000 | 111111.1

Design matrix A and reduced observation vector Ay.m levelled height differences

A HA HB HC HD H Ay

hap | —1 1 0 0 0.000
hac | -1 0 0 1.200
hsc 0o -1 0 0.000
hsp 0o -1 0 1 || —0.400
hcp 0 0o -1 1 0.000
hp.a 1 0 0 -1 | —0.200



2 One-dimensional networks (Height networks)

Normal equation system N, ATPAy

N Ha Hp Hc Hp | ATPAy

Hp | 145833.33333 —-27777.77778 —6944.44444 —111111.11111 || —305.55556
Hy | =27777.77778 152777.777 78 —62500.000 00 —62500.00000|| 250.00000
Hc —6944.444 44 —62500.000 00 109 444.44444 —40000.000 00 83.33333
Hp|-111111.11111 —62500.000 00 —40000.00000 213611.11111|| —27.77778

Matrix D'(j of datum constraints Least squares solution A/;C[m]
|Ha Hg Hc Hp | H\  Hs  Hc  Hp
D'[1 0 0 o A}T\o.ooooo 0.00371 0.00347 0.00161



Adjusted heights

Point name )24 [m] H-H [mm] ‘ |G| {xnm]
A 437.5960 0.00 0.00
B 448.1087 3.71 2.30
C 453.4685 3.47 2.64
D 444.9436 1.61 1.76

Adjusted levelled height differences

in ‘ to ‘ R ‘ € [mm] ‘ |(3'}fl|[mm] ‘ IR | |w] ‘ |V em] ‘ ﬁlcmj ‘ IF; ‘ IF, ‘ IP; [em] ‘ 1Py [em) ‘ IK [em) ‘ IK; [em) ‘ T,
A | B | 10.5127 | -3.71 2.30 65.49 | 0.76 3.06 —0.57 | 3.00 | 0.55 1.06 0.20 1.06 0.20 1.17

C | 15.8725 8.53 2.64 88.62 | 0.76 5.27 +0.96 | 1.48 | 0.27 0.60 0.11 0.60 0.11 1.16
B | C 5.3598 0.24 2.13 32.94 | 0.11 2.88 +0.07 | 5.90 | 0.15 1.93 0.05 1.93 0.05 0.16

D | -3.1651 | —1.89 1.96 43.26 | 0.72 2.51 —0.44 | 4.73 | 0.82 1.43 0.25 1.43 0.25 1.11
C | D |-8.5249 1.86 2.28 50.92 | 0.52 2.90 +0.37 | 4.06 | 0.51 1.42 0.18 1.42 0.18 0.80
D | A|-7.3476 | —0.39 1.76 18.77 | 0.30 2.86 —-0.21 | 8.60 | 0.63 2.32 0.17 2.32 0.17 0.47

(sy40m3au JYSI9F]) SYL0MIU [DUOISUIUIP-UO) 7




2 One-dimensional networks (Height networks)

Network graph
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Supplementary information
Observed levelled height differences
Height unknowns
Datum defect 1
Datum definition fix
Number of datum constraints 1
Type-I-error probability ay, [%] (Baarda) 0.1
Type-I-error probability ag [%] (Baarda) 0.6
Test value kg’L/Z 3.29
x?-Noncentrality parameter A 17.1
Type-I-error probability a, [%] (Pope) 0.1
Critical value k,_ 1.7
Redundancy r 3
Redundancy levelled height differences 3.00
Weighted square sum of residuals Q [-] 1.27212
(a priori) standard deviation oy [m] 1
(a posteriori) estimated standard deviation &y [-] 0.6512
Ratio 64/ 09 0.6512
Global test (62/0?) 0.4240 (k[ ., o, =4.21)

Global test (Q/0?)

Number of outliers (Data snooping & 7-criterion)
17 - HI| em] .

Trace height covariance matrix, tr>; [cm?]

1.2721 (kg,‘:};, =12.63)
0

0.533

0.15319



2 One-dimensional networks (Height networks)

2.2 Fix network

Available data files: [1D] Krumm_Height_fixs.x

Heights/Coordinates

Point name Hm Easting xm) | Northing ym
1 93.4590 481.0000 660.0000
2 107.7590 703.0000 309.0000
3 103.4590 395.0000 299.0000
4 100.4590 140.0000 400.0000
5 110.9560 (D) 957.0000 511.0000

Datum: fix, (D)..Datum coordinate

Levelled height differences

in ‘ to ‘ A Lev-Line §[m] ‘ |07 [emy/ Vi) ‘ || fem] ‘ PI-l

1| 2| 143010 900.00 0.50 0.47434 | 1.11111
3 | 9.9950 800.00 0.50 0.44721 | 1.25000
4 | 7.0060 1000.00 0.50 0.50000 | 1.000 00
5 | 17.5000 1500.00 0.50 0.61237 | 0.666 67

3| 2] 4.299 500.00 | 0.50 0.35355 | 2.000 00

Design matrix A and reduced observation vector Aymm levelled height differences

A ‘ Hl Hg H3 H4 H5 H Ay

hio| -1 1 0 0 0 1.00
his| -1 0 1 0 0 | =500
his| -1 0 0 1 0 6.00
his| -1 0 0 0 1 3.00
hso| 0 1 -1 0 0 | —1.00

Normal equation system N, ATPAy

N| H H, Hs H, Hs || ATPAy

Hy| 4.02778 -1.11111 —-1.25000 —1.00000 —0.66667 || —0.002 86
H,|-1.11111 3.11111 -2.00000 0.00000 0.00000 | —0.000 89
Hs|-1.25000 —2.00000 3.25000 0.00000 0.00000 || —0.004 25
H4|-1.00000 0.00000 0.00000 1.00000 0.00000(| 0.00600
Hs|-0.66667 0.00000 0.00000 0.00000 0.66667| 0.00200

Matrix D'() of datum constraints Least squares solution Axim

‘Hl Hg H3 H4 H5 ‘ Hl H2 H3 H4 H5

D'[o 0 0 o0 1 AAxT\—o.00300 —0.00486 —0.00545 0.00300 0.000 00

10



11

Adjusted heights

Point name )24 [m] H-H [mm] ‘ |G| {xnm]
1 93.4560 -3.00 5.78
2 107.7541 —4.86 6.73
3 103.4535 —-5.45 6.69
4 100.4620 3.00 7.46
5 110.9560 0.00 0.00

Adjusted levelled height differences

in ‘ to ‘ fl[m] ‘ € [mm] ‘ |a'ljl|[mm] ‘ IR % ‘ | ‘ |V fem] ‘ §[cm] ‘ IF; ‘ IF, ‘ IP; [em] ‘ IP5 [em] ‘ IK fem] ‘ IK [cm] ‘ T,

1

14.2981 2.86 3.44 40.91 | 0.94 | 3.06 | +0.70 | 4.97 | 1.13 | 1.81 0.41 1.81 0.41 1.00

9.9975 | —2.55 3.37 36.36 | 0.94 | 3.06 | —0.70 | 5.47 | 1.25 1.95 0.45 1.95 0.45 1.00

17.5000 0.00 5.78

0.00 00 00 00 00 00 00 00 1% 1% o)

0.00 00 00 00 00 00 00 00 1% 1% o)

2
3
4 7.0060 0.00 4.72
5
2

3 |

| 43006 | —1.59 | 2.93 |22.73]0.94 | 3.06 | —0.70 | 7.62 | 1.74 | 2.37 | 054 | 237 | 054 | 1.00

(sy40m3au JYSI9F]) SYL0MIU [DUOISUIUIP-UO) 7



2 One-dimensional networks (Height networks)

Network graph
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Type-I-error probability ag [%] (Baarda) ¢ 0.1
Test value kN 1 3.29
ar /2
x%-Noncentrality parameter Ao ¢ 1741
Type-I-error probability a, [%] (Pope) ¢ 0.1
Critical value k;,_ : 00
Redundancy r 1
Redundancy levelled height differences ¢ 1.00
Redundancy (Check) : 1.00
Weighted square sum of residuals Q [m?] :2.22727-107°
(a priori) standard deviation oy [m] : 5-1073
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2
Global test (Q/0?) :0.8909 (k%,., =10.83)
Number of outliers (Data snooping) 0
Number of outliers (r-criterion) 0
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Trace height covariance matrix, tr>; [cm?] ¢ 1.79093
Trace height cofactor matrix, trQg ¢ 8.04091
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2 One-dimensional networks (Height networks)

2.3 Dynamic network with covariance matrix

Available data files: [1D] Krumm_Height_dyns.=

Heights
Point name Hm
2 107.7541 (D)
3 103.4535 (D)
6 105.6400
7 115.7110
8 112.8850

Datum: dynamic, (D)..Datum coordinate

Variance-Covariance matrix of dynamic heights [m?]

Sy | 2 3

2 0.0025 —0.0015
3 —0.0015 0.0036

Levelled height differences

in ‘ to ‘ hm) ‘ Lev-Line $m] ‘ |7 | [emy/Vim) ‘ || fem] ‘ Pli/m?) ‘
8 | 5.1280 700 100 83.66600 | 1.428 57
6 | 2.1830 500 100 70.710 68 2
7 112.2540 500 100 70.710 68 2

6 | 7 ]10.0710 800 100 89.44272 | 1.250 00

8 17| 2.8240 800 100 89.44272 | 1.25000

Design matrix A and reduced observation vector Aymm dynamic heights

A |Hy Hs Hg H; Hsll Ay

0
0

Hy]1 0 0 0 0
Hi| 0 1 0 0 0

Design matrix A and reduced observation vector Aymm levelled height differences

A ‘ H2 H3 H6 H7 Hg H Ay

hs| -1 0 0 0 1] —2.90
hsg | 0 -1 1 0 0| —3.50
hs7| 0 -1 0 1 0| —3.50
he7 | 0 0 -1 1 0] 0.00
hs7| 0 0 0 1 —1] —2.00

13



2 One-dimensional networks (Height networks)

Normal equation system N, ATPAy (1. iteration)

N| H H, Hy j2 8 Hy

| ATPAy

H;,|534.76190 222.22222 0.00000 0.00000 —1.42857
H4|222.22222 374.37037 —2.00000 —2.00000 0.00000
Hg| 0.00000 —2.00000 3.25000 —1.25000 0.00000
H7| 0.00000 —2.00000 —1.25000 4.50000 —1.25000
Hg| —1.42857  0.00000 0.00000 —1.25000 2.67857

Least squares solution AXfen) (1. iteration)

‘ Hy Hs He Hy Hg

AAxT\o.ooo 0.000 —0.361 —0.377 —0.237

Adjusted heights

Point name H [m] H-H [mm] ‘ || (mm]
2 107.7541 0.00 0.04
3 103.4535 0.00 0.04
6 105.6364 -3.61 0.43
7 115.7072 —-3.77 0.39
8 112.8826 —2.37 0.48

14

0.004 14
0.01400
—0.007 00
—0.00950
—0.001 64



<1

Adjusted dynamic heights

Variance component: Q = 0.000, r = 0.00, 6(? = 0.00, ag = 0.00%.,

kF

ag;r,o

= 2040.92

Point name ‘ ﬁ[m] ‘ € [mm] ‘ |67 tmm] ‘ IR ‘ |w] ‘ [V cm] ‘ §[cm] ‘ IF, ‘ IF, ‘ IP; [cm) ‘ IP5 [em] ‘ IK [cm] ‘ IK [cm] ‘ T,
2 107.7541 | —0.003 0.04 0.21 | 0.00 | 446.75 | —0.14 | 103.1 | 0.03 | 445.79 | 0.14 | 445.79 0.14 1.79#
3 103.4535 0.004 0.04 0.27 | 0.00 | 474.77 | +0.14 91.3 | 0.03 | 473.48 | 0.14 | 473.48 0.14 1.68"
Adjusted levelled height differences
Variance component: Q = 0.000, r = 2.00, 65 = 0.00, ag = 0.28%, kj_., ., =5.88

in|to| Aw | éwm | [63]mm | IR | |wl | [Vl | View | IFy | IFy | IPiiom | IPyiem) | IKytem) | IKpom | T:
2| 8| 51285 | -0.52 | 0.48 | 37.43 | 0.00 | 565.09 | —0.14 | 5.34 | 0.00 | 353.59 | 0.09 | 353.59 | 0.09 | 1.41#
6 | 2.1829 | 0.10 | 0.43 | 29.84 | 0.00 | 534.88 | +0.03 | 6.34 | 0.00 | 375.27 | 0.02 | 375.27 | 0.02 | 0.37
7 | 12.2537 | 0.27 | 039 | 41.72 | 0.00 | 452.35 | +0.06 | 4.88 | 0.00 | 263.62 | 0.04 | 263.62 | 0.04 | 0.82
6 | 7 | 10.0708 | 0.17 | 0.47 | 47.75 | 0.00 | 534.88 | +0.03 | 4.32 | 0.00 | 279.50 | 0.02 | 279.50 | 0.02 | 0.37
8| 7| 2.8246 | —0.60 | 0.49 | 42.78 | 0.00 | 565.09 | —0.14 | 4.78 | 0.00 | 323.37 | 0.08 | 323.37 | 0.08 | 1.41*

(sy40m3au JYSI9F]) SYL0MIU [DUOISUIUIP-UO) 7



2 One-dimensional networks (Height networks)

Supplementary information

Dynamic heights 2

Observed levelled height differences 5

Height unknowns 5

Datum defect 0

Datum definition dynamic
Type-I-error probability a; [%] (Baarda) 0.1
Type-I-error probability ag [%] (Baarda) 0.3

Test value kgL/z 3.29
x?-Noncentrality parameter A, 17.1
Type-I-error probability a; [%] (Pope) 0.1

Critical value k;,_ 1.4
Redundancy r 2
Redundancy dynamic heights 0.00
Redundancy levelled height differences 2.00
Redundancy (Check) 2.00
Weighted square sum of residuals Q [-] 1.04801 - 107¢
(a priori) standard deviation ¢y [m] 1

(a posteriori) estimated standard deviation &y [-] 7.23882-1074
Ratio 64/ 0y 0.0007

Global test (62/0?) 0.0000 (k%_..,. o =5.87)

Global test (Q/O'g)

Number of outliers (Data snooping)
Number of outliers (7-criterion)

|~ H]| fem] )
Trace height covariance matrix, tr3;; [cm?]
Trace height cofactor matrix, trQs

16

0.0000 (kg,f;, =11.73)
0

4

0.574

0.00571

1.09020



2 One-dimensional networks (Height networks)

2.4 Lother & Strehle (2007), with 6 different datum definitions

Lother G and Strehle J (2007): Grundlagen der Ausgleichungsrechnung nach der Methode der klein-
sten Quadrate. Hochschule Miinchen, Fakultit fiir Geoinformation, Bachelorstudiengang Geoinfor-
matik und Satellitenpositionierung, pp. 11-3

Available data files: [1D] LotherStrehle_Heights.x

This example consists of 6 different scenarios which differ in the datum definition. Scenario 1 uses
point 1 as a benchmark, while in scenario 2 the datum problem is solved by fixing point 4. Problem
3 treats a free network with total-trace minimization of the variance-covariance matrix of estimated
point heights. Example 4 is again a fix network but overconstraining the datum definition by fixing
four heights. The results of scenario 5 are identical with those of example 4, but using a dynamic
approach with high weights for points 1-4. Finally, in example 6, points 1-4 are equipped with an
a priori variance-covariance matrix leading to a dynamic datum definition with stochastic prior
information.

Heights/coordinates, 6 different datum definitions

Point ID Him ‘ X [m] ‘ Y [m] ‘ 1 ‘ 2 ‘ 3 ‘ 4 ‘ 5 ‘ 6
1 510.369 | 1000 | 1000 | (D) (D) | (D) (D) (D)
2 508.762 | 1000 | 1500 (D) | (D) (D) (D)
3 526.174 | 2500 | 1500 (D) | (D) (D) (D)
4 515.982 | 2500 | 1000 D) | D) | D) (D) (D)
10 502.163 | 1500 | 1500 (D)
11 501.562 | 2000 | 1500 (D)
12 503.789 | 2000 | 1000 (D)
13 501.984 | 1500 | 1000 (D)
datum x| fix | free | fix . dynan.lic dy.namic
type (high weights) | (with Zg)

(D)...Datum coordinate

Network graph
1600 ‘ ‘ ‘
1500 2 T /—leﬁ\fm T ﬁ\j n 3
f | L]
1000 ! /_J‘ei\]% 12& M
T,
o Newpont | | ‘ e

900

1100 1200

1300

1400

1500

1600

1700 1800
Easting x [m]

17
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2 One-dimensional networks (Height networks)

Levelled height differences

in ‘ to ‘ B fm) Lev-Line sm) ‘ |o7| fem/Vim] ‘ || (em] ‘ Pl
2 1 1.6035 4620.00 0.15 0.32241 | 0.43290
3 10.1910 4120.00 0.15 0.30447 | 0.48544
10 | 2 6.6025 3980.00 0.15 0.29925 | 0.50251
11 | 3 | 24.6060 3080.00 0.15 0.26325 | 0.64935
12 2.2280 1460.00 0.15 0.18125 | 1.36986
12 | 4 | 12.1915 2940.00 0.15 0.25720 | 0.68027
13 ] 1 8.3830 4020.00 0.15 0.30075 | 0.49751
10 0.1840 1640.00 0.15 0.19209 | 1.21951

Trigonometric height differences

in ‘ to ‘ B[] ‘ || fem] ‘ pl-l
11 | 10 | 0.5995 | 0.33 | 0.41322
13 | 12 | 1.8050 | 0.27 | 0.61728

Design matrix A and reduced observation vector Aymm levelled height differences

A | Hi H, Hs Hy Hy Hu Hiz His H Ay

h 1 -1 0 0 0 0 0 0] =350
has o o0 1 -1 0 0 0 0] -1.00
hios | O 1 0 0 -1 0 0 0 3.50
hiys | 0 0 1 0o 0 -1 0 0 || -6.00
hyi| 0 0 0 0 0 -1 1 0 1.00
hipe | 0 0 0 1 0o o -1 0 || —1.50
hisy | 1 0o 0 0 0 0 0 -1]1 -200
hiso| 0 0 0 0 1 0o o0 -1 5.00

Design matrix Ay and reduced observation vector Aymm trigonometric height differences

A ‘Hl H, Hs Hs Hy Hnn Hiz His H Ay

hiy| 0 0 0 0 1 -1 0 0

hisi2| 0 0 0 0 0 0o 1 -1 0.00

-1.50
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2 One-dimensional networks (Height networks)

2.4.1 Datum definition 1: Point 1 fixed

Normal equation system N, ATPAy

N H, H, H; H, Hyg Hy Hyz His H ATPAy
H, 0.93041 —0.43290 0.00000 0.00000 0.00000 0.00000 0.00000 —0.497511|—-0.00251
H; [—-0.43290 0.93541 0.00000 0.00000 —0.50251 0.00000 0.00000 0.00000 0.003 27
Hs; | 0.00000 0.00000 1.13479 —0.48544 0.00000 —0.64935 0.00000 0.00000| —0.004 38
H, 0.00000 0.00000 —0.48544 1.16571 0.00000 0.00000 —0.68027 0.00000|| —0.00053
Hiyo| 0.00000 —0.50251 0.00000 0.00000 2.13525 —0.41322 0.00000 —1.21951 0.00372
Hi;;| 0.00000 0.00000 —0.64935 0.00000 —0.41322 2.43244 —-1.36986 0.00000 0.003 15
H{;| 0.00000 0.00000 0.00000 —0.68027 0.00000 —1.36986 2.66742 —0.61728|| 0.00239
H3(—-0.49751 0.00000 0.00000 0.00000 —1.21951 0.00000 —0.61728 2.33431||—0.00510
Matrix D'(j of datum constraints

|Hi Hy Hs Hy Hy Hy Hp His
D'/t o 0 0 0 0 0 0
Least squares solution A’.;C[m]

| H H, H; H, How  Hu  Hyp  Hig

A’SCT‘O.OOOOO 0.00547 —-0.00261 —0.00030 0.00366 0.00242 0.00213 0.000 29

Adj

Point ID

usted heights

ﬁ[m] ﬁ_H[mm] ‘ |6 | mm)

1 510.3690
2 508.7675
3 526.1714
4 515.9817
10 502.1667
11 501.5644
12 503.7911
13 501.9843

0.00
5.47
—2.61
—0.30
3.66
2.42
2.13
0.29

0.00
2.99
4.48
4.43
3.10
3.84
3.74
2.88
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02

Adjusted levelled height differences

Variance component: Q/ag = 2.693, r = 2.25, c}g/ao

fl [m]

2

=1.20, ag = 0.34%, kE

=5.31

ag;r,o

\ |V fem) \ V fem] \ IF \ IF, \ IPy fem) \ IP; fem) \ IK fem) \ IK em) \ T,

in ‘ to ‘ € [mm] ‘ 5',; [mm] ‘ IR« ‘ [w]
2 1 1.6015 1.97 2.99 32.96 | 1.06 | 2.32 | +0.60 | 5.89 | 1.52 1.56 0.40 1.56 0.40 0.94
3 | 10.1897 1.30 2.76 36.12 | 0.71 | 2.09 | +0.36 | 5.50 | 0.95 1.34 0.23 1.34 0.23 0.63
10 | 2 6.6008 1.69 2.87 28.40 | 1.06 | 2.32 | +0.60 | 6.56 | 1.69 | 1.66 0.43 1.66 0.43 | 0.94
11 | 3 | 24.6070 | —0.98 2.55 27.00 | 0.71 | 2.09 | -0.36 | 6.79 | 1.17 | 1.53 0.26 1.53 0.26 | 0.63
12 2.2267 1.29 1.80 2291 | 1.49 | 1.56 | +0.56 | 7.58 | 2.73 1.21 0.43 1.21 0.43 1.31
12 | 4 | 12.1906 0.93 2.51 25.78 | 0.71 2.09 | +0.36 | 7.01 | 1.21 1.55 0.27 1.55 0.27 0.63
13 8.3847 | —1.71 2.88 28.68 | 1.06 | 2.32 | —0.60 | 6.52 | 1.68 1.65 0.43 1.65 0.43 0.94
10 0.1824 1.63 1.90 23.39 | 1.75 1.64 | +0.70 | 7.48 | 3.17 1.26 0.53 1.26 0.53 1.55
Adjusted trigonometric height differences
Variance component: Q/of = 1.155, r = 0.75, 6¢/0f = 1.54, ag = 0.07%, k., . = 14.18

in ‘ to ‘ fl[mj ‘ € [mm] ‘ |5fl|[mmj ‘ IR ‘ [w] ‘ [V [em] ‘ V [em] ‘ IF; ‘ IF, ‘ IP; [cm] ‘ IPy (cm] ‘ IK [em] ‘ IK [em] ‘ T,
11 | 10 | 0.6022 | —2.74 2.78 4478 | 1.24 2.04 —0.61 | 4.59 | 1.38 1.13 0.34 1.13 0.34 1.10
13 | 12 | 1.8068 | —1.84 2.56 29.98 | 1.24 2.04 —-0.61 | 6.32 | 1.90 1.43 0.43 1.43 0.43 1.10
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2 One-dimensional networks (Height networks)

2.4.2 Datum definition 2: Point 4 fixed

Normal equation system N, ATPAy

Same as for datum definition 1!

Matrix D';j of datum constraints

‘Hl H, Hs Hy Hi Hi1 Hiz Hiz

DT\00010000

Least squares solution Axm

‘ H,y H, Hs H, Hig Hy Hy, His

&T‘0.00030 0.00577 —0.00230 0.00000 0.00397 0.00272 0.00243 0.00059

Adjusted heights

Point ID ‘ H [m] H-H [mm] ‘ || (mm]

1 510.3693 0.30 4.43
2 508.7678 5.77 4.46
3 526.1717 —2.30 2.76
4 515.9820 0.00 0.00
10 502.1670 3.97 3.61
11 501.5647 2.72 2.77
12 503.7914 2.43 2.51
13 501.9846 0.59 3.49

Adjusted levelled height differences
Same as for datum definition 1!
Adjusted trigonometric height differences

Same as for datum definition 1!
2.4.3 Datum definition 3: Free - Total trace minimization

Normal equation system N, ATPAy

Same as for datum definition 1!

Matrix D';j of datum constraints

| H H, H; Hy  Hy Hy  Hp  Hp

DT‘O.353 55 0.35355 0.35355 0.35355 0.35355 0.35355 0.35355 0.35355
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2 One-dimensional networks (Height networks)

Least squares solution Axm

| H H, H; H, Hiy  Hy  Hp His

A’;CT‘—O.001 38 0.00409 —0.00399 —0.00169 0.00228 0.00104 0.00075 —0.00109
Adjusted heights

Point ID ‘ H [m] H-H [mm] ‘ | 5| (rmm]

1 510.3676 —1.38 2.67
2 508.7661 4.09 2.69
3 526.1700 -3.99 2.49
4 515.9803 —1.69 2.45
10 502.1653 2.28 1.76
11 501.5630 1.04 1.73
12 503.7897 0.75 1.65
13 501.9829 -1.09 1.67

Adjusted levelled height differences
Same as for datum definition 1!
Adjusted trigonometric height differences

Same as for datum definition 1!

2.4.4 Datum definition 4: Points 1-4 fixed
Normal equation system N, ATPAy
Same as for datum definition 1!

Matrix D'y of datum constraints

H, Hy H3 Hy Hyy Hi1 Hiz His

1 0 0 0 0 O 0 O
DTO 1 0 0 0 0 0 O
o 0 1.0 0 O O0 O
6o 0 0o 1. 06 0 0 O

Least squares solution Axm

‘ H, H, Hs H, Hiyo Hy Hy, His

A}T‘O.OOOOO 0.00000 0.00000 0.00000 0.00199 0.00291 0.00226 —0.00055
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€C

Adjusted heights (new points only)

Point ID ‘ ﬁ[m] ‘ ﬁ—H[mm] ‘ |G| {rmm]
10 502.1650 1.99 2.500
11 501.5649 2.91 2.330
12 503.7913 2.26 2.270
13 501.9835 —0.55 2.440

Adjusted levelled height differences

Variance component: Q/O'g = 9.305, r = 4.88, 63/05 =1.91, ag = 1.25%, kL =2.94

aG;r,o

in ‘ to ‘ };[m] ‘ € [mm] ‘ |6ﬁ|[mm] ‘ IR % ‘ |w] ‘ | V] iem) ‘ §[cm] ‘ IF, ‘ IF, ‘IPl[cm] ‘ IP; [(em) ‘ IK fem] ‘ IK fem] ‘ T,

2 1.6070 | —3.50 0.00 100.00 | 1.09 | 1.33 | —0.35 | 0.00 | 0.00 | 0.00 0.00 0.00 0.00 | 0.82

10.1920 | —1.00 0.00 100.00 | 0.33 | 1.26 | —0.10 | 0.00 | 0.00 | 0.00 0.00 0.00 0.00 0.25

1

3
10 | 2 6.5970 5.49 2.50 59.80 | 2.37 1.60 | +0.92 | 3.39 | 1.95 | 0.64 0.37 0.64 0.37 1.80
11 | 3 | 24.6091 | —3.09 2.33 55.04 | 1.58 1.47 | —-0.56 | 3.73 | 1.43 | 0.66 0.25 0.66 0.25 1.20
12 2.2264 1.64 2.02 28.50 | 1.70 1.40 | +0.58 | 6.55 | 2.69 1.00 0.41 1.00 0.41 1.29

12 | 4 | 12.1907 0.76 2.27 55.15 | 0.40 1.43 | +0.14 | 3.73 | 0.36 | 0.64 0.06 0.64 0.06 0.30

13 | 1 8.3855 | —2.55 2.44 62.01 | 1.08 | 1.58 | —0.41 | 3.23 | 0.84 | 0.60 0.16 0.60 0.16 0.82
10 0.1815 2.46 2.15 27.78 | 2.43 | 1.51 | +0.89 | 6.66 | 3.92 1.09 0.64 1.09 0.64 1.84

Adjusted trigonometric height differences

Variance component: Q/O'(f =1.114, r = 1.12, frg/ag =1.00, ag = 0.12%, kL =9.79

aG;r,o

in ‘ to ‘ fl[m] ‘ € [mm] ‘ |6ﬁ|[mm] ‘ IR % ‘ |w] ‘ |V fem] ‘ ﬁ[cm] ‘ IF, ‘ IF, ‘IPl[cm] ‘ IP; [(em) ‘ IK fem] ‘ IK fem] ‘ T,

0.17
1.11

11
13

10
12

0.6001
1.8078

—0.59
—2.81

2.70
2.51

61.50
50.22

0.23
1.47

1.74
1.57

—-0.10
—0.56

3.27
4.11

0.18
1.46

0.67 0.04 0.67 0.04
0.78 0.28 0.78 0.28
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2 One-dimensional networks (Height networks)

2.4.5 Datum definition 5: Dynamic, huge weights for observed points 1-4

Dynamic heights

in Hm ‘ |O'| [mm] ‘ PI-
1 | 510.3690 | 0.00 | 108
2 | 508.7620 | 0.00 | 108
3 | 526.1740 | 0.00 | 10®
4 |515.9820 | 0.00 | 10®

Design matrix Ay and reduced observation vector Aymm dynamic heights

A |H, H, Hs Hy Hy Hu Hp Hgs | Ay

H, 1 0 0 0 0 0 0 0 0.00

H, 0 1 0 0 0 0 0 0 0.00

H; 0 0 1 0 0 0 0 0 0.00

Hy 0 0 0 1 0 0 0 0 0.00
Normal equation system N, ATPAy

N H, H, H; H, Hyg Hy Hyy His H ATPAy
H; 108 —-0.43290 0.00000 0.00000 0.00000 0.00000 0.00000 —0.49751(—0.00251
H, |-0.43290 108 0.00000 0.00000 —0.50251 0.00000 0.00000 0.00000 0.003 27
Hs | 0.00000 0.00000 108 —0.48544 0.00000 —0.64935 0.00000 0.00000 | —0.004 38
Hy 0.00000 0.00000 —0.48544 108 0.00000 0.00000 —0.68027 0.00000/||—0.00053
Hio| 0.00000 —0.50251 0.00000 0.00000 2.13525 —0.41322 0.00000 —1.21951 0.00372
Hy{;| 0.00000 0.00000 —0.64935 0.00000 —0.41322 2.43244 —-1.36986 0.00000|| 0.00315
Hi{;| 0.00000 0.00000 0.00000 —0.68027 0.00000 —1.36986 2.66742 —0.617 28 0.002 39
H3(—-0.49751 0.00000 0.00000 0.00000 —1.21951 0.00000 —0.61728 2.33431||—0.00510
Least squares solution AAx[m]
| H H, H; Hy  Hyo  Hy  Hp His

A}T‘O.OOOOO 0.00000 0.00000 0.00000 0.00199 0.00291 0.00226 —0.00055

Adjusted heights

PointID | Him

ﬁ_H[mm] ‘ |6'|[mm]

1 510.3690
2 508.7620
3 526.1740
4 515.9820
10 502.1650
11 501.5649
12 503.7913
13 501.9835

0.00
0.00
0.00
0.00
1.99
2.91
2.26
—0.55

0.00
0.00
0.00
0.00
2.50
2.33
2.27
2.44
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2 One-dimensional networks (Height networks)

Adjusted levelled height differences

Same as for datum definition 4!

Adjusted trigonometric height differences
Same as for datum definition 4!

Adjusted dynamic heights

Point ID ‘ ﬁ[m] ‘ € [mm] ‘ |67 tmm] ‘ IR %) ‘ |w] ‘ |V iem] ‘ ﬁ[cm]

1 |510.369 | 0.00 | 0.00 |0.00| co | 1.02 | +0.00

PointID | IF; | IF; | IPiiem | IPylem) | IKyfenl | IKpeml | Tr

1 | o [000] 1.02 | 0.00 | 1.02 | 0.00 |0

2.4.6 Datum definition 6: Dynamic, with stochastic prior information for
observed points 1-4

Variance-Covariance matrix of dynamic heights [mm?]

XH 1 2 3 4
1 | 9.340 8.050 2.050 1.150
2 | 8050 8.750 2.100 1.750
3 | 2.050 2.100 6.110 5.900
4 | 1.150 1.750 5.900 7.620

Design matrix A and reduced observation vector Aymm dynamic heights

A |Hy Hy Hs Hy Hy Hu Hip Hig H Ay

H; | 1 0 0 0 0 0 0 0 0.00
H, | 0 1 0 0 0 0 0 0 0.00
Hs | 0 0 1 0 0 0 0 0 0.00
Hy | 0 0 0 1 0 0 0 0 0.00
Normal equation system N, ATPAy
N H, H, Hs Hy Hyq Hy, Hip His H ATPAy

H; | 3.48942 -2.74763 —0.80614 0.76957 0.00000 0.00000 0.00000 —0.497 51| —0.00251
H, |-2.74763 3.59252 0.45697 —0.61471 —0.50251 0.00000 0.00000 0.00000( 0.00327
Hs; |-0.80614 0.45697 4.43902 -3.02712 0.00000 —0.64935 0.00000 0.00000 || —0.004 38
Hy | 0.76957 —0.61471 -3.02712 3.74926 0.00000 0.00000 —0.68027 0.00000 || —0.00053
Hiyy| 0.00000 —0.50251 0.00000 0.00000 2.13525 —0.41322 0.00000 —1.21951|] 0.00372
Hy;| 0.00000 0.00000 —0.64935 0.00000 —0.41322 2.43244 —-1.36986 0.00000|| 0.00315
Hi,| 0.00000 0.00000 0.00000 —0.68027 0.00000 —1.36986 2.66742 —0.61728|| 0.00239
Hy3|-0.49751 0.00000 0.00000 0.00000 —1.21951 0.00000 —0.61728 2.33431|/—0.00510
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2 One-dimensional networks (Height networks)

Least squares solution Axm

| H H, Hj H, Hio Hy Hi, His

A}T‘0.00042 0.00166 —0.00084 —0.00023 0.00256 0.00275 0.00221 —0.00017

Adjusted heights

Point ID ‘ H [m] H-H [mm] ‘ || (mm]

1 510.3694 0.42 3.19
2 508.7637 1.66 3.16
3 526.1732 —0.84 2.81
4 515.9818 -0.23 2.98
10 502.1656 2.56 3.50
11 501.5647 2.75 3.34
12 503.7912 2.21 3.32
13 501.9838 —0.17 3.45
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Adjusted dynamic heights

Variance component: Q/o¢ = 1.250, r = 0.93,

62/ = 1.34, ag = 0.09%, kL

ag;r,o

= 11.58
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Point name ﬁ[m] ‘ € [mm] ‘ |67 | mm) ‘ IR %) ‘ [w] ‘ [V em] ‘ §[cm] ‘ IF; ‘ IF, ‘ IP; [cm) ‘ IP5 em) ‘ IK fem] ‘ IK fem] ‘ T,
1 510.3694 | —0.42 3.19 26.95 | 0.26 243 | —-0.16 | 16.28 | 1.04 1.78 0.11 1.78 0.11 0.22
2 508.7637 | —1.66 3.16 23.28 | 1.16 2.53 | —=0.71 | 17.28 | 4.85 1.94 0.55 1.94 0.55 0.96
3 526.1732 0.84 2.81 13.75 | 0.92 2.75 | +0.61 | 21.12 | 4.68 2.38 0.53 2.38 0.53 0.76
4 515.9818 0.24 2.98 28.94 | 0.16 2.12 | +0.08 | 14.08 | 0.54 1.51 0.06 1.51 0.06 0.13
Adjusted levelled height differences
Variance component: Q/of = 6.504, r = 4.13, 6¢/0f = 1.58, ag = 0.94%, kf ., . = 3.31
in ‘ to ‘ fl[m] ‘ € [mm] ‘ |6"fl|[mm] ‘ IR« ‘ [w] ‘ [V (em] ‘ V [em] ‘ IF, ‘ IF, ‘ IP; (cm] ‘ IPy (cm] ‘ IK{ [em] ‘ IK [em] ‘ T,
2 1 1.6058 | —2.26 1.48 85.42 | 0.76 1.44 | -0.26 | 1.71 | 0.31 0.21 0.04 0.21 0.04 0.63
3 10.1914 | —0.39 1.42 85.03 | 0.14 1.36 | —0.05 | 1.73 | 0.06 0.20 0.01 0.20 0.01 0.12
10 | 2 6.5981 4.41 2.57 49.23 | 2.10 1.76 | +0.90 | 4.20 | 2.13 0.89 0.45 0.89 0.45 1.74
11 | 3 | 24.6084 | —2.41 2.30 47.17 | 1.33 1.58 | —0.51 | 4.37 | 1.41 0.84 0.27 0.84 0.27 1.11
12 2.2265 1.54 1.86 27.31 | 1.63 1.43 | +0.56 | 6.74 | 2.65 1.04 0.41 1.04 0.41 1.35
12 | 4 | 12.1906 0.94 2.34 42.73 | 0.56 1.63 | +0.22 | 4.78 | 0.65 0.93 0.13 0.93 0.13 0.47
13 1 8.3856 | —2.59 2.59 48.89 | 1.23 1.78 | —=0.53 | 4.23 | 1.26 0.91 0.27 0.91 0.27 1.02
10 0.1817 2.26 1.98 26.87 | 2.27 1.53 | +0.84 | 6.82 | 3.75 1.12 0.62 1.12 0.62 1.89
Adjusted trigonometric height differences
Variance component: Q/O'g =0.937, r = 0.94, 63/03 =0.99, ag = 0.09%, kgG;m =11.41

in | to| hw | éwmm | |64]mm | IR | 1wl | [VIew | View | IFy | IFy | IPrtom | IPziom | IKitem | IKziem | T:

11
13

10
12

0.50
1.69

0.45
1.15

0.6008
1.8074

-1.32
—2.38

2.69
2.51

54.15
40.27

0.54
1.39

1.85
1.76

—0.24
—0.59

3.80
5.03

0.85 0.11 0.85 0.11
1.05 0.35 1.05 0.35




2 One-dimensional networks (Height networks)

Supplementary information

Datum definition 1 2 3 4 5 6
Observed levelled height differences 8 8 8 8 8 8
Observed trigonometric height differences 2 2 2 2 2 2
Dynamic heights : 0 0 0 0 4 4
Height unknowns 7 7 8 4 8 8
Datum defect 1 1 1 1 0 0
Datum definition : fix fix free fix dynamic dynamic
Number of datum constraints : 1 1 1 4 0 0
Type-I-error probability a; [%] (Baarda) : 0.1 0.1 0.1 0.1 0.1 0.1
Type-I-error probability ag [%] (Baarda) : 0.6 0.6 0.6 1.8 1.8 1.8
Test value ki:[L/z : 3.29 3.29 3.29 3.29 3.29 3.29
x%-Noncentrality parameter A, : 171 17.1 17.1 17.1 17.1 17.1
Type-I-error probability @, [%] (Pope) : 0.1 0.1 0.1 0.1 0.1 0.1
Critical value k;,_ : 1.7 1.7 1.7 23 23 23
Redundancy r : 3 3 3 6 6 6
Redundancy dynamic heights : n.a. n.a. na. n.a. 0.00 0.93
Redundancy levelled height differences : 225 2.25 2.25 4.88 4.88 4.13
Redundancy trigonometric height differences :  0.75 0.75 0.75 1.12 1.12 0.94
Weighted square sum of residuals Q [mm?] : 17314 17314 17.314 46.885  46.885 39.109
(a priori) standard deviation oy [mm] ;2121 2121 2121 2121 2.121 2.121
(a posteriori) standard deviation 6y [mm] ;2402 2402 2402 2.795 2.795 2.553
Ratio 69/ 0y ;11325 1.1325 1.1325 1.3178 1.3178 1.2035
Global test (6Z/0%) ©1.2825 1.2825 1.2825 1.7365  1.7365 1.4485
Critical value kgG;r’oo :4.21 4.21 4.21 2.56 2.56 2.56
Number of outliers (Data snooping) : 0 0 0 0 0 0
Number of outliers (z-criterion) : 0 0 0 0 0 0
|H - H|| [cm] © 0779 0.825  0.674 0422 0.422 0.477
Trace height covariance matrix, trfﬁ [mm?] : 95176 86.225 38.186 22.780  22.780 83.320
Trace height cofactor matrix, trQg ¢ 16491 14940 6.616 2915 2.915 12.783
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2 One-dimensional networks (Height networks)

2.5 Mittermayer (1971)

Mittermayer E (1971): Eine Verallgemeinerung der Methode der kleinsten Quadrate zur Ausglei-
chung freier Netze. ZfV 96, pp. 401-410

This network is processed in two versions: In the first scenario, the observational standard devi-
ations depend on the leveling line lengths, and the datum problem is resolved using a free datum
choice (total trace minimization). In the second case, the network datum is defined by the bench-
marks 1-3, and an unknown scale m in the levelled data as well as an unknown offset a have been
added to the problem. While the approximate scale has been set to a reasonable value m = 1, for
the approximate additive constant a value a = 4cm is used. As a consequence the null hypothesis

A 2
Hy : a = 4cmisrejected (Tr = (a‘;—[—czm]) =18.8 > kgs%q 4

Hy : a = a. Furthermore, in this example, all observation weights are assumed to be p = 1.

= 7.7) in favor of the alternative hypothesis

Heights/Coordinates
Free datum: Total trace minimization | Fix datum
Point name | Easting xm] | Northing ym H m) H
1 130.2200 173.4000 0.0000 (D) 0.0000 (D)
2 272.8100 218.3500 86.8100 (D) 86.8100 (D)
3 322.3900 126.1000 14.8500 (D) 14.8500 (D)
4 202.0900 157.6200 25.7100 (D) 25.7100
5 283.1900 65.6700 31.2200 (D) 31.2200
6 380.7100 120.3400 42.6300 (D) 42.6300
Datum: free, (D)...Datum coordinate
2.5.1 Free network: Total trace minimization
Available data files: [1D] Mittermayer_Height_freex.x
Levelled height differences
in ‘ to ‘ him) Lev-Line §[m ‘ |07 | tem/vim] ‘ || (em] ‘ Pl
1 2 86.8090 20400.00 0.10 0.45166 | 0.04902
4 25.7140 18700.00 0.10 0.43243 | 0.05348
5 31.2250 34800.00 0.10 0.58992 | 0.028 74
2 3 | =71.9520 15000.00 0.10 0.38730 | 0.066 67
4 | —61.0840 14 200.00 0.10 0.37683 | 0.07042
6 | —44.1780 25300.00 0.10 0.50299 | 0.03953
3 4 10.8470 12 900.00 0.10 0.35917 | 0.077 52
5 16.3500 9800.00 0.10 0.31305 | 0.10204
5 6 11.4090 19 600.00 0.10 0.44272 | 0.05102
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2 One-dimensional networks (Height networks)

Design matrix A and reduced observation vector Aywm levelled height differences

A H, H, H3 H, H5 H6 H Ay
hia | -1 0 0 0 0 | —0.100
higa | -1 0 0 1 0 0 0.400
his | -1 0 0 0 1 0 0.500
has 0 -1 1 0 0 0 0.800
ha.4 0 -1 0 1 0 0 1.600
hag 0 -1 0 o0 0 1 0.200
hs4 0 0 -1 1 0 0 | —-1.300
hss 0 0 -1 0 1 0 || —2.000
hs¢ 0 0 0 0 -1 1 —-0.100

Normal equation system N, ATPAy
N| H H, H; H, Hs Hy || ATPAy

H;| 0.13123 -0.04902 0.00000 —0.05348 —0.02874 0.00000 || —0.000 31
H;|-0.04902 0.22563 —0.06667 —0.07042 0.00000 —0.03953 (| —0.00179
Hs| 0.00000 —0.06667 0.24623 —0.07752 —0.10204 0.00000( 0.00358
H4|-0.05348 —0.07042 —-0.07752 0.20142 0.00000 0.00000( 0.00033
Hs|-0.02874 0.00000 —0.10204 0.00000 0.18180 —0.05102|—0.00185
Hg| 0.00000 —0.03953 0.00000 0.00000 —0.05102 0.09055| 0.00003

Matrix D'y of datum constraints

‘ H, H, Hj H, Hs Hg

D' ‘ 0.40825 0.40825 0.40825 0.40825 0.40825 0.408 25

Least squares solution Axm

| H H, H; H, Hs Hy

A}T‘—O.OOSBS —0.00438 0.01268 0.00411 —0.00477 —0.004 29

Adjusted heights

Point name ﬁ[mj H- H [mm] ‘ || (mm]
1 —0.0034 —-3.35 4.51
2 86.8056 —4.38 3.38
3 14.8627 12.68 3.40
4 25.7141 4.11 3.79
5 31.2152 —-4.77 3.92
6 42.6257 —4.29 5.45
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2 One-dimensional networks (Height networks)

Network graph
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Adjusted levelled height differences

in \ to \ Aim) \ € mm] \ |65 |t \ IR \ [wl \ [V fem) \ V fem) \ IF, \ IF, \ IP; [em] \ IP; [em) \ IK fem] \ IK; em] \ T,
1] 2| 86.809 | 0.02| 5.8 |51.46]0.01 ] 260 | 0.00 | 4.01]0.01] 1.26 | 0.00 1.26 0.00 | 0.00
4 25.7175 | =3.47 5.83 47.00 | 1.17 2.61 | —-0.74 4.39 | 1.24 1.38 0.39 1.38 0.39 0.63
5| 31.2186 | 6.42 | 6.80 | 61.19 | 1.39 | 3.12 [+1.05 |3.29 | 1.11 | 1.21 | 0.41 1.21 0.41 | 0.75
2 | 3| -71.9429 | =9.06 | 5.05 | 50.33 | 3.30 | 2.26 |—1.80* | 4.11 | 3.27 | 1.12 | 0.89 1.12 0.89 | 1.78
4 | =61.0915 | 7.51 | 5.00 | 48.53 | 2.86 | 2.24 |+1.55 | 4.26 | 2.95 | 1.15 | 0.80 1.15 0.80 | 1.55
6 | —44.1799 | 1.91 | 7.05 | 42.72 | 0.58 | 3.18 |+0.45 | 4.78 | 0.67 | 1.82 | 0.26 1.82 0.26 | 0.31
3| 4] 108514 | -4.43| 511 | 4096|193 | 232 |-1.08 | 496|231 ] 1.37 | 0.64 | 1.37 0.64 | 1.04
5 16.3525 | —2.55 5.03 24.71 | 1.64 2.60 | —1.03 7.21 | 2.86 1.96 0.78 1.96 0.78 0.88
56| 11.4105 | —-1.48 | 6.70 | 33.10 | 0.58 | 3.18 |[—0.45 | 5.88 | 0.83 | 2.13 | 0.30 | 2.13 0.30 | 0.31
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2 One-dimensional networks (Height networks)

2.5.2 Fix network, with scale and additive constant, unweighted observations

Available data files: [1D] Mittermayer_Height_fix_Msx.x

Levelled height differences

in ‘ to ‘ A m] Pl

1 86.8090
25.7140
31.2250

—71.9520

—61.0840

—44.1780
10.8470
16.3500

11.4090

<N K% BN - NI NGRSO NS, BN XY
e N e e e = T I N S S

Approximate scale: m = 1.0 [-]

Approximate additive constant: a = 40.00 [mm]

Design matrix Ai-n and reduced observation vector Ayen levelled height differences (1.
iteration)

A |Hi H; Hs Hy Hs He m  al Ay
hia | -1 1 0 0 0 0 86.8100 1 || —4.10
hig | -1 0 0 1 0 0 25.7100 1 || —3.60
his | -1 0 0 0 1 0 31.2200 1 || —3.50
has 0 -1 1 0 0 0 -—=71.9600 1 | —3.20
hy4 0 -1 0 1 0 0 —61.1000 1 | —2.40
hag 0 -1 0 0 0 1 —44.1800 1 || —3.80
hs 4 0 0 -1 1 0 0 10.8600 1 || —5.30
hss 0 0 -1 0 1 0 16.3700 1 || —6.00
hs¢ 0 0 0o 0 -1 1 11.4100 1 || —4.10

Normal equation system N, ATPAy (1. iteration)

N Hl H2 H3 H4 H5 H() m a H ATPAy

H, 3.000 -1.000 0.000 —1.000 —1.000 0.000 —143.7400 —3.000| 0.11200
H,;| -1.000 4.000 -1.000 -1.000 0.000 -1.000 264.0500 —2.000| 0.05300
Hs, 0.000 —1.000 3.000 —1.000 —1.000 0.000  —99.1900 —1.000|| 0.08100
H4| -1.000 —1.000 -1.000 3.000 0.000 0.000  —24.5300 3.000 (| —0.11300
Hs| -1.000 0.000 -1.000 0.000 3.000 -1.000 36.1800 1.000 || —0.054 00
Hg 0.000 —1.000 0.000 0.000 —1.000 2.000 —=32.7700 2.000 (| —0.07900
m |—143.740 264.050 —99.190 —24.530 36.180 —32.770 20551.0972 5.140 || —2.15510
a -3.000 -2.000 -—1.000 3.000 1.000 2.000 5.1400 9.000 || —0.360 00
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2 One-dimensional networks (Height networks)

Matrix D'i.n1 of datum constraints

H, Hy, H; Hy H; Hg¢ m a
1 0 0 0 0 0 00
D'lo 1.0 0 0 0 00
0 0 1 0 0 0 00

Least squares solution A’;C[m,—,m] (1. iteration)

‘ Hl H2 H3 H4 H5 H6 m a

A}T‘O.OOOOO 0.00000 0.00000 —0.00152 —0.00707 —0.00769 —0.00010 —0.03695

Adjusted heights

—~

Point name Hm) H-H [mm] ‘ |5 (mm]
1 0.0000 0.00 0.00
2 86.8100 0.00 0.00
3 14.8500 0.00 0.00
4 25.7085 —-1.52 11.47
5 31.2129 -7.07 10.56
6 42.6223 —-7.69 15.80

Adjusted scale (1 — ag = 95%)

-] | = mipm | (Sl | Tr | kLo
0.99990276405 | —97.2 | 942 | 11| 7.7

Adjusted additive constant (1 — ax = 95%)

F

aA[mm] ‘ &_a[mm] ‘ I&l[mm] ‘ TF ‘ kaK;l,‘l

3.0548 | —36.95 | 85 |18.8| 7.7
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Adjusted levelled height differences

in ‘ to ‘ fz[mj ‘ & [mm] ‘ |6"”1|[mmj ‘ IR ‘ [w] ‘ [V (em] ‘ ﬁ[cm] ‘ IF; ‘ IF, ‘ IP; [cm] ‘ IPy (cm] ‘ IK{ [em] ‘ IK5 [em] ‘ T,
1 2 86.8046 4.39 10.47 34.11 7.51 0.71 +1.29% | 3.05 5.54 0.47 0.85 0.00 0.00 0.58
4 25.7090 4.96 8.10 60.54 6.38 0.53 | +0.82* | 2.67 4.12 0.21 0.32 0.20 0.31 0.49
5 31.2129 12.05 8.53 56.32 | 16.06 0.55 | +2.14* | 2.91 | 11.32 0.24 0.93 0.19 0.73 1.25
2 3 | —71.9499 —-2.05 11.98 13.80 5.52 1.11 —-1.49* | 7.82 | 10.46 0.96 1.28 0.00 0.00 0.43
4 | —61.0925 8.52 8.96 51.73 | 11.85 0.57 | +1.65" | 2.48 7.11 0.28 0.80 0.15 0.42 0.92
6 | —44.1803 2.33 10.77 30.27 4.24 0.75 | +0.77* | 5.25 5.39 0.52 0.54 0.59 0.60 0.33
3 4 10.8605 | —13.48 7.66 64.73 | 16.76 0.51 —2.08% | 2.50 | 10.13 0.18 0.73 0.19 0.75 1.30
5 16.3644 | —14.39 8.34 58.22 | 18.86 0.54 | —2.47# | 2.94 | 13.41 0.23 1.03 0.18 0.83 1.46
5 6 11.4113 —-2.33 10.77 30.27 4.24 0.75 | —=0.77* | 5.72 5.88 0.52 0.54 0.41 0.42 0.33
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2 One-dimensional networks (Height networks)

Supplementary information

Observed levelled height differences 9 9
Height unknowns 6 3
Datum defect 1 2
Datum definition free fix
Number of datum constraints 1 3

Scale unknown no yes
Additive constant unknown no yes
Type-I-error probability o [%] (Baarda) 0.1 0.1
Type-I-error probability ag [%] (Baarda) 0.9 0.9
Power of test y [%] (Baarda) 80.0 80.0
Test value ki:’L/z 3.29 3.29
x%-Noncentrality parameter A, 17.1 17.1
Type-I-error probability a, [%] (Pope) 0.1 0.1
Critical value k;,_ 2.0 2.0
Redundancy r 4 4
Redundancy levelled height differences 4.00 4.00
Weighted square sum of residuals Q [mm?] 13.71 665.70
(a priori) standard deviation ¢y [mm] 1 1

(a posteriori) estimated standard deviation 6y [mm] 1.8513 12.9006
Ratio &/ 1.8513  12.9006
Global test (62/0?) 3.4274 166.4260
Critical value kf ., 3.38 3.38
Number of outliers (Data snooping) 1 9
Number of outliers (r-criterion) 0 0

|H - H|| [cm] 1.579 1.056
Trace height covariance matrix, trfﬁ [cm?] 1.02850  4.92842
Trace height cofactor matrix, trQg 30.00858 2.96133
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2 One-dimensional networks (Height networks)

2.6 Niemeier (2008), Ex. 4.4.2 & 7.5.2

Niemeier W (2008): Ausgleichungsrechnung, 2. Auflage. Walter de Gruyter, pp. 153-156/268-269
Available data files: [1D] Niemeier Heights.x

This example consists of 2 different scenarios which differ in the datum definition. Scenario 1 uses
point 6 as a benchmark, scenario 2 solves the datum problem using the free network approach
(partial-trace minimization of the variance-covariance matrix of estimated point heights)

Heights/Coordinates, 2 different datum definitions

Point name Him X [m] Y [m] ‘ 1 ‘ 2
1 68.9270 450.7700 | 430.3100 (D)
2 60.7120 658.1500 | 704.0300
3 63.1930 877.9600 | 302.9600 (D)
4 56.2860 | 1170.2500 | 754.0000
5 44.3240 | 1650.1800 | 601.5200 (D)
6 67.2280 | 1436.4000 | 230.0000 | (D)
datum type fix | free
Levelled height differences
in ‘ to ‘ B m) Lev-Line $m] ‘ |07 tem/vim] ‘ || (em] ‘ Pl
1 2 —8.2060 621.12 0.10 0.07881 | 1.61000
3 —5.7340 1204.82 0.10 0.10976 | 0.83000
2 3 2.4810 450.45 0.10 0.067 12 | 2.22000
4 —4.4330 800.00 0.10 0.08944 | 1.25000
3 4 —6.9090 1000.00 0.10 0.10000 | 1.00000
5 | —18.8720 1098.90 0.10 0.10483 | 0.91000
6 4.0350 440.53 0.10 0.06637 | 2.27000
4 5 | —11.9620 719.42 0.10 0.08482 | 1.39000
5 6 22.9040 833.33 0.10 0.09129 | 1.20000

Design matrix A and reduced observation vector Aymm levelled height differences

A |H Hy Hs Hy Hs Hel| Ay
hio| -1 1 0 0 0 0 9.00
his| -1 0 1 0 0 0 0.00
hys| 0 -1 1 0 0 0 0.00
hay| 0 -1 0 1 0 0 | —=7.00
hsa| 0 0 -1 1 0 0 | —2.00
hss| 0 0 -1 0 1 0 || —=3.00
hse| O 0 -1 0 0 1 0.00
hys| 0 0 0 -1 1 0 0.00
hsg| 0 0 0 0 -1 1 0.00
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2 One-dimensional networks (Height networks)

Normal equation system N, ATPAy

N H1 Hz H3 H4 HS H6

| ATPAY

Hy| 2.44000 -1.61000 —0.83000 0.00000 0.00000 0.00000
H;|-1.61000 5.08000 —2.22000 —1.25000 0.00000 0.00000
H3|-0.83000 —2.22000 7.23000 —1.00000 —0.91000 —2.27000
H4| 0.00000 —1.25000 —1.00000 3.64000 —1.39000 0.00000
Hs| 0.00000 0.00000 —0.91000 —1.39000 3.50000 —1.20000
Hg| 0.00000 0.00000 —2.27000 0.00000 —1.20000 3.47000

2.6.1 Fix network

Matrix D'(j of datum constraints

|H\ H, Hs Hy Hs Hg

D'lo 0o 0 0 0 1

Least squares solution Axm

‘ H1 H2 H3 H4 HS H6

A}T\—0.003 53 0.00325 0.00076 —0.00218 —0.00145 0.000 00

Adjusted heights

Point name ‘ Himl H — H ] ‘ || (mm]
1 68.9235 —-3.53 3.12
2 60.7153 3.25 2.60
3 63.1938 0.76 1.97
4 56.2838 -2.18 2.63
5 44.3226 —-1.45 2.30
6 67.2280 0.00 0.00

2.6.2 Free network: Partial trace minimization

Matrix D'(j of datum constraints

| H H, H; H, Hs Hy

D' ‘ 0.408 25 0.00000 0.40825 0.00000 0.40825 0.00000

Least squares solution Axm

| H H, Hs Hy Hs He

A}T‘—O.OOZ 13 0.00466 0.00217 —0.00077 —0.00004 0.001 40
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Adjusted heights

Point name H [m] H-H [mm] ‘ || {rnm]
1 68.9249 -2.13 1.75
2 60.7167 4.66 1.65
3 63.1952 2.17 1.13
4 56.2852 -0.77 1.94
5 44.3240 -0.04 1.60
6 67.2294 1.40 2.00

Adjusted levelled height differences (both datum definitions)

N

in|to| hw | éwm | |64]wn | IRea | 1wl | IVIew | Vi | IFy | IFy | IPriom | IPpten | IKitem) | IKpiem | T:
1| 2] -82082| 221] 226 |28.69]525] 061 |+0.77 | 651|827 | 043 | 055 | 043 | 055 | 1.55
3 | —57297 | —4.30 | 2.48 | 55.66 | 5.25 | 0.61 |—0.77" | 3.69 | 4.68 | 0.27 | 0.34 | 0.27 | 034 | 1.55
2 |3 2.4785 | 2.49 | 1.81 | 36.56 | 6.13 | 0.46 | +0.68% | 5.44 | 8.08 | 0.29 | 043 | 0.29 | 0.43 | 1.81
4| -44314 | -157 | 222 | 4629 | 258 | 054 |-0.34 | 445|278 | 029 | 0.18 | 0.29 | 0.18 | 0.76
3| 4| —6.9099 | 094 2.10 |61.90 | 1.20 | 0.53 | +0.15 | 3.24 | 0.94 | 0.20 | 0.06 | 0.20 | 0.06 | 0.35
5 | -18.8712 | —0.79 | 2.15 | 63.46 | 0.94 | 0.54 |—0.12 |3.14 | 0.72 | 0.20 | 0.05 | 0.20 | 0.05 | 0.28
6 4.0342 | 076 | 1.97 | 23.68 | 237 | 056 |+0.32 | 7.42 | 4.25 | 043 | 025 | 043 | 0.25 | 0.70
4| 5 | -11.9613 | —0.73 | 2.25 | 38.96 | 1.38 | 0.56 | —0.19 | 5.17 | 1.73 | 0.34 | 0.11 | 0.34 | 0.11 | 0.41
56| 229054 | -1.45| 230 |44.80 | 2.37 | 0.56 |-0.32 | 4.59 | 2.63 | 031 | 0.18 | 0.31 | 0.18 | 0.70
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2 One-dimensional networks (Height networks)

Network graph
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2 One-dimensional networks (Height networks)

Supplementary information

Datum definition : 1 2
Observed levelled height differences : 9 9
Height unknowns 5 6
Datum defect 1 1
Datum definition : fix free
Number of datum constraints : 1 1
Type-I-error probability oy, [%] (Baarda) : 0.1 0.1
Type-I-error probability ag [%] (Baarda) : 0.9 0.9
Test value kfi/z : 3.29 3.29
x*-Noncentrality parameter A, : 17.1 17.1
Type-I-error probability a, [%] (Pope) : 0.1 0.1
Critical value kj_ : 2.0 2.0
Redundancy r : 4 4
Redundancy levelled height differences i 4.00 4.00
Weighted square sum of residuals Q [mm?] : 46.082  46.082
(a priori) standard deviation oy [mm] : 1 1

(a posteriori) standard deviation &, [mm] : o 3.394 3.394
Ratio 6y/ 0y : 3.3942 3.3942
Global test (62/0?) : 11.5204 11.5204
Critical value kgG;,,w : 3.38 3.38
Number of outliers (Data snooping) : 3 3
Number of outliers (r-criterion) : 0 0
|H — H|| [cm] : 0552 0.579
Trace height covariance matrix, trfﬁ [mm?] : 032554 0.17397
Trace height cofactor matrix, trQg : 2.82578 151013
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2 One-dimensional networks (Height networks)

2.7 Baumann (1995), Ch. 13.4.2, Final solution

Baumann E (1995): Vermessungskunde, Lehr- und Ubungsbuch fiir Ingenieure. Band 2: Punktbe-
stimmung nach H6he und Lage. Fiinfte, bearbeitete und erweiterte Auflage. Bonn. Chapter 13.4.2,

pp- 32

Available data files: [1D] Baumann_Height_fix+.x

Heights/Coordinates
Point name Hm Easting xm) | Northing ym
1 199.2950 63.8300 100.0000
2 199.9100 215.9200 112.8600
3 207.6400 280.9900 248.3000
4 226.5780 (D) 278.7200 602.4200
5 218.3800 348.3300 403.4200
6 213.9510 (D) 376.3300 333.0500
7 212.9000 358.9200 278.5700
8 209.1240 (D) 396.0000 232.4100
9 203.7710 (D) 300.6600 137.8300
10 210.8800 456.5300 333.8100
11 211.3800 482.2600 274.0300
12 204.4000 442.1600 123.4600
13 199.8900 511.7700 214.2500
14 197.8620 (D) 574.5700 258.9000

Datum: fix, (D)...Datum coordinate
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2 One-dimensional networks (Height networks)

Levelled height differences

in ‘ to ‘ him) Lev-Line §[m] ‘ |o7| fem/Vim] ‘ || (em] ‘ Pl
1 2 0.6235 2500.00 0.10 0.158 11 | 0.40000
2 0.6240 3800.00 0.10 0.19494 | 0.263 16
2 3 7.7292 5000.00 0.10 0.22361 | 0.20000
9 3.8582 1600.00 0.10 0.12649 | 0.62500
3 8 1.4813 1800.00 0.10 0.13416 | 0.55556
5 4 8.2021 3800.00 0.10 0.19494 | 0.26316
6 5 4.4254 900.00 0.10 0.09487 | 1.11111
7 6 1.0502 600.00 0.10 0.07746 | 1.666 67
8 7 3.7782 1600.00 0.10 0.12649 | 0.62500
11 2.2530 1000.00 0.10 0.10000 | 1.00000
9 8 5.3523 2400.00 0.10 0.15492 | 0.416 67
12 0.6374 3000.00 0.10 0.17321 | 0.33333
10 | 5 7.4945 1800.00 0.10 0.13416 | 0.55556
7 2.0179 1000.00 0.10 0.10000 | 1.00000
11 0.4950 1300.00 0.10 0.11402 | 0.769 23
12 | 8 4.7158 2400.00 0.10 0.15492 | 0.416 67
13 | 11 | 11.4908 1200.00 0.10 0.10954 | 0.83333
12 4.5218 1700.00 0.10 0.13038 | 0.588 24
14 | 13 2.0246 1200.00 0.10 0.10954 | 0.83333
13 2.0251 1400.00 0.10 0.11832 | 0.714 29

Design matrix Ay and reduced observation vector Ayim levelled height differences

A |Hy Hy Hs Hy Hs He¢ H; Hs Hy Hy Huy Hyiz His Hy H Ay
hys -1 1 0 0 0 0 0 0 0 0 0 0 0 0 0.850
hia -1 1 0 0 0 0 0 0 0 0 0 0 0 0 0.900
hys 0 -1 1 0 0 0 0 0 0 0 0 0 0 0 —0.080
hyo 0 -1 0 O 0 0 0 0 1 0 0 0 0 0 || —0.280
hsg 0 0 -1 0 0 0 0 1 0 0 0 0 0 0 —0.270
hs 4 0 0 0 1 -1 0 0 0 0 0 0 0 0 0 0.410
he s 0 0 0 0 1 -1 0 0 0 0 0 0 0 0 —0.360
h7 6 0 0 0 0 0 1 -1 0 0 0 0 0 0 0 —0.080
hs 7 0 0 0 0 0 0 1 -1 0 0 0 0 0 0 0.220
hsy | 0 0 0 0 0 0 0 -1 0 0 1 0 0 0| —0300
hog 0 0 0 0 0 0 0 1 -1 0 0 0 0 0 || —0.070
ho 12 0 0 0 0 0 0 0 0 -1 0 0 1 0 0 0.840
hos | 0 0 0 0o 1 0 0 0 0 -1 0 0 0 0| —0550
ho; | 0 0 0o 0o o0 o0 1 0 0 -1 0 0 0 0 -0210
hio.11 0 0 0 0 0 0 0 0 0 -1 1 0 0 0 || —0.500
hizs 0 0 0 0 0 0 0 1 0 0 0 -1 0 0 —0.820
hsu| 0 0 0 0 0 0 0 0 0 0 1 0 -1 0 0080
hi312 0 0 0 0 0 0 0 0 0 0 0 1 -1 0 1.180
hi413 0 0 0 0 0 0 0 0 0 0 0 0 1 -1 —0.340
huiz| 0 0 0 0 ©0 0 0 0 0 0 0 0 1 -1 | -0290
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2 One-dimensional networks (Height networks)

Normal equation system N, ATPAy

N ‘ H, H; Hj Hy Hs Hg Hy Hg Hoy Hio Hy Hya His Hig H ATPAY
H, 0.6632 —0.6632 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 —0.00577
Hjy | —0.6632 1.4882 —0.2000 0.0000 0.0000 0.0000 0.0000 0.0000 —0.6250 0.0000 0.0000 0.0000 0.0000 0.0000 0.007 68
Hs 0.0000 —-0.2000 0.7556 0.0000 0.0000 0.0000 0.0000 —-0.5556 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.00134
Hy 0.0000 0.0000 0.0000 0.2632 —0.2632 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.00108
Hs 0.0000 0.0000 0.0000 —-0.2632 1.9298 -—-1.1111 0.0000 0.0000 0.0000 —-0.5556 0.0000 0.0000 0.0000 0.0000 —0.008 13
Hg 0.0000 0.0000 0.0000 0.0000 -1.1111 2.7778 —1.6667 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.002 67
Hyp 0.0000 0.0000 0.0000 0.0000 0.0000 —-1.6667 3.2917 -0.6250 0.0000 —1.0000 0.0000 0.0000 0.0000 0.0000 0.00061
Hg 0.0000 0.0000 —0.5556 0.0000 0.0000 0.0000 —0.6250 3.0139 -0.4167 0.0000 —1.0000 —0.4167 0.0000 0.0000 || —0.003 58
Hy 0.0000 —-0.6250 0.0000 0.0000 0.0000 0.0000 0.0000 —-0.4167 1.3750 0.0000 0.0000 —-0.3333 0.0000 0.0000 —0.004 26
Hiyp 0.0000 0.0000 0.0000 0.0000 —0.5555 0.0000 —1.0000 0.0000 0.0000 2.3248 —-0.7692 0.0000 0.0000 0.0000 0.009 00
Hy 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 —1.0000 0.0000 —0.7692 2.6026 0.0000 —0.8333 0.0000 || —0.006 18
Hiy 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 —0.4167 -0.3333 0.0000 0.0000 1.3382 —0.5882 0.0000 0.013 16
His 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 —0.8333 -0.5882 2.9692 —1.5476 || —0.01251
Hyy 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 —1.5476 1.5476 0.004 90

. T .
Matrix D' of datum constraints
H, H, H; Hy Hy H, H; Hg3 Hy Hyy Hy1 Hi; Hi3 Hyy
o 0 o1 0 O O O o0 O 0 0 0 0
o 0 0 O O 1 0 O 0 0 0 0 0
T
D'f0 0 O O 0O 0 o0 1 O 0 0 0 0 0
o 0 0 O O O O o0 1 0 0 0 0 0
o 0o 0 0 O o0 o o0 o 0 0 0 0 1
Least squares solution Axm
‘ H; H, H; H, Hs Hg H;

A}T‘—O.OOS 77 0.00293 0.00255 0.00000 —0.00347 0.00000 0.00097

Hg

Hy

Hio

Hyy Hyp Hiys

Hy,

A}T‘ 0.00000 0.00000 0.00257 —0.00267 0.00838 —0.00330 0.00000

Adjusted heights

Point name ‘ H [m] H-H [mm] ‘ |5 (mm]
1 199.2892 =5.77 0.74
2 199.9129 2.93 0.50
3 207.6426 2.55 0.53
4 226.5780 0.00 0.00
5 218.3765 —-3.47 0.33
6 213.9510 0.00 0.00
7 212.9010 0.97 0.27
8 209.1240 0.00 0.00
9 203.7710 0.00 0.00
10 210.8826 2.57 0.35
11 211.3773 —2.67 0.31
12 204.4084 8.38 0.40
13 199.8867 -3.30 0.29
14 197.8620 0.00 0.00
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Adjusted levelled height differences

in \ to \ Aim) \ € fmm] \ |65 |t \ IR \ |wl \ |V fem) \ V fem) \ IF, \ IF, \ IPj [em] \ IP; [em] \ IK fem) \ IK; em) \ T,
1| 2] 06237 |-020]| o054 39.68 | 0.20 | 1.04 | —0.05 | 5.090 | 0.25 | 0.63 | 0.03 | 0.63 0.03 | 0.45
2 0.6237 0.30 0.54 60.32 | 0.20 1.04 +0.05 | 3.35 | 0.16 0.41 0.02 0.41 0.02 0.45
2 | 3| 7.7296 | —0.42 | 0.63 59.52 | 0.24 | 1.20 | —0.07 | 3.41 | 0.20 | 0.48 | 0.03 | 0.48 0.03 | 0.55
9 | 3.8581 | 0.13| 0.50 19.05 | 0.24 | 1.20 | +0.07 | 8.52 | 0.50 | 0.97 | 0.06 | 0.97 0.06 | 0.55
3 8 1.4815 | —0.15 0.53 21.43 | 0.24 1.20 —-0.07 | 7.91 | 0.46 0.94 0.06 0.94 0.06 0.55
5 | 4| 82015| 0.63| 0.33 85.01 | 0.35 | 0.87 | +0.07 | 1.74 | 0.15 | 0.13 | 0.01 | 0.13 0.01 | 0.79
6 | 5 | 4.4255| —0.13 | 0.33 36.70 | 0.22 | 0.65 | —0.03 | 5.43 | 0.29 | 0.41 | 0.02 | 0.41 0.02 | 0.49
7 6 1.0500 0.17 0.27 39.81 | 0.34 0.51 +0.04 | 5.08 | 0.42 0.31 0.03 0.31 0.03 0.77
8 | 7 | 3.7770 | 1.23| 0.27 77.43 | 1.11 | 0.59 | +0.16 | 2.23 | 0.60 | 0.13 | 0.04 | 0.13 0.04 | 2.50
11| 2.2533 | —0.33 | 0.31 50.70 | 0.46 | 0.58 | —0.06 | 4.07 | 0.45 | 0.29 | 0.03 | 0.29 0.03 | 1.04
9 8 5.3530 | —0.70 0.00 100.00 | 0.45 0.64 —0.07 | 0.00 | 0.00 0.00 0.00 0.00 0.00 1.02
12| 0.6374 | 0.02 | 0.40 72.42 | 0.01 | 0.84 0.00 | 2.55 | 0.01 | 0.23 | 0.00 | 0.23 0.00 | 0.03
10| 5| 7.4940 | 0.55| 0.40 53.70 | 0.56 | 0.76 | +0.10 | 3.84 | 0.52 | 0.35 | 0.05 | 0.35 0.05 | 1.26
7 | 2.0184 | —0.49 | 0.34 39.49 | 0.78 | 0.66 | —0.12 | 5.11 | 0.97 | 0.40 | 0.08 | 0.40 0.08 | 1.77
11| 0.4948 | 0.25 | 0.37 45.61 | 0.32 | 0.70 | +0.05 | 4.51 | 0.35 | 0.38 | 0.03 | 0.38 0.03 | 0.72
12| 8 | 47156 | 0.18 | 0.40 65.52 | 0.14 | 0.79 | +0.03 | 3.00 | 0.10 | 0.27 | 0.01 | 0.27 0.01 | 0.32
13 | 11| 11.4906 | 0.17 | 0.34 4955 | 0.22 | 0.64 | +0.03 | 4.17 [ 0.22 | 0.32 | 0.02 | 0.32 0.02 | 0.49
12 4.5217 0.12 0.41 48.37 | 0.13 0.77 +0.02 | 4.27 | 0.13 0.40 0.01 0.40 0.01 0.29
14 | 13 2.0247 | —-0.10 0.29 65.37 | 0.11 0.56 —0.01 | 3.01 | 0.08 0.19 0.01 0.19 0.01 0.25
13| 2.0247 | 0.40 | 0.29 70.32 | 0.41 | 0.58 | +0.06 | 2.68 | 0.26 | 0.17 | 0.02 | 0.17 0.02 | 0.92
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2 One-dimensional networks (Height networks)

Network graph
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2 One-dimensional networks (Height networks)

Supplementary information

Observed levelled height differences 20

Height unknowns 9

Datum defect 1

Datum definition fix

Number of datum constraints 5
Type-I-error probability a; [%] (Baarda) 0.1
Type-I-error probability ag [%] (Baarda) 4.7

Test value kgL/z 3.29
x?-Noncentrality parameter A 17.1
Type-I-error probability a; [%] (Pope) 0.1

Critical value k;,_ 2.7
Redundancy r 11
Redundancy levelled height differences 11.00
Redundancy (Check) 11.00
Weighted square sum of residuals Q [m?] 2.15296 - 107°
(a priori) standard deviation oy [m] 1-1073

(a posteriori) estimated standard deviation &, [m] 4.42407 - 1074
Ratio 5'0/0'0 0.4424

Global test (67 /0?) 0.1957 (kgsmw
Global test (Q/0?) 2.1530 (ké‘é;r =19.90)
Number of outliers (Data snooping & 7-criterion) 0

|H - H|| [cm] 1.250

Trace height covariance matrix, trfﬁ [cm?] 0.01723
Trace height cofactor matrix, trQg 8.80115
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3 Two-dimensional networks (Planar
networks)

This chapter contains numerous examples of planar networks observed by distances (trilateration
networks), angles (triangulation networks), directions or combinations of them. Various datum
definitions are implemented.

3.1 Trilateration networks

3.1.1 Benning (2011), Ex. 8-2
Benning (2011): Statistik in Geodisie, Geoinformation und Bauwesen, Wichmann. Ex. 8-2, pp. 256

Available data files: [2D] Benning82_Distance_fix*.x

Coordinates

Point name Easting x m] ‘ Northing ym)

1 0.0000 (D) | 1000.0000 (D)
2 1000.0000 (D) | 1000.0000 (D)
3 0.0000 0.0000
4 1000.0000 0.0000

Datum: fix, (D)...Datum coordinate

Horizontal distances

in ‘ to ‘ Sm] ‘ || mm] ‘p[-J
1 3 | 1000.0200 10 1
4 | 1414.2000 10 1
2 3 | 1414.2400 10 1
4 999.9800 10 1
3 4 | 1000.0000 10 1

Design matrix A and reduced observation vector Ay distances (1. iteration)

A X1 Y1 X2 Y2 X3 Y3 X4 Y4 H Ay

s13| 0.0000 1.0000 0.0000 0.0000 0.0000 —1.0000 0.0000 0.0000| 2.000
S14|—0.7071 0.7071 0.0000 0.0000 0.0000 0.0000 0.7071 —0.7071 || —1.356
S23| 0.0000 0.0000 0.7071 0.7071 —0.7071 —0.7071 0.0000 0.0000 | 2.644
S24| 0.0000 0.0000 0.0000 1.0000 0.0000 0.0000 0.0000 —1.0000 || —2.000
s34 | 0.0000 0.0000 0.0000 0.0000 —1.0000 0.0000 1.0000 0.0000| 0.000
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Matrix D'i of datum constraints
X1 Y1 X2 Y2 X3 Y3 X4 Yg

10000000
pr[0 1000000
00100000
00010000

Least squares solution AxX(m (1. iteration)

‘ X1 Y1 X2 Y2 X3 Y3 X4 Y4

A}T‘O.OOOO 0.0000 0.0000 0.0000 —0.0096 —0.0226 —0.0070 0.0174

Adjusted coordinates

Point name ‘ X [m] ‘ X — X [cm] ‘ |G| fcm) ‘ Jm] ‘ U — Ylem] ‘ |G| [cm] ‘ | 62D | [em]
3 —0.0096 | —0.958 0.901 | —0.0226 | —2.260 | 0.637 1.104
4 999.9930 | —0.698 0.901 0.0174 1.740 0.637 1.104
Absolute error ellipses Absolute confidence ellipses (1 — a = 95%)
in ‘ A [em] ‘ B [cm] ‘ ¢ [gon] in ‘ A [em] ‘ B [em] ‘ ¢ [gon]
3 0.97 0.52 | 129.517061 3 | 19.44 | 10.39 | 129.517061
4 0.97 0.52 70.483 621 4 | 19.44 | 10.39 70.483 621

Adjusted horizontal distances

in ‘ to ‘ S [m] ‘ € [em] ‘ |55 [em] ‘ IR %) ‘ [w] ‘ |V em] ‘ V [em] ‘ IF; ‘ IF, ‘ IP; [mm ‘ IP5 [mm) ‘ IK [mm] ‘ IK) [mm] ‘ T,
1 3 | 1000.0226 | —0.260 | 0.637 14.3 | 0.7 10.9 —-1.821 | 10.1 | 1.7 93.7 15.6 93.7 15.6 1.00
4 | 1414.1963 0.368 | 0.582 28.6 | 0.7 7.7 +1.288 6.5 | 1.1 55.2 9.2 55.2 9.2 1.00
2 3 | 1414.2363 0.368 | 0.582 28.6 | 0.7 7.7 +1.288 6.5 | 1.1 55.2 9.2 55.2 9.2 1.00
4 999.9826 | —0.260 | 0.637 14.3 | 0.7 10.9 -1.821 | 10.1 | 1.7 93.7 15.6 93.7 15.6 1.00
3 4 | 1000.0026 | —0.260 | 0.637 14.3 | 0.7 10.9 -1.821 | 10.1 | 1.7 93.7 15.6 93.7 15.6 1.00
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3 Two-dimensional networks (Planar networks)

Network graph

1 A Benchmark 2
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Z 400t 1
200 g
Error Ellipses
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Easting [m]
Supplementary information
Observed distances 5
Coordinate unknowns 4
Datum defect 3
Datum definition fix
Number of datum constraints 4
Type-I-error probability ar [%] (Baarda) 0.1
Type-I-error probability ag [%] (Baarda) 0.1
Test value kOJ:’L/z 3.29
x2-Noncentrality parameter A 17.1
Type-I-error probability a, [%] (Pope) 0.1
Critical value k;,_ 00
Number of iterations (Max=20) 3
Stop criterion (actual) 7-10713
Redundancy r 1
Redundancy distances 1.00
Weighted square sum of residuals Q [m?] 4.73676 - 107°
(a priori) standard deviation ¢y [m] 1-1072
(a posteriori) estimated standard deviation &y [m] 6.88242 - 1073
Ratio 64/ 09 0.6882
Global test (62/0?) 0.4737 (k... o, =10.83)
Number of outliers (Data snooping & 7-criterion) 0
IX = X|| [cm] 3.089
Trace coordinate covariance matrix, tr/Z\;( [cm?] 2.43606
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3 Two-dimensional networks (Planar networks)

3.1.2 Benning (2011), Ex. 8-8

Benning (2011): Statistik in Geodisie, Geoinformation und Bauwesen, Wichmann. Ex. 8-8, pp. 285-
291

Available data files: [2D] Benning88_Distance_fix.x

Coordinates

Point name Easting x [m] ‘ Northing ym)

3000.0000 (D) | 2000.0000 (D)
1000.0000 (D) | 2000.0000 (D)
3000.0000 (D) | 2100.0000 (D)
1000.0000 (D) | 2100.0000 (D)
2000.0000 (D) | 1000.0000 (D)
2000.0000 2000.0000
Datum: fix, (D)...Datum coordinate

AN G W N =
N N SN SN

Horizontal distances

in|to| swm | ol | pr
6 | 1 | 1000.0000 | 20 1
2 | 1000.0000 | 20 1
3 | 1005.0000 | 20 1
4 | 1005.0000 | 20 1
5 | 1000.0000 | 20 1

Design matrix A and reduced observation vector Ay distances (1. iteration)

A ‘ X1 Y1 X2 Y2 X3 Y3 X4 Ya X5 Ys X6 Ys H Ay
S¢,1 | 1.0000 0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 —1.0000 0.0000 || 0.000
S6,2 | 0.0000 0.0000 —1.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 1.0000 0.0000 || 0.000
S6,3 | 0.0000 0.0000  0.0000 0.0000 0.9950 0.0995 0.0000 0.0000 0.0000 0.0000 —0.9950 —0.0995 || 1.244
S6,4 | 0.0000 0.0000  0.0000 0.0000 0.0000 0.0000 —0.9950 0.0995 0.0000 0.0000 0.9950 —0.0995 || 1.244
S6,5 | 0.0000 0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 —1.0000 0.0000  1.0000 || 0.000

Matrix D'(j of datum constraints

X1 Y1 X2 Y2 X3 Y3 X4 Yg X5 Y5 X6 Ye

10 0 000 0 0 O0O0OTUO
01000 OO0OOOUOO0OO
0010 0O0O0OO0OTO0OTO0OTO0OTUO
00 01 00 O0OO0OTO0OO0OTO0OTUO
DTO 00 01 0 0 O0O0OO0OTO0OTPO
00 0 001 O0O0O0O0O0O0
00 00 0 O0O1O0O0O0OTO0OTPO
00 0 0 0 O0O0OT1TTUO0TO0TO0TUO
00 0 0 O0OO0OOT1TTUO0TO0O
00 0 0 0 O0O0OO0OO0OT1TTO0TO
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Least squares solution Axim (1. iteration)

‘ X1 Y1 X2 Y2 X3 Y3 X4 Ys4 X5 Ys X6 Ye

A}T‘O.OOOO 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 —0.0024

Adjusted coordinates

Point name ‘ X [m] ‘ X — X [em] ‘ || [em] ‘ 7 m] ‘ U — Ylem] ‘ || [em] ‘ | 62D | [em)

6 | 2000.0000 | 0.000 | 0.504 | 1999.9976 | —0.243 | 0.996 | 1.116

Absolute error ellipses Absolute confidence ellipses (1 — @ = 95%)

in ‘ A[cm] ‘ B[cm] ‘ ¢[gon] in ‘ A[cm] ‘ B[cm] ‘ ¢[gon]

6 | 1.00 | 0.50 | 0.000000 6 | 4.35 | 2.20 | 0.000000

Adjusted horizontal distances

in \ to \ $m) \ € fem] \ |65 fem \ IR \ |wl \ |V fem) \ V femi \ IF; \ IF, \ IPy mm] \ IP; mm] \ IK fmm] \ IK fmm) \ T,
6 | 1 | 1000.0000 | 0.000 | 0.504 | 74.9 | 0.0 | 9.6 | 0.000 | 2.4 | 0.0 | 24.0 0.0 24.0 0.0 | 0.00
2 | 1000.0000 | 0.000 | 0.504 | 74.9 [ 0.0 | 9.6 | 0.000 | 2.4 | 0.0 | 24.0 0.0 24.0 0.0 | 0.00
3 | 1004.9878 | 1.220 | 0.511 | 74.2 | 0.7 | 9.6 |+1.645 | 2.4 | 0.4 | 24.8 4.3 24.8 43 | 1.41
4 | 1004.9878 | 1.220 | 0.511 | 74.2 | 0.7 | 9.6 |+1.645| 2.4 | 0.4 | 248 4.3 24.8 43 | 1.41
5| 999.9976 | 0.243 | 0.996 | 1.9 | 0.9 | 59.3 1+12.500 | 29.4 | 6.2 | 581.5 | 122.6 | 581.5 | 122.6 | 1.73"
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3 Two-dimensional networks (Planar networks)

3100

Network graph
2100 -
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Easting [m]
Supplementary information
Observed distances
Coordinate unknowns
Datum defect
Datum definition fix
Number of datum constraints 10
Type-I-error probability o [%] (Baarda) : 0.1
Type-I-error probability ag [%] (Baarda) ;06
Test value kY 3.29
ar/2
x*-Noncentrality parameter A, ¢ 171
Type-I-error probability a, [%] (Pope) ;0.1
Critical value k;,_ 1.7
Number of iterations (Max=20) 3
Stop criterion (actual) 1.4-107%2
Redundancy r 3
Redundancy distances 3.00
Weighted square sum of residuals Q [m?] 3.03394 - 1074
(a priori) standard deviation oy [m] 2-1072
(a posteriori) estimated standard deviation 6y [m] 1.00564 - 1072
Ratio 6y/ 09 0.5028
Global test (62/0?) 0.2528 (kf ., o =4.21)
Number of outliers (Data snooping) 0
Number of outliers (r-criterion) 1
IX = X]|| [cm] 0.243
Trace coordinate covariance matrix, trX5 [cm?] 1.24576
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3 Two-dimensional networks (Planar networks)

3.1.3 Ghilani (2010), Ex. 14.5 & 19.3

Ghilani Charles D. (2010): Adjustment Computations. Spatial Data Analysis. Fifth Edition, John
Wiley & Sons, Inc., ISBN 978-0-470-46491-5, Ex. 14.5, pp. 251 & 19.3, pp. 404

Available data files: [2D] Ghilani14_5_Distance_fixsx.x

Coordinates

Point name ‘ ID Easting x [m] ‘ Northing 1/ m]

Badger Ba | 2410000.0000 (D) | 390 000.0000 (D)
Bucky | Bu | 2411820.0000 (D) | 386 881.2220 (D)
Wisconsin | Wi | 2415776.8190 391043.4610
Campus Ca | 2416 898.2270 387 602.2940
Datum: fix, (D)...Datum coordinate

Horizontal distances

in \ to \ $ [m] \ |0 (mm) \p[—l

Ba | Ca | 7297.5880 10
Wi | 5870.3020 10
Ca | Bu | 5123.7600 10
Wi | Bu | 5742.8780 10
Ca | 3616.4340 10

[UEE G G WG [ Sy

Design matrix A and reduced observation vector Ay distances (1. iteration)

A XBa YBa XBu YBu XWi Ywi XCa Yca ‘ ‘ Ay

SBaCa | —0.9446 0.3283 0.0000 0.0000 0.0000 0.0000 0.9446 —0.3283|| —5.4613
SBawi | —0.9841 —0.1778 0.0000 0.0000 0.9841 0.1778 0.0000 0.0000 || —0.0003
SCcapu | 0.0000 0.0000 —0.9901 —0.1406 0.0000 0.0000 0.9901 0.1406 || —5.4051
Swipu| 0.0000 0.0000 —0.6890 —0.7248 0.6890 0.7248 0.0000 0.0000 || —0.0002
Swica| 0.0000 0.0000 0.0000 0.0000 —0.3098 0.9508 0.3098 —0.9508 || —2.8458

Matrix D'(j of datum constraints

XBa YBa XBu YBu XWi Ywi XCa YcCa

1 0 0 0 0 O©
pr|0 1 0 0 0 0 0 0
00 1 0 0 0 0 0
0 0 0 1 0 0 0 0

Least squares solution Axim (1. iteration)

‘ XBa YBa XBu YBu XWi Ywi XCa YCa

A}T‘O.OOOO 0.0000 0.0000 0.0000 0.0848 —0.1652 —5.5314 0.9593
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Adjusted coordinates

ID | & m) | %= xtan | |6 | Giml | 5= yiem | 16]iem | [62D]1em)
Wi | 2415776.9044 8.538 | 14.879 | 391043.2945 | —16.651 | 22.061 26.609
Ca | 2416892.6955 | —553.148 | 10.378 | 387 603.2551 96.113 | 27.054 | 28.977
Absolute error ellipses Absolute confidence ellipses (1 — a = 95%)
in ‘ A [em] ‘ B [em] ‘ ¢ [gon] in ‘ A [em] ‘ B [em] ‘ ¢ [gon]
Wi 24.62 10.10 | 167.642 801 Wi | 491.75 | 201.73 | 167.642 801
Ca 27.26 9.81 8.468319 Ca | 544.60 | 196.05 8.468 319
Adjusted horizontal distances
in ‘ to ‘ S m] ‘ € [cm] ‘ |65 ] em) ‘ IR ‘ |w] ‘ [V fcm) ‘ V [em] ‘ IF; ‘ IF, ‘ IP; [mm] ‘ IPy [mm ‘ IK [mm] ‘ IK [mm] ‘ T,
Ba | Ca | 7297.5090 7.901 | 11.058 | 33.8 | 13.6 7.1 +23.377* 5.8 | 19.0 47.1 154.8 47.1 154.8 1
Wi | 5870.3567 | —5.468 | 12.442 | 16.2 | 13.6 10.3 —33.777* 9.4 | 30.9 86.1 283.1 86.1 283.1 1
Ca | Bu | 5123.8239 | —6.393 | 11.993 | 22.1 | 13.6 8.8 —28.893" 7.8 | 25.5 68.4 225.0 68.4 225.0 1
Wi | Bu | 5742.8164 6.164 | 12.112 | 20.6 | 13.6 9.1 +29.963# 8.1 | 26.7 72.4 238.0 72.4 238.0 1
Ca | 3616.4708 | —3.675 | 13.084 7.3 | 13.6 15.3 —50.258" | 14.7 | 48.4 | 141.6 465.8 141.6 465.8 1

(sy40M 19U ADUD]]) SYIO0MIIU [DUOISUIUIIP-OM] &



3 Two-dimensional networks (Planar networks)

Network graph
393000 T
A Benchmark
® New Point (approx.)
® New Point (adj.)
392000 -

Wisconsin

391000 - / 3

Badger
390000 |- A< K
389000 -
><\ o

Northing [m]

388000 - | .
387000 - % —
Em+c",i:m Bucky \L
386000 : :
2409000 2410000 2411000 2412000 2413000 2414000 2415000 2416000 2417000 2418000
Easting [m]
Supplementary information
Observed distances 5
Coordinate unknowns :
Datum defect ;3
Datum definition o fix
Number of datum constraints : 4
Type-I-error probability o [%] (Baarda) ¢ 0.1
Type-I-error probability ag [%] (Baarda) ;0.1
Test value ko]:]L/z ;0 3.29
x%-Noncentrality parameter Ao : 171
Type-I-error probability a, [%] (Pope) ;0.1
Critical value k7 _ : 00
Number of iterations (Max=20) ;20
Redundancy r :o 1
Redundancy distances : 1.00
Weighted square sum of residuals Q [m?] : 1.84703 - 1072
(a priori) standard deviation oy [m] : 1-1072
(a posteriori) estimated standard deviation 6o [m] : 1.35905- 10!
Ratio 6y /0y : 13.5905
Global test (6Z/02) t 1847027 (kL. 0o =10.83)
Number of outliers (Data snooping) : 5 (Remove outliers or scale standard
deviations by the factor 13.59)

Number of outliers (r-criterion) ;0
IX = X|| [em] . 561.748
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3 Two-dimensional networks (Planar networks)

3.1.4 Strang & Borre (1997), Ex. 10.1

Strang G and K Borre (1997): Linear Algebra, Geodesy, and GPS. Ex. 10.1, pp. 345

Available data files: [2D] StrangBorre_Distance_fixs.x

Coordinates

Point name | Easting x[m] ‘ Northing ym

170.7100 (D) | 270.7100 (D)
100.0000 (D) | 100.0000 (D)
241.4200 (D) | 100.0000 (D)
170.7100 170.7100
Datum: fix, (D)...Datum coordinate

= BENOSTEN CR

Horizontal distances

in|to| swm | |o]mm | pr

1 | P | 100.0100 10 1
2 | P | 100.0200 10 1
3 | P | 100.0300 10 1

Design matrix Ay and reduced observation vector Aywm distances (1. iteration)

Al x Y1 X2 Y2 X3 Y3 xp v || Ay

s1,p|0.0000 1.0000 0.0000 0.0000 0.0000 0.0000 0.0000 —1.0000 || 1.000
S2,p | 0.0000 0.0000 —0.7071 —-0.7071 0.0000 0.0000 0.7071 0.7071 || 2.096
s3p | 0.0000 0.0000 0.0000 0.0000 0.7071 —-0.7071 —0.7071 0.7071 || 3.096

Matrix D';j of datum constraints

X1 Y1 X2 Y2 X3 Y3 Xp Yp

1.0 0 0 0 0 O
01 0 0 0 O0 OO
DTO 01 0 0 0 0 O
00 0 1 0 0 0 O
00 0 01 0 0O
00 0 0 0 1 0 O

Least squares solution Ax(m) (1. iteration)

‘ X1 Y1 X2 Y2 X3 Y3 Xp yp

A}T‘O.OOOO 0.0000 0.0000 0.0000 0.0000 0.0000 —0.0071 0.0134

Adjusted coordinates

A

Point name \ X [m] \ X = X fem] \ |5 fem) \ U m] \ § — Ylem) \ 5] fem) \ |G2D | [em]

P | 170.7029 | -0.707 | 3.303 | 170.7234 | 1.336 | 2.335 | 4.045
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Absolute error ellipses Absolute confidence ellipses (1 — a = 95%)

in ‘ A[cm] ‘ B[cm] ‘ ¢[gon] in ‘ A[cm] ‘ B[cm] ‘ ¢[g0n]

P | 3.30 | 2.34 | 100.004502 P | 65.98 | 46.65 | 100.004 502

Adjusted horizontal distances

in ‘ to ‘ Sim] ‘ € [em] ‘ |55 | [em] ‘ IR ‘ |w] ‘ [V fem) ‘ ﬁ[cm] ‘ IF; ‘ IF, ‘ IP; [mm] ‘ IP5 mm] ‘ IK [mm) ‘ IK [mm] ‘ T,

1| P 99.9866 | 2.336 | 2.335 | 50.0 | 3.3 5.8 4.671* | 4.1 | 3.3 29.2 23.4 29.2 23.4 1.00
2 | P | 100.0035 | 1.652 | 2.860 | 25.0 | 3.3 8.3 6.605# | 7.2 | 5.7 62.0 49.5 62.0 49.5 1.00
3 | P | 100.0135 | 1.651 | 2.861 | 25.0 | 3.3 8.3 6.607" | 7.2 | 5.7 62.0 49.6 62.0 49.6 1.00

(sy40M 19U ADUD]]) SYIO0MIIU [DUOISUIUIIP-OM] &



3 Two-dimensional networks (Planar networks)

Network graph
300
A1
250 - T i
200 - .
E
g '
T
2
150 .
100 - .
2 3
A Benchmark
® New Point (approx.)
® New Point (adj.)
50 1 1 1 1
50 100 150 200 250 300
Easting [m]
Supplementary information
Observed distances 3
Coordinate unknowns 2
Datum defect 3
Datum definition fix
Number of datum constraints 6
Type-I-error probability a; [%] (Baarda) 0.1
Type-I-error probability ag [%] (Baarda) 0.1
Test value k% 3.29
ar/2
x%-Noncentrality parameter A, 17.1
Type-I-error probability a, [%] (Pope) 0.1
Critical value k;,_ o0
Number of iterations (Max=20) 4
Stop criterion (actual) 5.6-10713
Redundancy r 1
Redundancy distances 1.00
Weighted square sum of residuals Q [m?] 1.09094 - 1073
(a priori) standard deviation oy [m] 1-1072
(a posteriori) estimated standard deviation &, [m] 3.30293 - 1072
Ratio 5'0/0'() 3.3029
Global test (62/0?) 10.9094 (kE_., ., =10.83)

Number of outliers (Data snooping)
Number of outliers (r-criterion)

X~ X|| [em] .
Trace coordinate covariance matrix, tr3g [cm?]

59

3 (Remove outliers or scale standard
deviations by the factor 3.30)

0

1.511

16.36559



3 Two-dimensional networks (Planar networks)

3.1.5 Strang & Borre (1997), Ex. 12.4

Strang G and K Borre (1997): Linear Algebra, Geodesy, and GPS. Ex. 12.4, pp. 411

Available data files: [2D] StrangBorre_Distance_frees.x

Coordinates

Point name | Easting x[m] ‘ Northing ym

170.7100 (D) | 170.7100 (D)
170.7100 (D) | 270.7100 (D)
100.0000 (D) | 100.0000 (D)
241.4200 (D) | 100.0000 (D)
Datum: free, (D)...Datum coordinate

W N o= g

Horizontal distances

in ‘ to ‘ S[m] ‘ || [rmm] ‘pl—l
1 2 | 184.7850 10 1
3 | 184.8050 10 1
P | 100.0100 10 1
2 3 | 141.4400 10 1
P | 100.0200 10 1
3 P | 100.0300 10 1

Design matrix A and reduced observation vector Aywm distances (1. iteration)

Al xp yp X1 Y1 X2 y2 X3 ys | Ay

S12| 0.0000 0.0000 0.3827 0.9239 —0.3827 —0.9239 0.0000 0.0000 || 0.998
s13| 0.0000 0.0000 —0.3827 0.9239 0.0000 0.0000 0.3827 —0.9239 || 2.998
sip| 0.0000 —1.0000 0.0000 1.0000 0.0000 0.0000 0.0000 0.0000 | 1.000
S23 | 0.0000 0.0000 0.0000 0.0000 —1.0000 0.0000 1.0000 0.0000 | 2.000
sep| 0.7071 0.7071 0.0000 0.0000 —0.7071 —0.7071 0.0000 0.0000 || 2.096
s3p|—0.7071 0.7071 0.0000 0.0000 0.0000 0.0000 0.7071 —0.7071||3.096

Matrix D'(; of datum constraints (1. iteration)

Xp yp X1 U1 X2 Y2 X3 Ys

1.00000 0.000 00 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000
D' 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000 0.00000 1.00000
—10.35500 0.00000 —110.35500 0.00000 60.35500 —70.71000 60.35500 70.71000

Least squares solution Ax(m (1. iteration)

‘ Xp Yp X1 Y1 X2 Y2 X3 Y3

A}T‘O.OOZS 0.0085 —0.0068 0.0113 —0.0088 —0.0029 0.0133 —0.0170
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Adjusted coordinates

(sy40M 19U ADUD]]) SYIO0MIIU [DUOISUIUIIP-OM] &

Point name X [m] X — X [em] ‘ || fem] ‘ 7 [m] U — Ylem] ‘ |G| (cm] ‘ | 62D | [em]
P 170.7123 0.227 1.079 | 170.7185 0.853 | 0.682 1.276
1 170.7032 | —0.680 0.810 | 270.7213 1.133 0.551 0.980
2 99.9912 | -0.879 0.641 99.9971 | —0.286 0.705 0.953
3 241.4333 1.332 0.640 99.9830 | —1.700 | 0.705 0.953
Absolute error ellipses Absolute confidence ellipses (1 — o = 95%)
in ‘ A[cm] ‘ B[cm] ‘ ¢[gon] in ‘ A[cm] ‘ B[cm] ‘ ¢[gon]
P 1.08 0.68 99.992 733 P | 21.56 | 13.62 99.992 733
1 0.81 0.55 99.998 497 1 | 16.17 | 11.01 99.998 497
2 0.73 0.61 | 167.417797 2 | 14.65 | 12.15 | 167.417797
3 0.73 0.61 32.587 207 3 | 14.65 | 12.15 32.587 207
Adjusted horizontal distances
in ‘ to ‘ S[m] ‘ €cm] ‘ |65 ] fem] ‘ IR ‘ |w] ‘ [V cm) ‘ ﬁ[cm] ‘ IF, ‘ IF, ‘ IP; (mm] ‘ IP5 [mm] ‘ IK [mm] ‘ IK 5 [mm] ‘ T,
1 2 | 184.7889 | —0.389 | 1.110 11.0 | 1.2 12.5 —-3.553 | 11.8 | 3.4 | 111.1 31.6 111.1 31.6 1.00
3 | 184.8089 | —0.390 | 1.110 11.0 | 1.2 12.5 -3.552 | 11.8 | 3.4 | 111.1 31.6 111.1 31.6 1.00
P | 100.0028 0.720 | 0.930 37.4 | 1.2 6.8 +1.923 53] 15 42.3 12.0 42.3 12.0 1.00
2 3 | 141.4421 | —-0.211 1.157 3.2 | 1.2 23.1 —6.566 | 22.7 | 6.5 | 223.2 63.6 223.2 63.6 1.00
P | 100.0149 0.509 | 1.061 18.7 | 1.2 9.6 +2.720 8.6 | 2.5 77.7 22.1 77.7 22.1 1.00
3 | P | 100.0249 0.509 | 1.061 18.7 | 1.2 9.6 +2.719 8.6 | 2.5 77.6 22.1 77.6 22.1 1.00




3 Two-dimensional networks (Planar networks)

Network graph
300
250 - .
200 - .
E
£
2
150 - .
100 - 5 .
® New Point (approx.)
® New Point (adj.)
50 1 1 1 1
50 100 150 200 250 300
Easting [m]
Supplementary information
Observed distances : 6
Coordinate unknowns : 8
Datum defect : 3
Datum definition : free
Number of datum constraints : 3
Type-I-error probability a; [%] (Baarda) 0.1
Type-I-error probability ag [%] (Baarda) 0.1
Test value kN 3.29
ar/2
x%-Noncentrality parameter A, 171
Type-I-error probability a, [%] (Pope) 0.1
Critical value k;,_ 00
Number of iterations (Max=20) 4
Stop criterion (actual) 1.1-10713
Stop criterion (target) 1-1071°
Redundancy r 1
Redundancy distances 1.00
Weighted square sum of residuals Q [m?] 1.38383-107*
(a priori) standard deviation oy [m] 1-1072
(a posteriori) estimated standard deviation &, [m] 1.17636 - 1072
Ratio 6/ 09 1.1764
Global test (6Z/02) 1.3838 (k... oo =10.83)
Number of outliers (Data snooping & 7-criterion) 0
[|X = X]|| [cm] 2.836
Trace coordinate covariance matrix, tr>z [cm?] 4.40493

62



3 Two-dimensional networks (Planar networks)

3.1.6 Hopke W (1980), Ex. 35.5

Hopke W (1980): Fehlerlehre und Ausgleichungsrechnung. de Gruyter, Ex. 35.5, pp. 120-123

Coordinates
Fix datum Free datum: Total trace minimization
Point name | ID Easting x m| Northing ym] Easting x [m] ‘ Northing ¢/m]

20 20 | 3579041.4160 5707 194.4120 3579041.4160 (D) | 5707 194.4120 (D)

75 75 | 3575403.2770 5707 682.6120 3575403.2770 (D) | 5707 682.6120 (D)

86 86 | 3575322.0610 5708 700.9520 3575322.0610 (D) | 5708 700.9520 (D)

87 87 | 3576581.7780 (D) | 5709938.1060 (D) || 3576581.7780 (D) | 5709938.1060 (D)
1006 10 | 3578 284.2890 5708 758.6410 3578284.2890 (D) | 5708 758.6410 (D)
1011 01 | 3577052.3320 5708 103.2040 3577 052.3320 (D) | 5708 103.2040 (D)
1059 02 | 3576852.8940 (D) | 5706 633.6420 3576 852.8940 (D) | 5706 633.6420 (D)
1087 03 | 3576213.6990 5709 199.8890 3576 213.6990 (D) | 5709 199.8890 (D)

(D)...Datum coordinate

Horizontal distances

in

‘to

S[m]

| [0 bmml | prime)

20

75
87

3670.7350
3684.7820

86

20
75
87
10
01
02
03

4012.9210
1021.5360
1765.6570
2962.8320
1830.6460
2572.5160
1021.7680

10

20
75
87
01
02

1737.8240
3075.3730
2071.1540
1395.4590
2562.1340

N S Y G G O G UG G [ Wy
e el e e e

in‘to

S [m]

| [0 bmml | prime)

01 | 20
75
87

02

2186.8530
1701.8240
1894.2630
1483.0880

02 | 20
75

87

2259.1670
1789.4490*
3315.6300

03 | 20
75
87
10
01

02

3466.7220
1720.1300

824.8630
2117.1340
1380.6330
2644.7890 1

S S U g S S Y G (WY

= = R = R R e | e e e e

* 5 ¢cm typo in original publication
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3 Two-dimensional networks (Planar networks)

Design matrix An and reduced observation vector Aym distances (1. iteration)

64

A ‘ X20 Y20 X175 Y75 X86 Ys6 xg7 ys7 X10 Y10 X01 Yo1 X02 Yo2 X03 Yo3 Ay
520,75 [ 0.9911 —0.1330 —0.9911 0.1330  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 || —0.0135
$20,87 | 0.6675 —0.7446  0.0000  0.0000 0.0000 0.0000 —0.6675 0.7446  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 || —-0.0078
586,20 | 0.9269 —0.3754  0.0000 0.0000 —0.9269 0.3754 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0337
$86,75 | 0.0000  0.0000 0.0795 —0.9968 —0.0795 0.9968 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 || —0.0375
$86,87 | 0.0000  0.0000 0.0000 0.0000 —0.7135 —0.7007 0.7135 0.7007 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0305
$86,10 | 0.0000  0.0000  0.0000 0.0000 —0.9998 —0.0195 0.0000 0.0000 0.9998 0.0195 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0423
586,01 | 0.0000  0.0000 0.0000 0.0000 —0.9452 0.3265 0.0000 0.0000 0.0000 0.0000 0.9452 —0.3265 0.0000 0.0000 0.0000 0.0000 0.0340
$86,02 | 0.0000  0.0000 0.0000 0.0000 —0.5951 0.8037 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.5951 —0.8037 0.0000 0.0000 0.1202
586,03 | 0.0000  0.0000 0.0000 0.0000 —0.8727 —0.4883 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.8727 0.4883 0.0261
510,20 | 0.4357 —0.9001  0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 —0.4357 0.9001 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 || —0.0062
510,75 | 0.0000  0.0000 —0.9368 —0.3499  0.0000 0.0000 0.0000 0.0000 0.9368 0.3499 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 || —0.0243
$10,87 | 0.0000  0.0000  0.0000 0.0000 0.0000 0.0000 —0.8220 0.5695 0.8220 —0.5695 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 || —0.0006
510,01 | 0.0000  0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.8828 0.4697 —0.8828 —0.4697 0.0000 0.0000 0.0000 0.0000 || —0.0035
510,02 | 0.0000  0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.5587 0.8294 0.0000 0.0000 —0.5587 —0.8294 0.0000 0.0000 0.0036
501,20 | 0.9096 —0.4156  0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 —0.9096 0.4156 0.0000 0.0000 0.0000 0.0000 || —0.0073
$01,75 | 0.0000  0.0000 —0.9690 —0.2471 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.9690 0.2471 0.0000 0.0000 0.0000 0.0000 || —0.0221
s01,87 | 0.0000  0.0000  0.0000 0.0000 0.0000 0.0000 —0.2484 0.9687 0.0000 0.0000 0.2484 —0.9687 0.0000 0.0000 0.0000 0.0000 || —0.0143
$01,02 | 0.0000  0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.1345 0.9909 —0.1345 —0.9909 0.0000 0.0000 0.0546
$02,20 | 0.9687 0.2482 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 —0.9687 —0.2482 0.0000 0.0000 || —0.0567
$02,75 | 0.0000  0.0000 —0.8101  0.5862  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.8101 —0.5862 0.0000 0.0000 0.1118
$02,87 | 0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 —0.0818 0.9967 0.0000 0.0000 0.0000 0.0000 0.0818 —0.9967 0.0000 0.0000 0.0627
503,20 | 0.8157 —0.5785  0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 —0.8157 0.5785 0.0346
$03,75 | 0.0000  0.0000 —0.4711 —0.8821 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.4711 0.8821||—0.0192
503,87 | 0.0000  0.0000  0.0000 0.0000 0.0000 0.0000 0.4462 0.8949 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 —0.4462 —0.8949 || —0.0288
$03,10 | 0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.9780 —0.2084 0.0000 0.0000 0.0000 0.0000 —0.9780 0.2084 0.0505
503,01 | 0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.6074 —0.7944 0.0000 0.0000 —0.6074 0.7944 0.0450
$03,02 | 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.2417 —0.9704 —0.2417 0.9704 0.1352

3.1.6.1 Fix datum definition
Available data files: [2D] Hoepke_Distance_fix+.*
Matrix D"ij of datum constraints
X20 Y20 X75 Y75 X86 Yse X87 Ys7 X10 Yio Xo1 Yo1 Xo2 Yoz Xo3 Yo3
o o 0 o0 0o o0 1 O O O O O o0 o0 o0 O
D''o o 0 0 0 O O 1 O O O O O O O O
o 0 0 o0 0 0 O O O O O O 1T o0 o0 O
Least squares solution Axm (1. iteration)
‘ X20 Y20 X75 Yis X386 Yse X7 Ys7
=T
Ax ‘—6.841 —4.545 —-3.959 7.198 —-7.050 3.233 0 O
‘ X10 Y10 Xo1 Yo1 Xoz Yoz Xo03 Yos3
=T
Ax ‘—2.576 —3.738 —4.368 0.106 0 —6.397 —5.074 5.593
Adjusted coordinates
D \ £ [m] X = X [em] \ |6 tem] \ ¥ [m] U — Ylem) \ |6 fem) \ |G2p | fem]
20 | 3579041.3476 | —6.841 0.338 | 5707 194.3665 | —4.545 0.521 0.621
75 | 3575403.2374 | —-3.959 0.339 | 5707 682.6840 7.198 0.453 0.566
86 | 3575321.9905 | —7.050 0.324 | 5708700.9843 3.233 0.405 0.518
10 | 3578284.2632 | —2.576 0.325 | 5708758.6036 | —3.738 0.427 0.536
01 | 3577052.2883 | —4.368 0.361 | 5708103.2051 0.106 0.351 0.503
02 | 3576852.8940 0.000 0.000 | 5706633.5780 | —6.397 0.313 0.313
03 | 3576213.6483 | —5.074 0.390 | 5709199.9449 5.593 0.331 0.512



3 Two-dimensional networks (Planar networks)

Absolute error ellipses

Absolute confidence ellipses (1 — a = 95%)

in ‘ A [cm] ‘ B [em] ‘ ¢ [gon] in ‘ A [cm] ‘ B [em] ‘ QS [gon]
20 | 0.55 | 0.28 26.021 389 20 | 1.52 | 0.76 26.021 389
75 | 0.45 | 0.34 3.907 902 75 | 1.24 | 0.93 3.907 902
86 | 0.41 | 0.32 13.965 659 86 | 1.12 | 0.87 13.965 659
10 | 0.43 | 0.32 | 197.126 599 10 | 1.17 | 0.89 | 197.126 599
01 | 0.39 | 0.32 54.871 142 01 | 1.05 | 0.89 54.871 142
02 | 0.31 | 0.00 0.000 000 02 | 0.86 | 0.00 0.000 000
03 | 0.39 | 0.33 90.353 487 03 | 1.07 | 0.90 90.353 487
3.1.6.2 Free datum definition (Total trace minimization)
Available data files: [2D] Hoepke_Distance_freex.x
Matrix D'(j of datum constraints (1. iteration)
X20 Y20 X75 Y7s X386 Yse Xg7 Ysg7
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
DT 0.000 1.000 0.000 1.000 0.000 1.000 0.000 1.000

1082.020 2197.448 593.820 —1440.691 —424.520 —1521.907 —1661.674 —262.190

X10 Y10 Xo1 Yo1 X02 Yoz X03 Yos
1.000 0.000 1.000 0.000 1.000 0.000 1.000 0.000
DT 0.000 1.000 0.000 1.000 0.000 1.000 0.000 1.000

Least squares solution Axiem (1. iteration)

‘ X20 Y0  X75 Y15 X386 Yse  Xs7 Ys7

A}T‘—1.178 —0.808 0.833 4.448 —4.074 0.338 0.770 —0.649

‘ X10 Y10 X01 Yo1  Xo2 Yoz X03 Yos3

A}T\o.z% ~1.351 —0.326 0.296 6.663 —6.562 —2.987 4.288

Adjusted coordinates

—482.209 1440.321 173.228 208.364 1642.790 8.926 —923.457 —630.269

D | X m] %= xfam | 16]1em | Gt § = Yleml | [6]1eml | |62 ]1em
20 | 3579041.4042 | —1.178 | 0.209 | 5707 194.4039 | —0.808 | 0.265 0.338
75 | 3575403.2853 | 0.833 | 0.232 | 5707682.6565 | 4.448 | 0.265 | 0.352
86 | 3575322.0203 | —4.074 | 0.211 | 5708700.9554 | 0.338 | 0.240 | 0.320
87 | 3576581.7857 |  0.770 | 0.279 | 5709938.0995 | —0.649 | 0.226 | 0.360
10 | 3578284.2920 0.298 | 0.203 | 5708758.6275 | —1.351 | 0.268 0.336
01 | 3577052.3287 | —0.326 | 0.240 | 5708103.2070 | 0.296 | 0.273 | 0.364
02 | 3576852.9606 | 6.663 | 0.247 | 5706633.5764 | —6.562 | 0.212 | 0.325
03 | 3576213.6691 | —2.987 | 0.241 | 5709199.9319 4.288 | 0.227 0.331
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Adjusted horizontal distances

in ‘ to ‘ S[m] ‘ € [em] ‘ |55 [em] ‘ IR ‘ |w] ‘ [V (cm) ‘ §[cm] ‘ IF, ‘ IF, ‘ IP; [mm] ‘ IP5 [mm] ‘ IK [mm] ‘ IK [mm] ‘ T,
20| 75| 3670.7356 | —0.056 | 0.334 | 54.7 | 0.8| 0.6 |-0.103 |3.8| 0.7 2.5 0.5 2.5 0.5 |0.15
87(3684.7780 | 0.402| 0.344 | 51.9| 5.6| 0.6 |+0.775°|4.0| 5.4 2.8 3.7 2.8 3.7 |1.13
86|20 |4012.9184 | 0.257| 0.299 | 63.6 | 3.2| 0.5 +0.405 |3.1| 2.4 1.9 1.5 1.9 1.5 ]0.65
7511021.5364 | —0.042 | 0.387 | 39.0| 0.7 0.7 |-0.109 |5.2| 0.9 4.0 0.7 4.0 0.7 [0.14
87 | 1765.6541 0.285| 0.384 | 39.9| 45| 0.7 |+0.715*|5.1| 5.5 3.9 4.3 3.9 4.3 [0.91
10 | 2962.8331 | —0.107 | 0.310 | 60.9 | 1.4| 0.5 -0.176 |3.3| 1.1 2.1 0.7 2.1 0.7 10.28
01| 1830.6476 | —0.159 | 0.320 | 58.4 | 2.1 0.5 -0.272 |3.5| 1.8 2.2 1.1 2.2 1.1 |0.42
02 | 2572.5152 | 0.082| 0.340 | 52.8 | 1.1| 0.6 |+0.156 |3.9]| 1.1 2.7 0.7 2.7 0.7 10.23
03 | 1021.7706 | —0.264 | 0.339 | 53.3 | 3.6| 0.6 |—0.496*|3.9| 3.4 2.6 2.3 2.6 2.3 10.73
10|20 |1737.8188 | 0.516| 0.389 | 38.4| 8.3 | 0.7 |+1.345*|5.2|10.6 4.1 8.3 4.1 8.3 |1.68
7513075.3720 | 0.100| 0.324 | 57.2 | 1.3| 0.5 +0.175 |3.6| 1.1 2.3 0.8 2.3 0.8 [0.27
87 | 2071.1547 | —0.072 | 0.365 | 45.6 | 1.1 0.6 |—0.158 [4.5| 1.2 3.3 0.9 3.3 0.9 [0.22
01| 1395.4603 | —0.132 | 0.338 | 53.4| 1.8| 0.6 |—-0.246 |3.9| 1.7 2.6 1.1 2.6 1.1 ]0.36
02 | 2562.1381 | —0.410 | 0.369 |44.6 | 6.1| 0.6 |—0.920°|4.6| 6.9 3.4 5.1 3.4 51 |1.24
01|20 |2186.8572 | —0.416 | 0.299 | 63.7 | 5.2| 0.5 |—0.653*|3.1| 3.9 1.9 2.4 1.9 2.4 |1.05
75| 1701.8246 | —0.057 | 0.339 | 53.3| 0.8| 0.6 |-0.107 |3.9| 0.7 2.6 0.5 2.6 0.5 [0.16
87 | 1894.2654 | —0.241 | 0.337 | 53.8 | 3.3| 0.6 |—-0.447 |3.8| 3.0 2.6 2.1 2.6 2.1 |0.66
02| 1483.0919 | —0.394 | 0.342 | 52.5| 5.4| 0.6 |—-0.750*|3.9| 5.2 2.7 3.6 2.7 3.6 |1.10
02120 |2259.1620 | 0.502| 0.405 |33.2| 8.7| 0.7 |+1.510"|5.9|12.3 4.8 10.1 4.8 10.1 1.76
7511789.4489 | 0.006 | 0.362 | 46.7 | 0.1| 0.6 |+0.012 |4.4| 0.1 3.2 0.1 3.2 0.1 |0.02
87 | 3315.6310 | —0.101 | 0.312 | 60.3 | 1.3| 0.5 -0.167 |3.3| 1.1 2.1 0.7 2.1 0.7 10.26
03 | 20 | 3466.7316 | —0.962 | 0.318 | 58.8 | 12.5| 0.5 —1.637#|3.5|10.5 2.2 6.8 2.2 6.8 |2.53
7511720.1298 | 0.020 | 0.367 | 45.2 | 0.3| 0.6 |+0.043 |4.6| 0.3 3.4 0.2 3.4 0.2 |0.06
87| 824.8644 | —0.139| 0.351 [ 49.7 | 2.0| 0.6 |—-0.281 |4.2| 2.0 2.9 1.4 2.9 1.4 10.40
10 | 2117.1274 | 0.657| 0.334 | 54.5| 89| 0.6 |+1.207"|3.8| 8.1 2.6 5.5 2.6 55 |1.80
01| 1380.6359 | —0.290 | 0.327 | 56.5| 3.9| 0.5 —0.513" |3.6| 3.4 2.4 2.2 2.4 2.2 10.78
02 | 2644.7824 | 0.656| 0.319 | 58.5| 8.6| 0.5 +1.121" | 35| 7.2 2.2 4.7 2.2 4.7 |1.73
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3 Two-dimensional networks (Planar networks)

Absolute error ellipses Absolute confidence ellipses (1 — a = 95%)
in ‘ Alem] ‘ Biem] ‘ ¢ [gon] in ‘ Alem] ‘ Biem] ‘ ¢ [gon]
20 | 0.29 | 0.18 31.680 791 20 | 0.78 | 0.49 31.680 791
75 | 0.27 | 0.23 6.490 442 75 1 0.72 | 0.63 6.490 442
86 | 0.24 | 0.21 | 197.538 157 86 | 0.66 | 0.58 | 197.538 157
87 | 0.28 | 0.22 85.856 865 87 | 0.77 | 0.61 85.856 865
10 | 0.27 | 0.20 9.041 268 10 | 0.74 | 0.55 9.041 268
01 ] 0.29 | 0.23 31.394 107 01 | 0.78 | 0.62 31.394 107
02 | 0.25 | 0.20 74.872 684 02 | 0.69 | 0.56 74.872 684
03 | 0.24 | 0.22 | 124.816 630 03 | 0.67 | 0.61 | 124.816 630
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3 Two-dimensional networks (Planar networks)

Supplementary information

Observed distances 227 27
Coordinate unknowns : 13 16
Datum defect : 3 3

Datum definition ¢ fix free
Number of datum constraints :03 3
Type-I-error probability a; [%] (Baarda) ;0.1 0.1
Type-I-error probability ag [%] (Baarda) : 6.6 6.6

Test value kgL/z ¢ 3.29 3.29
x?-Noncentrality parameter A 171 17.1
Type-I-error probability a; [%] (Pope) : 0.1 0.1
Critical value k;,_ i 28 2.8
Number of iterations (Max=20) i 20 20

Stop criterion (actual) : 8.4-1071%  6.4-10710
Redundancy r ;14 14
Redundancy distances : 14.00 14.00
Weighted square sum of residuals Q [m?] : 3.436-107* 3.436-107*
(a priori) standard deviation oy [m] : 0 1-1073 1-1073

(a posteriori) estimated standard deviation 6o [m] : 4.954-107% 4.954-1073
Ratio 6y/ 09 : 49544 4.9544
Global test (67 /0?) : 24.5460 24.5460
Critical value kgc;m ¢ 1.62 1.62
Number of outliers (Data snooping) : 12 12

(Remove outliers or scale standard
deviations by the factor 4.95)
Number of outliers (r-criterion) 0 0
Trace coordinate covariance matrix, trfjg [cm?] : 1.8759 0.9295
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3 Two-dimensional networks (Planar networks)

3.1.7 Weiss et al (2010)

Weiss et al (2010): Detection of erroneous values in the measurement of local geodetic networks.

Acta Montanistica Slovaca Rocnik 15 (2010), cislo 1, pp. 62-70

Available data files: [2D] WeissEtAl_Distance_fix:.x

Coordinates

Point name

Easting x [m] ‘

Northing ym)

O 0 N QN U AW

4506.2990 (D)
2798.6220 (D)
3803.9730 (D)
3299.9800
3697.8240
3080.3700
4393.2650
4904.5690 (D)
4251.0610

9001.1230 (D)
9502.4900 (D)
9894.2330 (D)
9100.8380
9400.5450
9775.9000
9842.5030
9413.3760 (D)
9546.2260

Datum: fix, (D)...Datum coordinate

Horizontal distances

Horizontal distances (continued)

in \ to \ S [m] \ |0 (mm) \ P in \ to \ S [m] \ || fmm \ P~

1| 4 |1210.4780 | 894.427 | 1.25000 4 | 5| 498.1070 | 1264.911 | 0.62500
5 | 901.7550 | 894.427 | 1.25000 6 | 709.9270 | 1303.840 | 0.58823
7 | 849.0050 | 894.427 | 1.25000 8 | 1634.7470 | 1140.175 | 0.769 23
9 | 601.9060 | 1095.445 | 0.83333 9 | 1050.2040 | 1048.809 | 0.909 09

2 | 4 | 642.4090 | 1140.175 | 0.769 23 5|6 | 722.6310 | 1140.175 | 0.769 23
5 | 904.9620 | 1183.216 | 0.71428 7 | 823.9900 | 1264.911 | 0.625 00
6 | 392.5500 | 774.597 | 1.666 67 8 | 1206.8060 | 1000.000 | 1.000 00
7 | 1630.4540 | 1048.809 | 0.909 09 9 | 572.0940 | 836.660 | 1.42857

3 | 4 | 939.9410 | 1095.445 | 0.83333 6 | 9 | 1193.0360 | 836.660 | 1.42857
5 | 504.9680 | 1303.840 | 0.58823 7 | 8 | 667.5950 | 774.597 | 1.66667
7 | 591.5060 | 1264.911 | 0.62500 9 | 328.6670 | 948.683 | 1.11111
9 | 566.5550 | 894.427 | 1.25000 8 | 9| 666.8740 | 1140.175 | 0.769 23

Design matrix A and reduced observation vector Ay.m distances (1. iteration)

Too large to be displayed !
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3 Two-dimensional networks (Planar networks)

Matrix D'ij of datum constraints

X1 Y1 X2 Y2 X3 Y3 X4 Y4 X5 Ys Xe¢ Ye X7 Y7 X8 Yg X9 Yo

10 0000 0 00 OOUOO0OOOUOTGOTO
010 0 0 0 O0OOOOUOUOTOTOOUOO0OTO
o o010 0 0 O0OOOOUOUOOTO0OO0OUO0OTO0OTO
DT o0 010O0O0OO0OO0OTO0OOTO0OO0OO0OTO0OO0OO0O
000 O0O1O0O0O0OTO0OTO0ODO0OO0OTO0OTO0OTO0OO0OT®O0ODO
o o0 0001 0O0O0OO0ODO0OUO0ODO0OTUO0OO0OUO0OTO0OTO
o0 0 O0OO0OO0OO0OTO0OOTOOOTOOTI1IO0O00O0
000 O0O0O0OO0OO0ODTO0OTUO0OOOTOTU OO OTI1IO0TO0
Least squares solution Axim) (1. iteration)
‘ X4 Ys4 X5 Ys X6 Ye X7 Y7 X9 Yo

A}T‘—0.0156 —0.0091 —-0.0017 —0.0056 —0.0516 —0.0057 —0.0489 0.0588 —0.0115 0.0038

Adjusted coordinates

Point name X m] X = X[em] \ |6 fem] \ 0 (m] U = Ylem] \ |5 fem] \ |G2D | 1em]
4 3299.9644 | —1.562 | 0.752 | 9100.8289 | —0.914 | 1.121 | 1.350
5 3697.8223 | —0.171 | 0.670 | 9400.5394 | —0.556 | 1.207 | 1.380
6 3080.3184 | —5.158 | 0.924 | 9775.8943 | —0.567 | 1.193 | 1.509
7 4393.2160 | —4.895 | 0.817 | 9842.5618 | 5.881 | 0.879 | 1.200
9 4251.0495 | —-1.152 0.728 | 9546.2298 0.376 1.016 1.250

Absolute error ellipses Absolute confidence ellipses (1 — a = 95%)
in ‘ A[cm] ‘ B [cm] ‘ ¢ [gon] in ‘ A[cm] ‘ B [cm] ‘ ¢ [gon]
4 | 1.13 | 0.73 | 187.863 893 4 | 3.10 | 2.01 | 187.863 893
5 | 1.21 | 0.67 0.983 837 5 ] 3.30 | 1.83 0.983 837
6 | 1.21 | 0.90 | 182.789874 6 | 3.32 | 2.46 | 182.789874
7 | 0.93 | 0.76 37.619958 7 | 2.53 | 2.09 37.619958
9 | 1.04 | 0.70 16.822 936 9 | 2.83 | 1.92 16.822 936
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Adjusted horizontal distances

in ‘ to ‘ S[m] ‘ € [em] ‘ |55 | [em] ‘ IR ‘ |w] ‘ [ V] (em) ‘ ﬁ[cm] ‘ IF; ‘ IF, ‘ IP; (mm] ‘ 1Py [mm] ‘ IK [mm] ‘ IK [mm] ‘ T,
1 4 | 1210.4480 2.996 | 0.770 60.5 | 0.0 | 475.3 | +4.954 3.3 1 0.0 | 1879.0 19.6 1879.0 19.6 3.15%
5 901.7583 | —0.333 | 0.797 57.7 | 0.0 | 486.6 | —0.577 3.5 | 0.0 | 2059.5 2.4 2059.5 2.4 0.36
7 849.0035 0.145 | 0.858 50.9 | 0.0 | 518.2 | +0.286 4.1 | 0.0 | 2546.1 1.4 2546.1 1.4 0.17
9 601.9084 | —0.238 | 0.911 63.1 | 0.0 | 569.8 | —0.378 3.2 1 0.0 | 2102.1 1.4 2102.1 1.4 0.20
2 4 642.3985 1.048 | 0.985 60.1 | 0.0 | 607.5 | +1.743 3.4 | 0.0 | 2421.0 6.9 2421.0 6.9 0.87
5 904.9614 0.063 | 0.677 82.5 | 0.0 | 538.2 | +0.076 1.9 1 0.0 940.9 0.1 940.9 0.1 0.04
6 392.5593 | —0.930 | 0.979 14.7 | 0.0 | 835.1 | —6.329 | 10.0 | 0.1 | 7123.9 54.0 7123.9 54.0 2.29
7 | 1630.4536 0.038 | 0.851 64.9 | 0.0 | 538.1 | +0.058 3.0 | 0.0 | 1890.6 0.2 1890.6 0.2 0.03
3 4 939.9547 | —1.369 | 0.966 58.5 | 0.0 | 591.6 | —2.339 3.5 | 0.0 | 2453.3 9.7 2453.3 9.7 1.19
5 504.9765 | —0.854 | 1.191 55.5 | 0.0 | 723.2 | —1.539 3.7 | 0.0 | 3218.8 6.8 3218.8 6.8 0.64
7 591.5043 0.175 | 0.804 78.4 | 0.0 | 590.2 | +0.223 2.2 | 0.0 | 1273.1 0.5 1273.1 0.5 0.11
9 566.5542 0.083 | 0.760 61.5 | 0.0 | 471.4 | +0.134 3.3 | 0.0 | 1816.3 0.5 1816.3 0.5 0.09
4 5 498.1138 | —0.679 1.018 65.5 | 0.0 | 646.1 | —1.037 3.0 | 0.0 | 2231.9 3.6 2231.9 3.6 0.48
6 709.8998 2.719 1.327 44.7 | 0.0 | 805.5 | +6.078 4.6 | 0.0 | 4451.4 33.6 4451.4 33.6 2.28
8 | 1634.7604 | —1.344 | 0.734 | 77.9 | 0.0 | 533.8 | —1.725 2.2 1 0.0 | 1179.9 3.8 1179.9 3.8 0.98
9 | 1050.2118 | —0.780 | 0.938 57.3 | 0.0 | 572.4 | —1.361 3.6 | 0.0 | 2442.2 5.8 2442.2 5.8 0.72
5 6 722.6357 | —0.468 1.106 49.8 | 0.0 | 667.9 | —0.940 4.2 | 0.0 | 3356.1 4.7 3356.1 4.7 0.42
7 823.9880 0.198 1.023 65.1 | 0.0 | 647.8 | +0.304 3.0 | 0.0 | 2261.0 1.1 2261.0 1.1 0.14
8 | 1206.8150 | —0.898 | 0.671 76.0 | 0.0 | 474.0 | —1.182 2.3 | 0.0 | 1137.7 2.8 1137.7 2.8 0.75
9 572.0891 0.485 | 0.793 52.0 | 0.0 | 479.3 | +0.933 4.0 | 0.0 | 2298.9 4.5 2298.9 4.5 0.59
6 9 | 1193.0453 | —0.927 | 0.924 | 34.9 | 0.0 | 585.0 | —2.654 5.6 | 0.0 | 3806.7 17.3 3806.7 17.3 1.37
7 8 667.5944 0.059 | 0.766 | 47.9 | 0.0 | 462.6 | +0.123 4.3 | 0.0 | 2411.6 0.6 2411.6 0.6 0.08
9 328.6701 | —0.307 | 0.999 40.9 | 0.0 | 613.2 | —0.751 5.0 | 0.0 | 3626.5 4.4 3626.5 4.4 0.37
8 9 666.8867 | —1.271 0.702 79.8 | 0.0 | 527.5 | —1.594 2.1 1 0.0 | 1067.4 3.2 1067.4 3.2 0.91
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3 Two-dimensional networks (Planar networks)

Network graph
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Easting [m]
Supplementary information
Observed distances 24
Coordinate unknowns 10
Datum defect 3
Datum definition fix
Number of datum constraints 8
Type-I-error probability a; [%] (Baarda) 0.1
Type-I-error probability ag [%] (Baarda) 6.6
Test value kY 3.29
ar /2
x*-Noncentrality parameter A, 17.1
Type-I-error probability a, [%] (Pope) 0.1
Critical value k;,_ 2.8
Number of iterations (Max=20) 3
Stop criterion (actual) 8.6-1071!
Redundancy r 14
Redundancy distances 14.00
Weighted square sum of residuals Q [m?] 2.62343 - 1073
(a priori) standard deviation oy [m] 1

(a posteriori) estimated standard deviation 6y [m] 1.36890 - 1072

Ratio 64/ 09 0.0137

Global test (62/0?) 0.0002 (k5. 00 =1.62)
Number of outliers (Data snooping) 0

Number of outliers (r-criterion) 1

IX = X|| [cm] 9.516

Trace coordinate covariance matrix, trfjg [cm?] 9.00750
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3 Two-dimensional networks (Planar networks)

3.2 Direction networks

3.2.1 Grossmann W (1969)

Grossmann W (1969): Grundziige der Ausgleichungsrechnung. 3. extended Edition, Springer 1969,
pp- 170

Available data files: [2D] Grossmann_Direction_fixs.x

Coordinates

Point name Easting x [m| ‘ Northing Y [m]

9498.2600 (D) | 78594.9100 (D)
10367.5900 (D) | 75913.2500 (D)

9300.4300 (D) | 75 306.8000 (D)

7115.0900 (D) | 75 723.6800 (D)

7206.6500 (D) | 78 907.8800 (D)

6633.2700 (D) | 76 701.5700 (D)

8401.8800 76 607.8500
Datum: fix, (D)...Datum coordinate

o EgO oW >

Directions
in|to| rigm | |ofmenl | pr | @leon
A|B 0.000000 | 2.5 1 | 180.040089
P | 52.059600 | 2.5 1
E | 128.601900 2.5 1
C|B 0.000 000 2.5 1 67.105 085
D | 244.892300 | 2.5 1
P | 294.415700 | 2.5 1
D|E 0.000000 | 2.5 1 1.823 937
P | 59.849300 | 2.5 1
C | 110.181500 2.5 1
F | 369.033000 | 2.5 1
P|A 0.000000 | 2.5 1 32.098 791
B | 89.521900 | 2.5 1
C | 129.425600 | 2.5 1
E | 337.390800 | 2.5 1
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3 Two-dimensional networks (Planar networks)

Design matrix Apmgonm -1 and reduced observation vector Aypmgn directions (1. iteration)

A Xa ya XB UB xc yc XD YD XE YE

rap| 21.4822  6.9640 —21.4822 —6.9640  0.0000  0.0000  0.0000  0.0000 0.0000 0.0000
rap| 24.5610 —13.5518  0.0000  0.0000  0.0000  0.0000  0.0000  0.0000 0.0000 0.0000
rag | —3.7246 —27.2718  0.0000  0.0000  0.0000  0.0000  0.0000  0.0000 3.7246 27.2718
rcs |  0.0000  0.0000 25.6256 —45.0929 —25.6256 45.0929  0.0000  0.0000 0.0000 0.0000
rep|  0.0000  0.0000  0.0000  0.0000 —5.3620 —28.1085  5.3620 28.1085 0.0000 0.0000
rcp| 0.0000  0.0000  0.0000  0.0000 —33.1293 —22.8803  0.0000  0.0000 0.0000 0.0000
rpe | 0.0000  0.0000  0.0000  0.0000  0.0000  0.0000 —19.9766  0.5744 19.9766 —0.5744
rpp | 0.0000  0.0000  0.0000  0.0000  0.0000  0.0000 —23.0917 33.6069 0.0000 0.0000
rpc|  0.0000  0.0000  0.0000  0.0000 —5.3620 —28.1085  5.3620 28.1085 0.0000 0.0000
rpF | 0.0000  0.0000  0.0000  0.0000  0.0000  0.0000 —52.3842 —25.8104 0.0000 0.0000
rpa | 24.5610 —13.5518  0.0000  0.0000  0.0000  0.0000  0.0000  0.0000 0.0000 0.0000
PR 0.0000  0.0000 —10.1736 —28.7913  0.0000  0.0000  0.0000  0.0000 0.0000 0.0000
rpc | 0.0000  0.0000  0.0000  0.0000 —33.1293 —22.8803  0.0000  0.0000 0.0000 0.0000
rpE 0.0000  0.0000  0.0000  0.0000  0.0000  0.0000  0.0000  0.0000 21.7935 11.3252

Design matrix Apmgonm1 and reduced observation vector Ayimeon directions (continued)

A | xF Yr xp yp A wc wp wp|| Ay

rap| 0.0000 0.0000 0.0000 0.0000-1 0 0 O —2.74
rap| 0.0000 0.0000 —24.5610 13.5518-1 0 0 O 1.74
rag | 0.0000 0.0000 0.0000 0.0000-1 0 O O 1.00
rcg | 0.0000 0.0000 0.0000 0.0000 0 -1 0 O 3.84
rcp| 0.0000 0.0000 0.0000 0.0000 0 -1 0 O -2.73
rcp | 0.0000 0.0000 33.1293 228803 0 -1 0 O -1.11
rpg | 0.0000 0.0000 0.0000 0.0000 0 0 -1 O —6.13
rpp | 0.0000 0.0000 23.0917 —33.6069 0 0 -1 O -0.70
rpc| 0.0000 0.0000 0.0000 0.0000 0 0 -1 O 5.32
rpr | 52.3842 25.8104 0.0000 0.0000 0 0 -1 0 1.50
rpa | 0.0000 0.0000 —24.5610 13.5518 0 0 0 -1 0.84
rpg | 0.0000 0.0000 10.1736 28.7913 0 0 0 -1 -2.96
rpc | 0.0000 0.0000 33.1293 228803 0 0 0 -1 2.50
rpg | 0.0000 0.0000 —21.7935 —-11.3252 0 0 0 -1 —0.38
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3 Two-dimensional networks (Planar networks)

Matrix D'ij of datum constraints

XA YA XB YB XC Yc XD Yp XE YE XF YF Xp Yp WA WC WD Wp

1 060 0 0 06 00 0 0 0 0 0 O0OO0OO0O 0O 0 o0
o 1 0 0 0O OO O O O0OOOTOO0OTO0O 0O 0 o0
o 01 0 0 O O O O O0OO0OO0OTO0OO0O O0O 0 0 O
o 0 o1 0 0 0 O OOOTOOUOO O O0 O
o 0 0 0 1. 00 0 0 0 OOO0OO0OTO0O O 0 o0
DT o 0 0 0o 0610 060 0 0 0 0 0 O 0 o0 o0
o 0 0o 06 001 00 0 0 0 0 0 0 0 o0 O
o 0 0 0o 06 060 1. OO 0 0 00 0 0 o0 o0
o 0 0 0o 06 00 061 0 0 0 0 0 0 0 o0 o0
o 0 0 o 06 0600 061 0 0 0 0 0 0 o0 o0
o 0 o 0 0 0 0 00 01 0 OO O0O 0 O0 o0
o 0 0 0o 06 00 0 0 0 01 00 0 0 0 o0
Least squares solution AX{mmgon) (1. iteration)
| xp Yp  wA ©Cc  ©p  Wp
A’;CT‘ —-0.0163 0.0093 0.175 —0.109 —-0.172 0.137
Adjusted coordinates
Point name ‘ X [m] ‘ X — X [em] ‘ |G| (cm] ‘ 7 m] ‘ U — Ylem] ‘ |6 fcm] ‘ |62 | fem]
P | 8401.8637 | —1.625 | 6.422 | 76607.8593 | 0.925 | 8.345 | 10.530
Absolute error ellipses Absolute confidence ellipses (1 — a = 95%)
in ‘ A[cm] ‘ B[cm] ‘ ¢[gon] in ‘ A[cm] ‘ B[cm] ‘ ¢[g0n]
P | 8.64| 6.02|176.492420 P | 25.80 | 17.98 | 176.492420
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Adjusted orientation unknowns

in C?) [gon] C:) — (U [mgon] ‘ |6'| [mgon]

A | 180.040 264 0.17 2.33

C 67.104 976 -0.11 2.37

D 1.823765 -0.17 2.11

P 32.098 928 0.14 2.23

Adjusted directions

in ‘ to ‘ f[gon] T [gon] é [mgon] ‘ 6’,5 [mgon] ‘ IR[%) ‘ |W| ‘ |V| [mgon] ‘ \Y [mgon] ‘ S [m] ‘ Qf [mm] ‘ I1F; ‘ 1F; ‘ IP1 [mm] 1Py [mm] IK1 [mm)] IK>5 [mm)] TT

A B 0.002565 | 180.042829 | —2.565 2.334 63.19 | 1.29 13.00 —4.060 2819 113.6 0.97 | 0.30 211.8 66.2 0.0 0.0 0.84
P 52.058207 | 232.098471 1.393 2.644 52.77 | 0.77 14.22 +2.639 | 2269 49.6 2.12 | 0.39 239.4 44.4 105.7 19.6 0.50
E 128.600 727 | 308.640 991 1.173 2.334 63.19 | 0.59 13.00 +1.856 2313 42.6 0.97 | 0.14 173.8 24.8 0.0 0.0 0.38

C B 399.996 270 67.101 246 3.730 2.372 62.00 | 1.89 13.12 +6.015 1227 71.9 1.13 | 0.52 96.1 44.1 0.0 0.0 1.23
D | 244.895139 | 312.000115 | —2.839 2.372 62.00 | 1.44 13.12 —4.579 | 2225 99.2 1.13 | 0.40 174.2 60.8 0.0 0.0 0.94
P 294.416590 | 361.521566 | —0.890 2.774 48.01 | 0.51 14.91 —1.854 1581 22.1 2.58 | 0.32 192.5 23.9 103.6 12.9 0.33

D E 0.006 297 1.830062 | —6.297 2.111 69.90 | 3.01 12.36 -9.009 | 3186 315.1 1.12 | 0.81 186.1 135.7 0.0 0.0 1.96
P 59.849 483 61.673248 | —0.183 3.239 29.12 | 0.14 19.14 —0.627 1561 4.5 5.19 | 0.17 332.7 10.9 287.2 9.4 0.09
C 110.176 350 | 112.000 115 5.150 2.111 69.90 | 2.46 12.36 +7.367 2225 180.0 1.12 | 0.67 130.0 77.5 0.0 0.0 1.60
F | 369.031670 | 370.855435 1.330 2.111 69.90 | 0.64 12.36 +1.903 | 1090 22.8 1.12 | 0.17 63.7 9.8 0.0 0.0 0.41

P A | 399.999544 32.098471 0.456 2.458 59.19 | 0.24 13.43 +0.771 2269 16.3 2.14 | 0.12 195.4 11.2 91.8 5.3 0.15
B 89.524 824 | 121.623752 | —2.924 2.323 63.56 | 1.47 12.96 —4.601 2085 95.8 1.75 | 0.62 154.7 54.9 83.8 29.7 0.95
C 129.422 639 | 161.521566 2.961 2.869 44.40 | 1.78 15.50 +6.670 1581 73.6 3.43 | 1.48 214.1 92.1 122.9 52.9 1.16
E 337.391294 | 369.490222 | —0.494 2.909 42.85 | 0.30 15.78 —1.153 2592 20.1 3.58 | 0.26 367.2 26.8 123.3 9.0 0.20
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3 Two-dimensional networks (Planar networks)

Network graph
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Supplementary information

Observed directions : 14
Orientation unknowns : 4
Coordinate unknowns i 2
Datum defect ;4
Datum definition : fix
Number of datum constraints : 12
Type-I-error probability a; [%] (Baarda) ¢ 0.1
Type-I-error probability ag [%] (Baarda) ;2.8
Test value kali/z :3.29
x%-Noncentrality parameter A, : 171
Type-I-error probability a, [%] (Pope) ;0.1
Critical value k;,_ : 25
Number of iterations (Max=20) ;3
Stop criterion (actual) : 1.2-1071
Redundancy r : 8
Redundancy directions : 8.00
Weighted square sum of residuals Q [mgon?] : 11841
(a priori) standard deviation oy [mgon] ;2.5
(a posteriori) estimated standard deviation &, [mgon] : 3.8473
Ratio 6y/ 09 : 1.5389
Global test (62/0?) t 23683 (kL. 00 =2.15)
Number of outliers (Data snooping & 7-criterion) 0
IX = X|| [cm] . 1.870
Trace coordinate covariance matrix, trfgg [cm?] : 110.89
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3 Two-dimensional networks (Planar networks)

3.2.2 Lother & Strehle (2007), with 7 different datum definitions

G. Lother und J. Strehle (2007): Grundlagen der Ausgleichungsrechnung nach der Methode der klein-
sten Quadrate. Hochschule Miinchen, Fakultit fiir Geoinformation, Bachelorstudiengang Geoinfor-
matik und Satellitenpositionierung, pp. 11-17

Available data files: [2D] LotherStrehle_Directions. =

This example consists of 7 different scenarios which differ in the datum definition. Scenario 1 uses
points 10 and 20 as benchmarks, while in scenario 2 the datum problem is solved by fixing points
30 and 40. Problem 3 treats a free network with total-trace minimization of the variance-covariance
matrix of estimated point coordinates. Example 4 is again a free network but using partial-trace
minimization with respect to points 10-30, only. Solution 5 is obtained by fixing points 20-40 which is
equivalent to case 6 (dynamic solution), where these points are treated as being observed with huge
weights. Scenario 7 displays the situation where a constant standard deviation of 1cm is assigned
to all four points leading to a dynamic datum definition using stochastic prior information.

Directions with approximate orientations

in \ to \ I [gon] \ || (mgon | PI-1 \ @ [gon]

10 | 20 0.000 000 1 1 40.330 800
30 59.669 400 1 1
40 | 103.319 500 1 1

20 | 10 0.000 000 1 1 | 240.330900
30 | 352.679 200 1 1
40 | 359.179 900 1 1

30 | 20 0.000 000 1 1 | 393.010400
40 | 217.100 200 1 1
10 | 306.990 800 1 1

40 | 10 0.000 000 1 1 | 343.648800
20 | 55.862200 1 1
30 | 66.465 000 1 1

Design matrix Apmgonm -1 and reduced observation vector Aymgn directions (1. iteration)

A ‘ x10 Y10 x20 Y20 x30 Y30 x40 Yso W10 @20 W30 w40H Ay
r10,20 | —70.2320  51.5885 70.2320 —51.5885 0.0000 0.0000 0.0000 0.0000 -1 0 0 0 || —-1.34
10,30 0.0000 127.9890 0.0000 0.0000 0.0000 —127.9890 0.0000 0.0000 -1 0 0 0 0.20
r1040 | 70.9456  86.7275 0.0000 0.0000 0.0000 0.0000 —70.9456 —86.7275 -1 0 0 0 1.25
r20,10 | —70.2320  51.5885 70.2320 —51.5885 0.0000 0.0000 0.0000 0.0000 0 -1 0 0 ||-1.24
20,30 0.0000 0.0000 106.8272 11.7790 -106.8272 —11.7790 0.0000 0.0000 0 -1 0 0 1.40
720,40 0.0000 0.0000 67.1134 0.5155 0.0000 0.0000 -67.1134 -0.5155 0 -1 0 0 ||—-0.26
30,20 0.0000 0.0000 106.8272  11.7790 -106.8272 —11.7790 0.0000 0.0000 0 0 -1 0 1.70
30,40 0.0000 0.0000 0.0000 0.0000  172.5370 —27.6425 —172.5370 27.6425 0 0 -1 0 || —2.87
30,10 0.0000 127.9890 0.0000 0.0000 0.0000 —127.9890 0.0000 0.0000 0 0 -1 0 1.20
rao,10 | 70.9456  86.7275 0.0000 0.0000 0.0000 0.0000 —70.9456 —86.7275 0 0 0 -1 —0.25
140,20 0.0000  0.0000 67.1134 0.5155 0.0000 0.0000 —67.1134 —0.5155 0 0 0 -1 |/-0.06
140,30 0.0000  0.0000  0.0000 0.0000 172.5370 —27.6425 —172.5370 27.6425 0 0 0 -1 0.33
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3 Two-dimensional networks (Planar networks)

3.2.2.1 Datum definition 1: Points 10 and 20 fixed

Coordinates

Point name Easting x [m] ‘ Northing ym

10 1000.0000 (D) | 1000.0000 (D)
20 1432.4820 (D) | 1588.7760 (D)
30 1497.4020 1000.0000
40 1439.7670 640.2580

Datum: fix, (D)...Datum coordinate

Matrix D'y of datum constraints

X10 Y10 X20 Y20 X30 Y30 X40 Ya0 W10 W20 W30 W40

1 0 0 0 0 O O O O O o0 O

DT 61 0 0 0 O O O O O o0 O
6 0 1.0 0 0 0 0 O O O O
o o0 0 1 0 0 O O O O 0 O
Least squares solution AX{mmgon) (1. iteration)
‘ X10 Y10 X20 Y20 X30 Y30 X40 Ya0 W10 W20 W30 W40

A}T‘O.OOOO 0.0000 0.0000 0.0000 —0.0251 —0.0169 -0.0217 0.0002 1.194 1.482 1.636 0.950

Adjusted coordinates

Point name ‘ X [m] ‘ X — X [em] ‘ |G| (cm] ‘ 7 m] ‘ U — Ylem] ‘ |G| [cm) ‘ | 62D | fem]
30 1497.3769 | —2.513 1.211 | 999.9831 | —1.692 1.107 1.641
40 1439.7453 -2.172 1.664 | 640.2582 0.023 1.344 2.139
Absolute error ellipses Absolute confidence ellipses (1 — a = 95%)
in ‘ A [cm] ‘ B [em] ‘ ¢ [gon] in ‘ A [cm] ‘ B [cm] ‘ ¢ [gon]
30 | 1.40 | 0.86 56.376 422 30 | 5.20 | 3.21 56.376 422
40 | 1.75 | 1.23 | 128.618 453 40 | 6.52 | 4.59 | 128.618453

Adjusted orientation unknowns

in (,:) [gon] (,:) — (J [mgon] |6'| [mgon]
10 40.331994 1.19 1.10
20 | 240.332382 1.48 1.09
30 | 393.012036 1.64 1.40
40 | 343.649750 0.95 1.40

79



08

Adjusted directions

in ‘ to ‘ F [gon] i:[gon] é [mgon] ‘ 5'; [mgon] ‘ IR [%) ‘ |W| ‘ |V| [mgon] ‘ 6 [mgon] ‘ S [m] ‘ Qf [mm] ‘ IF, ‘ IF, ‘ IP1 [mm] 1P5 [mm] IK{ [mm)] 1K [mm)] T
10 20 0.000 147 40.332 142 -0.147 1.098 25.00 0.29 8.26 -0.590 731 1.7 5.33 0.38 71.1 5.1 0.0 0.0 0.23
30 59.670171 100.002 165 -0.771 1.097 25.05 1.54 8.26 -3.078 497 6.0 5.33 1.99 48.3 18.0 40.3 15.0 1.22
40 103.318 582 143.650 576 0.918 1.097 25.07 1.83 8.25 +3.664 568 8.2 5.32 2.36 55.2 24.5 46.0 20.4 1.45
20 10 399.999 759 240.332 142 0.241 1.087 26.48 0.47 8.03 +0.909 731 2.8 5.09 0.58 67.7 7.7 0.0 0.0 0.37
30 352.679 205 193.011 587 —-0.005 0.941 44.94 0.01 6.16 -0.011 592 0.0 2.87 0.01 31.6 0.1 27.5 0.1 0.01
40 359.180 136 199.512518 -0.236 0.828 57.30 0.31 5.46 —-0.411 949 3.5 1.67 0.13 34.7 2.6 18.9 1.4 0.25
30 20 399.999 551 393.011 587 0.449 1.081 27.23 0.86 7.92 +1.648 592 4.2 4.97 1.03 53.6 11.2 24.1 5.0 0.68
40 217.101 320 210.113 356 -1.120 1.098 25.01 2.24 8.26 —4.477 364 6.4 5.33 2.89 35.5 19.2 23.6 12.8 1.77
10 306.990 129 300.002 165 0.671 1.080 27.46 1.28 7.89 +2.443 497 5.2 4.94 1.53 44.7 13.8 23.3 7.2 1.01
40 10 0.000 826 343.650576 —-0.826 1.081 27.24 1.58 7.92 -3.033 568 7.4 4.97 1.90 51.4 19.7 26.8 10.3 1.25
20 55.862 768 399.512518 —-0.568 0.886 51.14 0.79 5.78 -1.111 949 8.5 2.28 0.44 42.1 8.1 1.9 0.4 0.63
30 66.463 606 10.113356 1.394 0.997 38.08 2.26 6.70 +3.661 364 8.0 3.58 1.96 23.7 13.0 16.6 9.1 1.78
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3 Two-dimensional networks (Planar networks)

3.2.2.2 Datum definition 2: Points 30 and 40 fixed

Coordinates

Point name Easting x [m] ‘ Northing ym

10 1000.0000 1000.0000
20 1432.4820 1588.7760

30 1497.4020 (D) | 1000.0000 (D)
40 1439.7670 (D) | 640.2580 (D)

Datum: fix, (D)...Datum coordinate

Matrix D'y of datum constraints

X10 Y10 X20 Y20 X30 Y30 X40 Ya0 W10 W20 W30 W40

o 0 0 0 1.0 O O O O o0 O

DT o o0 o0 o0 o0 1 0 0 O O 0 O
6 0 0 06 0 061 0 0 0 0 O
o o0 o0 o0 0 0 o0 1 0 0 0 O
Least squares solution AX{mmgon) (1. iteration)
‘ X10 Y10 X20 Y20 X30 Y30 X40 Ya0 W10 W20 W3 W40

A}T‘O.OOI?) 0.0178 0.0231 0.0453 0.0000 0.0000 0.0000 0.0000 1.308 1.596 1.750 1.063

Adjusted coordinates

Point name ‘ X [m] ‘ X — X [em] ‘ |G| fem] ‘ 7 [m] ‘ U — Ylem] ‘ |6 fem] ‘ |62p | fem]
10 1000.0013 0.128 1.757 | 1000.0178 1.781 1.095 2.070
20 1432.5051 2.307 1.323 | 1588.8213 4.527 3.311 3.566
Absolute error ellipses Absolute confidence ellipses (1 — a = 95%)
in ‘ A [cm] ‘ B [cm] ‘ ¢ [gon] in ‘ A [em] ‘ B [cm] ‘ ¢ [gon]
10 1.78 | 1.05 | 113.394 745 10 6.64 | 3.93 | 113.394745
20 3.32 | 1.30 | 195.259095 20 | 12.37 | 4.86 | 195.259095

Adjusted orientation unknowns

in (,:) [gon] (,:) — (J [mgon] |6'| [mgon]
10 40.332 108 1.31 1.40
20 | 240.332 496 1.60 1.36
30 | 393.012 150 1.75 1.10
40 | 343.649 863 1.06 1.00
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Adjusted directions

in ‘ to ‘ f[gon] i:[gon] é[mgon] ‘ 5'; [mgon] ‘ IR [%) ‘ |W| ‘ |V|[mgon] ‘ ﬁ[mgon] ‘ S [m] ‘ Qf [mm] ‘ IF, ‘ IF, ‘ IP1 [mm] 1P5 [mm] IK{ [mm)] 1K [mm)] T
10 20 0.000 147 40.332 255 -0.147 1.098 25.00 0.29 8.26 -0.590 731 1.7 5.33 0.38 71.1 5.1 47.5 3.4 0.23
30 59.670171 100.002 279 -0.771 1.097 25.05 1.54 8.26 -3.078 497 6.0 5.33 1.99 48.3 18.0 24.4 9.1 1.22
40 103.318 582 143.650 689 0.918 1.097 25.07 1.83 8.25 +3.664 568 8.2 5.32 2.36 55.2 24.5 27.2 12.1 1.45
20 10 399.999 759 240.332 255 0.241 1.087 26.48 0.47 8.03 +0.909 731 2.8 5.09 0.58 67.7 7.7 48.1 5.4 0.37
30 352.679 205 193.011701 —-0.005 0.941 44.94 0.01 6.16 -0.011 592 0.0 2.87 0.01 31.6 0.1 17.9 0.0 0.01
40 359.180 136 199.512 631 -0.236 0.828 57.30 0.31 5.46 —-0.411 949 3.5 1.67 0.13 34.7 2.6 9.9 0.7 0.25
30 20 399.999 551 393.011701 0.449 1.081 27.23 0.86 7.92 +1.648 592 4.2 4.97 1.03 53.6 11.2 44.5 9.3 0.68
40 217.101 320 210.113 469 -1.120 1.098 25.01 2.24 8.26 —4.477 364 6.4 5.33 2.89 35.5 19.2 0.0 0.0 1.77
10 306.990 129 300.002 279 0.671 1.080 27.46 1.28 7.89 +2.443 497 5.2 4.94 1.53 44.7 13.8 36.9 11.4 1.01
40 10 0.000 826 343.650 689 —-0.826 1.081 27.24 1.58 7.92 -3.033 568 7.4 4.97 1.90 51.4 19.7 46.4 17.8 1.25
20 55.862 768 399.512 631 —-0.568 0.886 51.14 0.79 5.78 -1.111 949 8.5 2.28 0.44 42.1 8.1 15.4 3.0 0.63
30 66.463 606 10.113 469 1.394 0.997 38.08 2.26 6.70 +3.661 364 8.0 3.58 1.96 23.7 13.0 0.0 0.0 1.78
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3 Two-dimensional networks (Planar networks)

3.2.2.3 Datum definition 3: Free - Total trace minimization

Coordinates

Point name Easting x [m] ‘ Northing Y [m]

10 1000.0000 (D) | 1000.0000 (D)
20 1432.4820 (D) | 1588.7760 (D)
30 1497.4020 (D) | 1000.0000 (D)
40 1439.7670 (D) | 640.2580 (D)

Datum: free, (D)...Datum coordinate

Matrix D'y of datum constraints (1. iteration)

X10 Y10 X20 Y20 X30 Y30 X40 Yao W10 W20 W30 W40

1.000 0.000 1.000 0.000 1.000 0.000  1.000 0.000 0 0 0 O
0.000 1.000 0.000  1.000  0.000 1.000  0.000 1.000 0 0 0 O
57.258 —342.413 —531.518 90.069 57.258 154.989 417.000 97.354 -1 -1 -1 -1
—342.413 —57.258 90.069 531.518 154.989 —57.258 97.354 —417.000 0 0 O O

DT

Least squares solution AX{mmgon) (1. iteration)

‘ X10 Y10 X20 Y20 X30 Y30 X40 Yao W10 W20 W3 W40

A}T‘O.Olol —0.0035 0.0013 0.0105 —0.0109 —0.0100 —0.0004 0.0030 —0.147 0.141 0.295 —0.391

Adjusted coordinates

Point name ‘ X [m] X — X[cm] ‘ |G| (cm) ‘ 1 [m] U — Yem] ‘ |6 fem] ‘ |62D ] fem]
10 1000.0101 1.009 | 0.594 999.9965 | —0.351 | 0.584 0.833
20 1432.4833 0.126 | 0.324 | 1588.7865 1.046 | 0.603 0.684
30 1497.3911 | —1.093 | 0.407 999.9900 | —0.995 | 0.771 0.872
40 1439.7666 | —0.042 | 0.409 640.2610 0.301 | 0.615 0.738

Absolute error ellipses Absolute confidence ellipses (1 — @ = 95%)

in ‘ A [cm] ‘ B [em] ‘ ¢ [gon] in ‘ A [em] ‘ B [em] ‘ gb [gon]

10 | 0.68 | 0.48 | 148.332399 10 | 2.54 | 1.78 | 148.332399

20 | 0.61 | 0.31 9.803 275 20 | 2.27 | 1.17 9.803 275

30 | 0.78 | 0.38 13.670 875 30 | 2.92 | 1.41 13.670 875

40 | 0.62 | 0.40 | 187.024 398 40 | 2.32 | 1.48 | 187.024 398

Adjusted orientation unknowns

in 1)) [gon] D—w [mgon] |6'| [mgon]
10 40.330 653 -0.15 0.89
20 | 240.331041 0.14 0.79
30 | 393.010695 0.30 0.86
40 | 343.648 409 -0.39 0.88
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Adjusted directions

in ‘ to ‘ F [gon] i:[gon] é [mgon] ‘ 5'; [mgon] ‘ IR [%) ‘ |W| ‘ |V| [mgon] ‘ 6 [mgon] ‘ S [m] ‘ Qf [mm] ‘ IF, ‘ IF, ‘ IP1 [mm] 1P5 [mm] IK{ [mm)] 1K [mm)] T
10 20 0.000 147 40.330 801 -0.147 1.098 25.00 0.29 8.26 -0.590 731 1.7 5.33 0.38 71.1 5.1 33.9 2.4 0.23
30 59.670171 100.000 824 -0.771 1.097 25.05 1.54 8.26 -3.078 497 6.0 5.33 1.99 48.3 18.0 29.9 11.2 1.22
40 103.318 582 143.649 235 0.918 1.097 25.07 1.83 8.25 +3.664 568 8.2 5.32 2.36 55.2 24.5 31.4 14.0 1.45
20 10 399.999 759 240.330801 0.241 1.087 26.48 0.47 8.03 +0.909 731 2.8 5.09 0.58 67.7 7.7 37.1 4.2 0.37
30 352.679 205 193.010 246 —-0.005 0.941 44.94 0.01 6.16 -0.011 592 0.0 2.87 0.01 31.6 0.1 14.3 0.0 0.01
40 359.180 136 199.511177 -0.236 0.828 57.30 0.31 5.46 —-0.411 949 3.5 1.67 0.13 34.7 2.6 4.9 0.4 0.25
30 20 399.999 551 393.010 246 0.449 1.081 27.23 0.86 7.92 +1.648 592 4.2 4.97 1.03 53.6 11.2 22.0 4.6 0.68
40 217.101 320 210.112015 -1.120 1.098 25.01 2.24 8.26 —4.477 364 6.4 5.33 2.89 35.5 19.2 20.8 11.3 1.77
10 306.990 129 300.000 824 0.671 1.080 27.46 1.28 7.89 +2.443 497 5.2 4.94 1.53 44.7 13.8 28.7 8.9 1.01
40 10 0.000 826 343.649 235 —-0.826 1.081 27.24 1.58 7.92 -3.033 568 7.4 4.97 1.90 51.4 19.7 29.9 11.4 1.25
20 55.862 768 399.511177 —-0.568 0.886 51.14 0.79 5.78 -1.111 949 8.5 2.28 0.44 42.1 8.1 3.9 0.7 0.63
30 66.463 606 10.112015 1.394 0.997 38.08 2.26 6.70 +3.661 364 8.0 3.58 1.96 23.7 13.0 14.1 7.7 1.78
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3 Two-dimensional networks (Planar networks)

3.2.2.4 Datum definition 4: Free - Partial trace minimization

Coordinates

Point name Easting x [m] ‘ Northing Y [m]

10 1000.0000 (D) | 1000.0000 (D)
20 1432.4820 (D) | 1588.7760 (D)
30 1497.4020 (D) | 1000.0000 (D)
40 1439.7670 640.2580

Datum: free, (D)...Datum coordinate

Matrix D'y of datum constraints (1. iteration)

X10 Y10 X20 Y20 X30 Y30 X40 Yao W10 W20 W30 W40

1.000 0.000 1.000  0.000 1.000 0.000 0.000 0.000 0 0 0 O
0.000 1.000 0.000 1.000  0.000 1.000 0.000 0.000 0 0 O O
57.258 —342.413 —531.518 90.069 57.258 154.989 0.000 0.000 -1 -1 -1 -1
—342.413 —57.258 90.069 531.518 154.989 —57.258 0.000 0.000 0 0 O O

DT

Least squares solution AX{mmgon) (1. iteration)

‘ X10 Y10 X20 Y20 X30 Y30 X40 Yao W10 W20 W3 W40

A}T‘0.0114 —0.0017 0.0004 0.0097 —0.0118 —0.0080 —0.0009 0.0066 —0.173 0.115 0.269 —0.417

Adjusted coordinates

A

Point name ‘ X [m] X — X[cm] ‘ |G| (cm) ‘ U [m] U — Yem] ‘ |6 fem] ‘ |62D ] fem]
10 1000.0114 1.145 | 0.533 999.9983 | —0.174 | 0.330 0.627
20 1432.4824 0.040 | 0.277 | 1588.7857 0.972 | 0.448 0.527
30 1497.3902 | —1.185 | 0.571 999.9920 | —-0.798 | 0.522 0.773
40 1439.7661 | —0.093 | 0.899 640.2646 0.661 1.350 1.622

Absolute error ellipses Absolute confidence ellipses (1 — @ = 95%)

in ‘ A [cm] ‘ B [em] ‘ ¢ [gon] in ‘ A [em] ‘ B [em] ‘ gb [gon]

10 | 0.53 | 0.33 | 103.695785 10 | 1.99 | 1.23 | 103.695785

20 | 0.45 | 0.28 | 196.704724 20 | 1.67 | 1.03 | 196.704724

30 | 0.66 | 0.41 56.375082 30 | 2.45 | 1.51 56.375082

40 | 1.37 | 0.87 | 187.024 355 40 | 5.09 | 3.25 | 187.024 355

Adjusted orientation unknowns

in 10} [gon] O—w [mgon] |6'| [mgon]
10 40.330 627 -0.17 0.89
20 | 240.331015 0.12 0.81
30 | 393.010 669 0.27 0.97
40 | 343.648 383 —0.42 1.11
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Adjusted directions

in ‘ to ‘ F [gon] i:[gon] é [mgon] ‘ 5'; [mgon] ‘ IR [%) ‘ |W| ‘ |V| [mgon] ‘ 6 [mgon] ‘ S [m] ‘ Qf [mm] ‘ IF, ‘ IF, ‘ IP1 [mm] 1P5 [mm] IK{ [mm)] 1K [mm)] T
10 20 0.000 147 40.330775 -0.147 1.098 25.00 0.29 8.26 -0.590 731 1.7 5.33 0.38 71.1 5.1 24.0 1.7 0.23
30 59.670171 100.000 798 -0.771 1.097 25.05 1.54 8.26 -3.078 497 6.0 5.33 1.99 48.3 18.0 26.6 9.9 1.22
40 103.318 582 143.649 209 0.918 1.097 25.07 1.83 8.25 +3.664 568 8.2 5.32 2.36 55.2 24.5 42.9 19.1 1.45
20 10 399.999 759 240.330775 0.241 1.087 26.48 0.47 8.03 +0.909 731 2.8 5.09 0.58 67.7 7.7 26.6 3.0 0.37
30 352.679 205 193.010 220 —-0.005 0.941 44.94 0.01 6.16 -0.011 592 0.0 2.87 0.01 31.6 0.1 16.0 0.0 0.01
40 359.180 136 199.511 151 -0.236 0.828 57.30 0.31 5.46 —-0.411 949 3.5 1.67 0.13 34.7 2.6 11.9 0.9 0.25
30 20 399.999 551 393.010 220 0.449 1.081 27.23 0.86 7.92 +1.648 592 4.2 4.97 1.03 53.6 11.2 20.7 4.3 0.68
40 217.101 320 210.111988 -1.120 1.098 25.01 2.24 8.26 —4.477 364 6.4 5.33 2.89 35.5 19.2 26.7 14.5 1.77
10 306.990 129 300.000 798 0.671 1.080 27.46 1.28 7.89 +2.443 497 5.2 4.94 1.53 44.7 13.8 22.0 6.8 1.01
40 10 0.000 826 343.649 209 —-0.826 1.081 27.24 1.58 7.92 -3.033 568 7.4 4.97 1.90 51.4 19.7 30.7 11.7 1.25
20 55.862 768 399.511151 —-0.568 0.886 51.14 0.79 5.78 -1.111 949 8.5 2.28 0.44 42.1 8.1 0.4 0.1 0.63
30 66.463 606 10.111988 1.394 0.997 38.08 2.26 6.70 +3.661 364 8.0 3.58 1.96 23.7 13.0 15.5 8.5 1.78
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3 Two-dimensional networks (Planar networks)

3.2.2.5 Datum definition 5: Points 20, 30 and 40 fixed

Coordinates

Point name Easting x [m] ‘ Northing ym

10 1000.0000 1000.0000
20 1432.4820 (D) | 1588.7760 (D)
30 1497.4020 (D) | 1000.0000 (D)
40 1439.7670 (D) | 640.2580 (D)

Datum: fix, (D)...Datum coordinate

Matrix D'y of datum constraints

X10 Y10 X20 Y20 X30 Y30 X40 Ya0 W10 W20 W30 W40

o 0 1.0 0 0 O O O O o0 O
o 0 0 1 0 0 O O O O o0 o0
DTO o o 0 1 0 O O O o0 o0 O
o 0 0 0 0 1 0 O O O o0 O
o 0 0 0 0 01 0 O O o0 O
o 0o 0 o0 o0 o o0 1 0 o0 0 O

Least squares solution A}[m,mgon] (1. iteration)

‘ X10 Y10 X20 Y20 X30 Y3o X40 Ya0 W10 W20 W30 W40

A’SCT‘ 0.0142 0.0031 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.243 —0.244 0.123 0.420

Adjusted coordinates

Pointname | X | &= xfenl | [6lienl | Giml | § = yleml | [6]ieml | [62p]tem

10 | 1000.0142 | 1.421 | 1.290 | 1000.0031 | 0.309 | 1.158 | 1.733
Absolute error ellipses Absolute confidence ellipses (1 — a = 95%)
in ‘ A[cm] ‘ B[cm] ‘ Qb[gon] in ‘ A[cm] ‘ B[cm] ‘ ¢[g0n]
10 | 1.37 | 1.06 | 135.638467 10 | 4.39 | 3.41 | 135.638467

Adjusted orientation unknowns

in d) [gon] C:) — (J [mgon] |5’| [mgon]
10 40.331 043 0.24 1.39
20 | 240.330 656 -0.24 1.02
30 | 393.010523 0.12 1.06
40 | 343.649 220 0.42 1.02
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Adjusted directions

in ‘ to ‘ F [gon] i:[gon] é [mgon] ‘ 5'; [mgon] ‘ IR [%) ‘ |W| ‘ |V| [mgon] ‘ 6 [mgon] ‘ S[m] ‘ Qf [mm] ‘ IFy ‘ IF, ‘ IP1 [mm] 1Py [mm] IK{ [mm] IK5 [mm] T
10 20 0.000 260 40.331 303 -0.260 1.308 34.82 0.44 7.00 -0.747 731 3.0 3.95 0.42 52.4 5.6 18.4 2.0 0.27
30 59.669 353 100.000 396 0.047 1.040 58.79 0.06 5.39 +0.081 497 0.4 1.51 0.02 17.4 0.3 10.8 0.2 0.04
40 103.319 288 143.650 331 0.212 1.311 34.58 0.36 7.03 +0.614 568 1.9 3.98 0.35 41.0 3.6 14.6 1.3 0.22
20 10 0.000 648 240.331303 —0.648 1.227 42.62 0.99 6.33 -1.519 731 7.4 3.10 0.75 41.7 10.0 26.2 6.3 0.61
30 352.678 048 193.008 704 1.152 1.016 60.66 1.48 5.31 +1.899 592 10.7 1.30 0.47 19.4 7.0 0.0 0.0 0.91
40 359.180 404 199.511 060 —0.504 1.016 60.66 0.65 5.31 —0.832 949 7.5 1.30 0.20 31.1 4.9 0.0 0.0 0.40
30 20 399.998 181 393.008 704 1.819 1.058 57.38 2.40 5.46 +3.171 592 16.9 1.66 0.97 21.6 12.6 0.0 0.0 1.48
40 217.102 946 210.113 469 —2.746 1.058 57.38 3.63 5.46 —4.786" 364 15.7 1.66 1.46 13.3 11.7 0.0 0.0 2.24
10 306.989 873 300.000 396 0.927 1.360 29.51 1.71 7.61 +3.141 497 7.2 4.64 1.91 41.9 17.3 33.1 13.7 1.05
40 10 0.001111 343.650331 -1.111 1.230 42.40 1.71 6.35 —-2.620 568 9.9 3.13 1.29 32.6 13.5 20.6 8.5 1.05
20 55.861 840 399.511 060 0.360 1.017 60.60 0.46 5.31 +0.594 949 5.4 1.31 0.15 31.2 3.5 0.0 0.0 0.29
30 66.464 249 10.113 469 0.751 1.017 60.60 0.96 5.31 +1.239 364 4.3 1.31 0.31 12.0 2.8 0.0 0.0 0.60
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3 Two-dimensional networks (Planar networks)

3.2.2.6 Datum definition 6: Dynamic, huge weights for observed points, equivalent to

case 5
Coordinates
Point name Easting x [m] ‘ Northing ym)
10 1000.0000 1000.0000
20 1432.4820 (D) | 1588.7760 (D)
30 1497.4020 (D) | 1000.0000 (D)
40 1439.7670 (D) 640.2580 (D)

Datum: dynamic, (D)...Datum coordinate

Dynamic coordinates

Point name | Easting x m ‘ || [cm) ‘ Pirad?/m?] | Northing ym ‘ || [cm) ‘ P lrad?/m?]

20 1432.4820 0.00 1.0-108 1588.7760 0.00 1.0-108
30 1497.4020 0.00 1.0-10% 1000.0000 0.00 1.0-10%
40 1439.7670 0.00 1.0-108 640.2580 0.00 1.0-108

Design matrix Ap and reduced observation vector Aymm dynamic coordinates (1. iteration)

A | X0 Yo X0 Y X Yo Xao Yo || Ay
X0 | O 0 1 0 0 0 0 0 0.00
Yo | O 0 0 1 0 0 0 0 0.00
x30 | O 0 0 0 1 0 0 0 0.00
yso | O 0 0 0 0 1 0 0 0.00
Xg0 | O 0 0 0 0 0 1 0 0.00
Yo | O 0 0 0 0 0 0 1 0.00
Least squares solution AX{mmgon) (1. iteration)
‘ X10 Y10 X20 Y20 X30 Y30 X40 Y40 w10 W20 w30 W40

A}T‘O.OMZ 0.0031 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.243 —0.244 0.123 0.420

Adjusted coordinates

Point name ‘ X [m] X — X[cm] ‘ |G| (cm) ‘ 0 [m] U — Ylem] ‘ |G| [cm) ‘ | 62D [em]
10 1000.0142 1.421 1.290 | 1000.0031 0.309 1.158 1.733
20 1432.4820 0.000 0.000 | 1588.7760 0.000 0.000 0.000
30 1497.4020 0.000 0.000 | 1000.0000 0.000 0.000 0.000
40 1439.7670 0.000 0.000 640.2580 0.000 0.000 0.000

Absolute error ellipses Absolute confidence ellipses (1 — o = 95%)

in ‘ A [cm] ‘ B [em] ‘ Qb [gon] in ‘ A [cm] ‘ B [em] ‘ ¢ [gon]

10 | 1.37 | 1.06 | 135.638 467 10 | 4.39 | 3.41 | 135.638 467

20 | 0.00 | 0.00 | 195.24199%4 20 | 0.00 | 0.00 | 195.241994

30 | 0.00 | 0.00 5.833 430 30 | 0.00 | 0.00 5.833 430

40 | 0.00 | 0.00 12.452 641 40 | 0.00 | 0.00 12.452 641
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Adjusted dynamic coordinates

Variance component: Q/cZ = 0.000, r = 0.00, 62/0?

=6.04, ag = 0.00%.,

kL =00

ag;r,®

Point name X [m] ‘ €5 [mm] ‘ || (mm] ‘ 7 m] €y mm] ‘ || (mm] ‘ IR ‘ |w] ‘ |V lem) ‘ V (em] ‘ IF; ‘ IF, ‘ IP; [cm] ‘ IP; [cm] ‘ IK fem] ‘ IK fcm] ‘ T,
20 1432.4820 | 0.00 0.00 0.00 | o 424 | oo | o0 | 4.24 0 4.24 00 )
20 1588.7760 | 0.00 0.00 | 0.00| o0 | 10.72 | o0 | o0 | o0 | 10.72 00 10.72 00 )
30 1497.4020 | 0.00 0.00 0.00 | oo 1.64 | oo | o0 | o0 1.64 1) 1.64 1) )
30 1000.0000 | 0.00 0.00 | 0.00 | o© 4.05| o0 | o0 | 4.05 1) 4.05 1) )
40 1439.7670 | 0.00 0.00 0.00 | o 265| 0o | 00| o0 2.65 1) 2.65 00 )
40 640.2580 | 0.00 0.00 | 0.00 | o© 598 | o0 | 00| o0 5.98 1) 5.98 00 00
Adjusted directions
; . 2 _ _ ~2 2 _ _ F _
Variance component: Q/oy = 15.755, r = 6.00, 65 /0y = 2.63, ag = 1.77%, kaG;r’oo = 2.56
in ‘ to ‘ f[gon] ‘ T[gon] ‘ é[mgon] ‘ |5';| [mgon] ‘ IR [%) ‘ |W| ‘ |V| [mgon] ‘ 6 [mgon] ‘ S[m] ‘ Qf [mm] ‘ IFy ‘ IF, ‘ IP1 [mm] 1Py [mm] IK{ [mm] IK5 [mm] T;
10 20 0.000 260 40.331 303 —0.260 1.308 34.82 0.44 7.00 —0.747 731 3.0 3.95 0.42 52.4 5.6 18.4 2.0 0.27
30 59.669 353 100.000 396 0.047 1.040 58.79 0.06 5.39 +0.081 497 0.4 1.51 0.02 17.4 0.3 10.8 0.2 0.04
40 103.319 288 143.650 331 0.212 1.311 34.58 0.36 7.03 +0.614 568 1.9 3.98 0.35 41.0 3.6 14.6 1.3 0.22
20 10 0.000 648 240.331303 —0.648 1.227 42.62 0.99 6.33 -1.519 731 7.4 3.10 | 0.75 41.7 10.0 26.2 6.3 0.61
30 | 352.678048 193.008 704 1.152 1.016 60.66 1.48 5.31 +1.899 592 10.7 1.30 | 0.47 19.4 7.0 0.0 0.0 0.91
40 | 359.180404 | 199.511060 | —0.504 1.016 60.66 | 0.65 5.31 —0.832 949 7.5 1.30 | 0.20 31.1 4.9 0.0 0.0 0.40
30 20 | 399.998 181 393.008 704 1.819 1.058 57.38 2.40 5.46 +3.171 592 16.9 1.66 | 0.97 21.6 12.6 0.0 0.0 1.48
40 217.102 946 210.113 469 —2.746 1.058 57.38 3.63 5.46 —4.786" 364 15.7 1.66 1.46 13.3 11.7 0.0 0.0 2.24
10 | 306.989873 300.000 396 0.927 1.360 29.51 1.71 7.61 +3.141 497 7.2 4.64 1.91 41.9 17.3 33.1 13.7 1.05
40 10 0.001111 343.650 331 —-1.111 1.230 42.40 1.71 6.35 —2.620 568 9.9 3.13 1.29 32.6 13.5 20.6 8.5 1.05
20 55.861840 | 399.511060 0.360 1.017 60.60 | 0.46 5.31 +0.594 949 5.4 1.31 | 0.15 31.2 3.5 0.0 0.0 0.29
30 66.464 249 10.113 469 0.751 1.017 60.60 | 0.96 5.31 +1.239 364 4.3 1.31 | 0.31 12.0 2.8 0.0 0.0 0.60
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3 Two-dimensional networks (Planar networks)

3.2.2.7 Datum definition 7: Dynamic, with stochastic prior information for observed
points

Coordinates

Point name Easting x [m] ‘ Northing ym)

10 1000.0000 (D) | 1000.0000 (D)
20 1432.4820 (D) | 1588.7760 (D)
30 1497.4020 (D) | 1000.0000 (D)
40 1439.7670 (D) | 640.2580 (D)

Datum: dynamic, (D)...Datum coordinate

Dynamic coordinates

Point name | Easting x m] ‘ || [cm) ‘ P [rad? /m?] Northing 1 m] ‘ || [cm) ‘ P [rad? /m?]
10 1000.0000 1 2.4674-107° 1000.0000 1 2.4674-107°
20 1432.4820 1 2.4674-107° |  1588.7760 1 2.4674-107°
30 1497.4020 1 2.4674-107° | 1000.0000 1 2.4674-107°
40 1439.7670 1 2.4674-107° 640.2580 1 2.4674-107°

Design matrix A and reduced observation vector Aymm dynamic coordinates (1. iteration)

A | X10 Yo X0 Y0 X3 Yo X0 Yao H Ay

x| 1 0 0 0 0 0 o0 o0 |[o0.00
yo| O 1 0 0 0 0 0 0 | 0.00
Xx0| O 0 1 0 0 0 0 0 |[0.00
yo| 0 0O 0O 1 0 0 0 0 | 0.00
x|/ 0 0 0 0 1 0 0 0 |[0.00
y | 0 0 0 0 0 1 0 0 | 0.00
X0/ 0O 0 0 0 0 0 1 0 |[0.00
y | 0 0 0 0 0 0 0 1 | 000

Least squares solution A’.;C[m,mgon] (1. iteration)

‘ X10 Y10 X20 Y20 X30 Y3o X40 Y40 W10 W20 W30 W40

A}T‘0.0065 —0.0009 0.0008 0.0059 —0.0086 —0.0054 0.0012 0.0003 —0.004 0.153 0.051 —0.433

Adjusted coordinates

Point name X [m] X — X [em] ‘ |6 femy ‘ ¥ [m] U — Yfem) ‘ |6 fem] ‘ |62D | fem]
10 1000.0065 0.655 | 0.828 999.9991 | —0.089 | 0.821 1.165
20 1432.4828 0.081 | 0.942 | 1588.7819 0.594 | 0.984 1.362
30 1497.3934 | —0.857 | 0.657 999.9946 | —0.539 | 0.773 1.014
40 1439.7682 0.122 | 0.846 640.2583 0.033 | 0.892 1.229
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Absolute error ellipses

in ‘ A[cm] ‘ B[cm] ‘ ¢[gon]

10 | 0.85 | 0.80 | 145.008 808
20 | 0.99 | 0.94 8.913470
30 | 0.78 | 0.65 10.737 818
40 | 0.89 | 0.85 | 194.164 105

Adjusted dynamic coordinates

Absolute confidence ellipses (1 — a = 95%)

in ‘ A [cm] ‘ B [cm] ‘ ¢ [gon]

10 | 2.53 | 2.39 | 145.008 808
20 | 2.94 | 2.81 8.913470
30 | 2.32 | 1.95 10.737 818
40 | 2.66 | 2.53 | 194.164 105

Adjusted orientation unknowns

in ‘ IA) [gon] O—-w [mgon] ‘ |&| [mgon]
10 40.330796 0.00 1.13
20 | 240.331053 0.15 1.09
30 | 393.010451 0.05 1.11
40 | 343.648 367 —0.43 1.13

Variance component: Q/o¢ = 1.836, r = 3.01, 6¢/0; = 0.61, ag = 0.55%, kgG;r’oo =4.20

Point name |  Xml | éxlmn | [6lmm) | Gl | éytmn | [6]mm | IR | Iwl | |View) | View | IFy | IFy | [Pyt | IPytem) | IKileml | IKptem) | T
10 1000.0000 | —6.55 | 8.28 40.61 | 1.03 | 6.48 | -1.61 ] 500 | 1.24 | 3.85 | 09 | 3.85 | 0.96 | 0.96
10 1000.0000 | 0.89 | 821 | 41.63 | 0.14 | 6.40 | +0.21 | 489 | 0.16 | 3.74 | 0.12 | 374 | 0.12 | 0.13
20 1432.4820 | —0.81 | 9.42 23.14 | 0.17 | 859 | —0.35 | 7.53 | 0.31 | 6.60 | 0.27 | 6.60 | 027 | 0.16
20 1588.7760 | —5.94 | 9.84 | 15.98 | 1.49 | 10.34 | -3.72 | 9.48 | 3.41 | 8.69 | 3.12 | 869 | 3.12 | 1.38
30 1497.4020 | 857 | 6.57 62.56 | 1.08 | 5.22 |+1.37 | 3.20 | 084 | 196 | 051 | 196 | 051 | 1.01
30 1000.0000 | 5.39 | 7.73 | 48.25 | 0.78 | 5.95 |+1.12 | 4.28 | 0.80 | 3.08 | 058 | 3.08 | 058 | 0.72
40 1439.7670 | —1.22 | 8.46 37.95 | 0.20 | 6.71 | —0.32 | 528 | 0.25 | 4.16 | 020 | 416 | 020 | 0.18
40 640.2580 | —0.33 | 8.92 | 31.09 | 0.06 | 7.41 | -0.11 | 6.15 | 0.09 | 5.11 | 0.07 | 511 | 0.07 | 0.06
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Adjusted directions

Variance component: Q/oZ = 7.391, r = 4.99, 6¢/0f = 1.48, ag = 1.30%, k., . = 2.89
in | to| Flgon] | Tleon] élmgon) | |67|imgon) | IR(%) | |w| | |V|imgon) | Vimgon] | stm] | Qptmm) | IFy | IFy | IPi(mm] | IPp(mm) | IKyfmm) | IKpfmm) | Ty
10 20 0.000 590 40.331 386 —-0.590 0.854 36.71 0.97 6.82 —-1.607 731 6.8 3.73 0.88 49.5 11.7 18.1 4.3 0.91
30 59.669 779 100.000 576 —-0.379 0.841 38.62 0.61 6.65 —0.982 497 3.0 3.52 0.52 31.9 4.7 17.9 2.6 0.57
40 103.318 531 143.649 327 0.969 0.864 35.21 1.63 6.96 +2.753 568 8.6 3.91 1.54 40.3 15.9 19.8 7.8 1.52
20 10 0.000 333 240.331 386 —0.333 0.810 43.14 0.51 6.29 —-0.771 731 3.8 3.05 0.37 41.0 5.0 17.0 2.1 0.47
30 352.678 785 193.009 838 0.415 0.738 52.72 0.57 5.69 +0.787 592 3.9 2.13 0.29 25.0 3.5 8.9 1.2 0.53
40 359.179982 199.511 035 —0.082 0.681 59.77 0.11 5.34 —-0.137 949 1.2 1.40 0.04 32.0 0.8 3.2 0.1 0.10
30 20 399.999 387 393.009 838 0.613 0.879 32.94 1.07 7.20 +1.860 592 5.7 4.18 1.08 44.9 11.6 16.5 4.3 0.99
40 217.101 488 210.111939 —1.288 0.903 29.24 2.38 7.64 —4.405 364 7.4 4.67 2.70 30.9 17.8 17.6 10.1 2.22
10 306.990 125 300.000 576 0.675 0.866 35.00 1.14 6.98 +1.930 497 5.3 3.93 1.09 35.5 9.8 20.7 5.7 1.06
40 10 0.000 960 343.649 327 —0.960 0.844 38.23 1.55 6.68 —2.511 568 8.6 3.56 1.34 36.8 13.8 18.0 6.7 1.45
20 55.862 668 399.511 035 —0.468 0.726 54.27 0.64 5.61 —0.863 949 7.0 1.97 0.30 38.2 5.9 2.4 0.4 0.59
30 66.463 572 10.111939 1.428 0.811 42.96 2.18 6.30 +3.324 364 8.2 3.07 1.62 20.6 10.9 11.4 6.0 2.03
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3 Two-dimensional networks (Planar networks)

Network graphs

Northing [m]

Northing [m]

1800

1700

2cm
Error Ellipses

1600

20

Datum definition 1

1500

1400

1300

1200

1100

L

1000

900

30

800

700

600

A Benchmark
® New Point (approx.)
® New Point (adj.)

Q

( E%’t:::::" N

500 !

900 1000 1100 1200 1300 14

1800

Easting [m]

00 1500 16

1700

T T
2cm
Error Ellipses

Datum defini
1600

ition 4

1500

1400

“x
:_:_::S%
3

[E—

1300

1200

L

o
o

1000

900

30

800

700

600

;

40

I e

500
900 1000 1100 1200 1300 1400 1500 1600

Easting [m]

1800 T T 1800 T T
2 2
Error E\Tpses "\ Error ;\Tpses
1700 ( 1700
1600 1600
Datum definition 2 ; 20 Datum definition 3 / 20
1500 1500 I
/ /A
1400 : \ 1400 : \
|
1300 1300 !
— — |
£ - |
<, 1200 ! <, 1200 !
£ / | £ / |
£ ! £ !
2 1100 : 2 1100 :
10
| 30 |
1000 0 i 1000 i 730
900 < ! 900 < !
N l ’,l N l ’,l
N\ N\
800 < ¥ 800 < ¥
N\, N\,
700 > \Jf 700 > ‘\%40
600 40 600
500 500
900 1000 1100 1200 1300 1400 1500 1600 900 1000 1100 1200 1300 1400 1500 1600
Easting [m] Easting [m]
1800 T T 1800 T T
2cm 2cm
Error Ellipses Error Ellipses
1700 1700
Datum definition 586 20 Datum definition 7 /r\20
1600 1600 (
1500 / l 1500 /
) )
1400 ! \ 1400 ! \
1300 1300
£ = |
o 1200 ' > 1200 i
£ 1100 | £ 1100 |
| |
1000 ! 30 1000 !
: : 30
900 < ! 900 < !
N : ’l' N : ’l'
800 1 800 I
. i} . i}
N\, N\,
N\ N\
700 \4 700 A
40 %
600 40 600 N

500
900 1000 1100 1200 1300 1400 1500 1600
Easting [m]

94

500
900 1000 1100 1200 1300 1400 1500 1600
Easting [m]



S6

Supplementary information

Datum definition 1 4 5

Dynamic coordinates 0 0 0

Observed directions 12 12 12 12 12 12 12
Orientation unknowns 4 4 4 4 4 4 4
Coordinate unknowns 4 4 8 8 2 8 8
Datum defect 4 4 4 4 4 0 0
Datum definition fix fix free free fix dynamic dynamic
Number of datum constraints 4 4 4 4 6 0 0
Type-I-error probability ap [%] (Baarda) 0.1 0.1 0.1 0.1 0.1 0.1 0.1
Type-I-error probability ag [%] (Baarda) 0.9 0.9 0.9 0.9 1.8 1.8 2.8
Test value kg]L/z 3.29 3.29 3.29 3.29 3.29 3.29 3.29
x*-Noncentrality parameter A, 17.1 17.1 17.1 17.1 17.1 17.1 17.1
Type-I-error probability a, [%] (Pope) 0.1 0.1 0.1 0.1 0.1 0.1 0.1
Critical value kér 2.0 2.0 2.0 2.0 2.3 2.3 2.5
Redundancy r 4 4 4 4 6 6 8
Redundancy dynamic coordinates 0.00 0.00 0.00 0.00 0.00 0.00 3.01
Redundancy directions 4.00 4.00 4.00 4.00 6.00 6.00 4.99
Weighted square sum of residuals Q [mgon?] 6.4265  6.4265 6.4265  6.4265  15.755  15.755 9.2272
(a priori) standard deviation oy [mgon] 1 1 1 1 1 1 1

(a posteriori) standard deviation &, [mgon] 1.2675  1.2675 1.2675  1.2675  1.6204  1.6204 1.074
Ratio 6y /0y 1.2675 1.2675 1.2675 1.2675 1.6204 1.6204 1.0740
Global test (67/02) 1.6066  1.6066 1.6066  1.6066  2.6258  2.6258 1.1534
Critical value kgc;r’oo 3.38 3.38 3.38 3.38 2.56 2.56 2.15
Number of outliers (Data snooping) 0 0 0 0 1 1 0
Number of outliers (z-criterion) 0 0 0 0 0 0 0

IX = X|| [cm] 3728  5.385 2128 2184 1454  1.454 1.355
Trace coordinate covariance matrix, trfg [cm?] 7.26625 16.99917 2.46623 3.89963 3.00444 3.00444  5.75309
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3 Two-dimensional networks (Planar networks)

3.3 Triangulation networks

3.3.1 Ghilani (2010), Ex. 15.4

Ghilani Charles D. (2010): Adjustment Computations. Spatial Data Analysis. Fifth Edition, John
Wiley & Sons, Inc., ISBN 978-0-470-46491-5, Ex. 15.4, pp. 271

Available data files: [2D] Ghilani15_4_Angle_fix=.x

Coordinates

Point name | Easting X (m| ‘ Northing ym)

R 865.4000 (D) | 4527.1500 (D)
S 2432.5500 (D) | 2047.2500 (D)
T 2865.2200 (D) |  27.1500 (D)
U 6861.3500 3727.5900

Datum: fix, (D)...Datum coordinate

Horizontal angles

in ‘ from ‘ to ‘  [gon] ‘ |O'| [mgon] p [-]
R U S 55.682098 8 1 1
S R U | 112.7922840 1 1
U T | 109.6533951 1 1
T S U 65.8706790 1 1

Design matrix Apmgonm) and reduced observation vector Ayimgn angles (1. iteration)

A XR YR xs Ys XT Yt Xy wo | Ay

aryus| 16.9540 1.1610 —18.3451 —11.5930  0.0000 0.0000 1.3911 10.4320||—0.0734
asry|—18.3451 —11.5930 13.5775 24.1587  0.0000 0.0000 4.7676 —12.5657||—0.0660
asyr| 0.0000 0.0000 34.8996 —6.1119 —30.1320—6.4537 —4.7676 12.5657||—0.2126
atsyu| 0.0000 0.0000 —30.1320 —6.4537 22.1900 15.0303 7.9420 —8.5766||—6.2453

Matrix D'y of datum constraints

XR YR Xs Ys XT YT XU YU

10 0 0 0 0 0 O
010 0 0 0 0 O
DTO 010 0 0 0 O
0 0 010 0 0 O
0 0 0 01 0 0 O
0 0 0 0 0 1 0 O
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Least squares solution AXfem (1. iteration)

| xr yr xs ys xr yr  xu yu

Ax ‘ 0 0 0 o0 0 0 -62.40 -11.50

Adjusted coordinates

Point name ‘ X [m] ‘ X — X [em] ‘ || fem] ‘ 7 m] ‘ U — Ylem] ‘ || [em] ‘ | 62D | [em]

U | 6860.7260 | —62.397 | 37.817 | 3727.4751 | —11.494 | 17.809 | 41.801

Absolute error ellipses

in ‘ A[cm] ‘ B[cm] ‘ ¢[gon] in ‘ A[cm] ‘ B[cm] ‘ ¢[gon]

U | 40.25 | 11.27 | 76.767 706 U | 248.14 | 69.46 | 76.767706

Adjusted horizontal angles

Absolute confidence ellipses (1 — a = 95%)

in ‘ from ‘ to ‘ d [gon] ‘ e [mgon] ‘ |6'd | [mgon] IR [%] ‘ |W| ‘ IVI [mgon] 6 [mgon] ‘ IFl ‘ IF2 ‘ IP1 [mgon] IP2 [mgon] TT
R U S 55.680 105 1.994 2.275 27.81 | 3.78 7.84 +7.17# | 6.66 | 6.09 5.7 5.2 1.41
S R U | 112.790819 1.465 1.515 68.00 | 1.78 5.01 +2.15 2.83 | 1.22 1.6 0.7 0.66
U T | 109.655138 | —1.743 1.515 68.00 | 2.11 5.01 —-2.56 | 2.83 | 1.45 1.6 0.8 0.79
T S U 65.872954 | —2.275 2.138 36.20 | 3.78 6.87 —6.28" | 5.49 | 5.02 4.4 4.0 1.41
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3 Two-dimensional networks (Planar networks)

Network graph
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Observed angles
Coordinate unknowns 2
Datum defect 4
Datum definition fix
Number of datum constraints 6
Type-I-error probability a; [%] (Baarda) 0.1
Type-I-error probability ag [%] (Baarda) 0.3
Test value kY 3.29
ar /2
x?-Noncentrality parameter A 17.1
Type-I-error probability a, [%] (Pope) 0.1
Critical value k,_ 1.4
Number of iterations (Max=20) 4
Stop criterion (actual) 4.9-10712
Redundancy r 2
Redundancy angles 2.00
Weighted square sum of residuals Q [mgon?] 14.336
(a priori) standard deviation o, [mgon] 1
(a posteriori) estimated standard deviation &, [mgon] 2.6773
Ratio 64/ 09 2.6773
Global test (6Z/02) 7.1681 (kf ., o =5.87)

Number of outliers (Data snooping)
Number of outliers (r-criterion)

IX ~X|| [em] R
Trace coordinate covariance matrix, trX5 [cm?]
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2 (Remove outliers or scale standard
deviations by the factor 2.68)
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3 Two-dimensional networks (Planar networks)

3.3.2 Ghilani (2010), Ex. 15.5

Ghilani Charles D. (2010): Adjustment Computations. Spatial Data Analysis. Fifth Edition, John
Wiley & Sons, Inc., ISBN 978-0-470-46491-5, Ex. 15.5, pp. 277

Available data files: [2D] Ghilani15_5_Angle_fix=.x

Coordinates

Point name ‘ Easting x [m] ‘ Northing ym)

1303.5990 (D) | 1458.6150 (D)
1636.4360 (D) | 1310.4680 (D)
1503.3950 (D) | 888.3620 (D)
1506.2620 (D) | 785.0610 (D)
1000.0300 999.9600
Datum: fix, (D)...Datum coordinate

C »w ™o T

Horizontal angles

in ‘ from ‘ to ‘ a [gon] ‘ |o | (mgon] Pli/rad?]

U p Q | 33.8805556 | 1.5432 | 1.70181-10°
Q R | 42.7873457 | 1.8519 | 1.18181-10°
R S | 11.6657407 | 1.8519 | 1.18181-10°

Design matrix Apmgnm) and reduced observation vector Ayimen) angles (1. iteration)

A | xp yp xQ yQ xR YR xs ys xy wo || Ay

aup,Q | —96.5193 63.8830 39.4225 -80.7990 0.0000 0.0000 0.0000 0.0000 57.0968 16.9160 || —0.06
QUQR 0.0000 0.0000 —39.4225 80.7990 —26.7259 —120.5476 0.0000 0.0000 66.1484 39.7486 || —0.05
AURS 0.0000 0.0000 0.0000 0.0000 26.7259 120.5476 —45.2332 -106.5547 18.5073 —13.9929 || —2.10

Matrix D'(j of datum constraints

Xp Yp XQ Yo XR YR Xs Ys Xu Yu

DT

SO O O O O O O =
S O O O o o = O
S O O O O = O O
S O O O = O O O
SO O O = O O O O
S O = O O O O ©
S = O O O O o o
_ O O O O O © O
S O O O O o o <o
S O O O o o o <o

Least squares solution A’.;C[cm] (1. iteration)

‘xP Yp XQ Yo XR YR Xs Ys Xy Yyu

A}T\o 0 0 0 0 0 0 0 =3111 6.530
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Adjusted coordinates

Point name ‘ X [m] ‘ X — X [em] ‘ || fem] ‘ 7 [m] ‘ U — Ylom] ‘ || (em] ‘ | 62D | [em]

U | 999.9989 | -3.110 | 2.057 | 1000.0253 | 6.530 | 4.268 | 4.738
Absolute error ellipses Absolute confidence ellipses (1 — a = 95%)
in ‘ A[cm] ‘ B[cm] ‘ ¢[gon] in ‘ A[cm] ‘ B[cm] ‘ d)[gon]
U | 4.62| 1.06 | 174.372354 U | 92.21 | 21.25 | 174.372354

Adjusted horizontal angles

in ‘ from ‘ to ‘ a [gon] ‘ é [mgon] ‘ |CATO} | [mgon] IR [%] ‘ |W| ‘ |V| [mgon] \Y [mgon] IFl ‘ IFZ ‘ IPl [mgon] IPZ [mgon] TT

U P Q | 33.879947 0.609 0.704 42.80 | 0.60 9.75 +1.42 | 4.78 | 0.70 5.6 0.8 1.00
Q R | 42.787933 | —0.587 0.950 27.62 | 0.60 14.56 —-2.12 | 6.69 | 0.98 10.5 1.5 1.00
R S | 11.666348 | —0.607 0.937 29.58 | 0.60 14.07 —-2.05 | 6.38 | 0.93 9.9 1.4 1.00
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3 Two-dimensional networks (Planar networks)

Network graph
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Supplementary information
Observed angles 3
Coordinate unknowns 2
Datum defect 4
Datum definition fix
Number of datum constraints 8
Type-I-error probability ar [%] (Baarda) 0.1
Type-I-error probability ag [%] (Baarda) 0.1
Test value kY 3.29
ar/2
x?-Noncentrality parameter A 17.1
Type-I-error probability a, [%] (Pope) 0.1
Critical value k;,_ 00
Number of iterations (Max=20) 4
Stop criterion (actual) 5-10713
Redundancy r 1
Redundancy angles 1.00
Weighted square sum of residuals Q [-] 3.63606 - 1071
(a priori) standard deviation oy [-] 1
(a posteriori) estimated standard deviation &y [-] 6.02998 - 107!
Ratio 64/ 09 0.6030
Global test (62/07) 0.3636 (k£ .., ., =10.83)
Number of outliers (Data snooping & 7-criterion) 0
[|X — X]|| [em] 7.233
Trace coordinate covariance matrix, tr¥z [cm?] 22.444

101



3 Two-dimensional networks (Planar networks)

3.4 Distance-Direction networks

3.4.1 Benning (2011), Ex. 8-3

Benning (2011): Statistik in Geodisie, Geoinformation und Bauwesen, Wichmann. Ex. 8-3, pp. 258
Available data files: [2D] Benning83_DistanceDirection_fixs.s

In order to demonstrate the impact of an unknown scale factor in the distance observations, the
example has been processed first without, in the second run including the scale factor. Although
the F-test indicates a non-significant deviation from one (Tr = 2.7 < kf_ axild = 7.7), the results are
rather different.

Coordinates

Point name | Easting x [m] ‘ Northing ym)

1 0.0000 (D) | 1000.0000 (D)
2 1000.0000 (D) | 1000.0000 (D)
3 0.0000 0.0000
4 1000.0000 0.0000

Datum: fix, (D)...Datum coordinate

Approximate orientations

Point name @ [gon]
1 150.000 000
2 200.000 000
3 0.000 000

Horizontal distances

in ‘ to ‘ S[m] ‘ || (mm] ‘ P

1 3 1000.0200 10 1
4 | 1414.2000 10 1

2 3 1414.2400 10 1
4 999.9800 10 1

3 | 4 | 1000.0000 10 1

Directions

in ‘ to ‘ ¥ [gon] ‘ IO'| [mgon] p [m? /rad?] (J [gon]

1 4 0.000 000 1 405 284.734 57 150
3 | 50.001000 1 405 284.734 57

2 | 4 0.000 000 1 405 284.73457 | 200
3 | 49.998 000 1 405 284.734 57

3 1 0.000 000 1 405 284.734 57 0
2 | 49.999000 1 405 284.734 57
4 | 99.997 000 1 405 284.734 57
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3 Two-dimensional networks (Planar networks)

Design matrix Apmgonm1 and reduced observation vector Aymgon directions (1. iteration)

A X1 Y1 X2 Y

Yq

w1 W2 603H Ay

ri4(31.8310 31.8310 0.0000 0.0000

ri3|63.6620 0.0000 0.0000 0.0000 —63.6620

ra4| 0.0000 0.0000 63.6620 0.0000

ra3| 0.0000 0.0000 31.8310 —31.8310 —31.8310
r31|63.6620 0.0000 0.0000 0.0000 —63.6620
rz2| 0.0000 0.0000 31.8310 —31.8310 —31.8310

rs4| 0.0000 0.0000 0.0000 0.0000

3.4.1.1 No scale factor in distance observations

Design matrix A and reduced observation vector Aywm distances (1. iteration)

A X1 Y1 X2 Y X3

0.0000 —63.6620

0.0000 —31.8310 —31.8310 -1
0.0000 -1

0.0000
0.0000
0.0000
0.0000

0.0000 —63.6620

| Ay

s13| 0.0000 1.0000 0.0000 0.0000 0.0000
S14|—0.7071 0.7071 0.0000 0.0000 0.0000
S23| 0.0000 0.0000 0.7071 0.7071 —0.7071
S24| 0.0000 0.0000 0.0000 1.0000 0.0000
s34 | 0.0000 0.0000 0.0000 0.0000 —1.0000

Matrix D'(j of datum constraints

X1 Y1 X2 Y2 X3 Y3 X4 Yq W1 W2 W3

10 0 000 0 0 O0 OO
DTO 10 0 00 0 0 0 0 O
001 0 0O0O0OO0OO0OO0 O
00 01 00 0 0 0O 0 O

Least squares solution AXmmgon) (1. iteration)

‘x1 Y1 X2 Y2 X3 Y3 X4

2.000

—1.356

2.644

—2.000

0.000

AAxT\ 0 0 0 0 —0.0101 —0.0231 —0.0096 0.0163 —0.286 1.097 0.571

Adjusted coordinates

| 9= yient | 18 1em | (62D e

Point name ‘ X [m] ‘ X — X [em] ‘ |G| (em] ‘
3 —0.0101 —1.009 0.563
4 999.9904 —0.959 0.570

Absolute error ellipses

in ‘ A[cm] ‘ B[cm] ‘ ¢)[g0n]
3 | 0.62 | 0.32 | 132.301779
4 | 0.62 | 0.32 70.695 639

in ‘ A[cm] ‘ B[cm] ‘

¢ lgon]

0.695
0.694

132.301779
70.695 639

0
0
0
0

0 -1
0 -1
0 -1

Absolute confidence ellipses (1 — a = 95%)

0.00
1.00
0.00

—2.00

0.00

—1.00
—3.00



3 Two-dimensional networks (Planar networks)

Adjusted orientation unknowns

in d\)[gonj C?) — (J [mgon] |6'| [mgon]
1 | 149.999714 -0.29 0.44
2 | 200.001097 1.10 0.44
3 0.000571 0.57 0.41

104



3 Two-dimensional networks (Planar networks)

3.4.1.2 Including an unknown scale factor in distance observations

Design matrix Arm and reduced observation vector Aywm distances (1. iteration)

A X1 Y1 X2 Y2 X3 Ys X4 Ya m H Ay

s13| 0.0000 1.0000 0.0000 0.0000 0.0000 —1.0000 0.0000 0.0000 1000.0000 | 2.000
S14|—0.7071 0.7071 0.0000 0.0000 0.0000 0.0000 0.7071 —0.7071 1414.2136 || —1.356
s23| 0.0000 0.0000 0.7071 0.7071 —0.7071 —0.7071 0.0000 0.0000 1414.2136| 2.644
S24| 0.0000 0.0000 0.0000 1.0000 0.0000 0.0000 0.0000 —1.0000 1000.0000 || —2.000
s34 | 0.0000 0.0000 0.0000 0.0000 —1.0000 0.0000 1.0000 0.0000 1000.0000 | 0.000

Matrix D' of datum constraints

X1 Y1 X2 Y2 X3 Y3 Xg Yg W1 W2 W3 M
1 0 00000 0 0 0 00
DT 01 0 0 0 0 OO O0O O0 OO0
o 01 0 0 0 O0OO0OO0OO0 OO0
0O 0 01 0 0 O0O0OO0OO0O O0TUDO

Least squares solution AX{mmgon] (1. iteration)

‘xl Y1 X2 Y2 X3 ys X4 Ys w1 [35) w3 m

A}T‘ 0 0 0 0 —0.0048 —0.0098 —0.0166 0.0298 —0.556 1.449 0.542 1.166 - 107>

Adjusted coordinates

Point name ‘ X [m] ‘ X — X [em] ‘ |G| (cm) ‘ 7 m] ‘ U — Ylem] ‘ || [em] ‘ | 62D | [em)
3 —0.0048 | —0.482 | 0.584 | —0.0098 | —0.983 | 0.888 1.063
4 999.9834 | —1.661 0.654 0.0298 2.976 | 0.891 1.106
Absolute error ellipses Absolute confidence ellipses (1 — a = 95%)
in ‘ A[cm] ‘ B [cm] ‘ ¢ [gon] in ‘ A[cmj ‘ B [cm] ‘ ¢ [gon]
31092 | 0.53 20.872 545 3 | 3.43 | 1.98 20.872 545
4 | 0.97 | 0.53 | 168.927 254 4 | 3.61 | 1.99 | 168.927 254

Adjusted orientation unknowns

in C:)[gon] C(A) — (J [mgon] |6'| [mgon]
1 | 149.999444 —0.56 0.41
2 | 200.001 449 1.45 0.44
3 0.000 542 0.54 0.35
Adjusted scale (1 — ag = 95%)
mi-] ‘ M — M [ppm] ‘ || tppm] ‘ TF ‘ kgK;lA
1.00001166268 | 117 | 7.1 |27| 7.7
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Adjusted directions (No scale unknown)

Variance component: Q/o? = 0.497, r = 3.42, 6¢/of = 0.15, ag = 0.69%, kf ., .. = 3.80
in ‘ to ‘ f[gon] ‘ T\[gon] ‘ é[mgnn] ‘ |5';.|[mgon] ‘ IR[%) ‘ |W| ‘ |V|[mgon] ‘ V[mgon] ‘ S [m] ‘ Qf [mm] ‘ IFq ‘ IF, ‘ IP1 [mm] 1P5 [mm] IK{ [mm] 1K [mm)] T
1 3 50.000928 | 200.000 642 0.072 0.345 43.16 | 0.11 6.29 +0.166 1000 1.1 1.64 | 0.04 56.2 1.5 13.5 0.4 0.24
4 0.000072 149.999786 | —0.072 0.345 43.16 | 0.11 6.29 -0.166 1414 1.6 1.64 | 0.04 79.4 2.1 0.0 0.0 0.24
2 3 49.998487 | 249.999584 | —0.487 0.347 42.39 | 0.75 6.35 —-1.149 1414 10.8 1.75 | 0.32 81.2 14.7 0.9 0.2 1.64
4 399.999513 | 200.000611 0.487 0.347 42.39 | 0.75 6.35 +1.149 1000 7.6 1.75 | 0.32 57.4 10.4 14.5 2.6 1.64
3 1 0.000071 0.000642 | —0.071 0.302 56.42 | 0.09 5.50 -0.125 1000 1.1 1.76 | 0.04 37.7 0.9 10.8 0.2 0.21
2 49.999013 49.999584 | —0.013 0.277 63.30 | 0.02 5.19 -0.021 1414 0.3 0.95 | 0.00 42.3 0.2 4.7 0.0 0.04
4 99.996 916 99.997 488 0.084 0.320 51.18 | 0.12 5.78 +0.164 1000 1.3 2.27 | 0.06 44.3 1.3 18.8 0.5 0.26
Adjusted horizontal distances (No scale unknown)
Variance component: Q/O'(f = 0.550, r = 1.58, frg/ag =0.35, ag = 0.20%, kgG;,,w =7.18

in \ to \ §m \ € [em] \ |65 | fem] \ IR%) \ |wl \ |V em] \ V fem] \ IF \ IF, \ IP ] \ IP; mm] \ IK fmm] \ IK fmm] \ T,
1| 3| 1000.0231 | —0.314 | 0.409 | 203 | 0.7 | 9.2 | -1.550 |82 | 14| 73.2 12.4 73.2 12.4 | 1.53
4 | 1414.1952 | 0.476 | 0.360 | 38.0 | 0.8 | 6.7 | +1.253 | 53 | 1.0 | 41.6 7.8 41.6 7.8 | 1.69
2 | 3| 14142371 | 0.294 | 0.348 | 42.1 | 0.5 | 6.4 | +0.700 | 4.9 | 0.5 | 36.9 4.1 36.9 4.1 |0.99
4 | 999.9837 | —0.367 | 0.395 | 25.3 | 0.7 | 8.2 | -1.452|7.1 |13 | 61.4 10.8 61.4 10.8 | 1.60
3 | 4 | 1000.0005 | —0.050 | 0.376 | 32.4 | 0.1 | 7.3 | —0.153 | 6.0 | 0.1 | 49.1 1.0 49.1 1.0 | 0.19

(sy40M 19U ADUD]]) SYIO0MIIU [DUOISUIUIIP-OM] &



LOT

Adjusted directions (with scale unknown)

Variance component: Q/oZ = 0.493, r = 2.94, 62/0f = 0.17, ag = 0.53%, k., . = 4.28
in ‘ to ‘ F [gon] ‘ ?[gon] ‘ € [mgon] ‘ |5',2| [mgon] ‘ IR[%] ‘ |W| ‘ |V| [mgon] ‘ V [mgon] ‘ S [m] ‘ Qf [mm] ‘ IF; ‘ IF, ‘ 1P [mm] 1P [mm] IK{ [mm] 1K [mm)] T
1 4 0.000137 | 149.999581 —0.137 0.301 42.14 | 0.21 6.37 -0.325 1414 3.0 1.78 | 0.09 81.8 4.2 4.5 0.2 0.53
3 50.000863 | 200.000307 0.137 0.301 42.14 | 0.21 6.37 +0.325 1000 2.2 1.78 | 0.09 57.8 3.0 18.9 1.0 0.53
2 4 399.999608 | 200.001057 0.392 0.306 40.22 | 0.62 6.52 +0.974 1000 6.2 2.04 | 0.30 61.2 9.1 25.3 3.8 1.56
3 49.998392 | 249.999840 | —0.392 0.306 40.22 | 0.62 6.52 —-0.974 1414 8.7 2.04 | 0.30 86.5 12.9 7.5 1.1 1.56
3 1 399.999 765 0.000 307 0.235 0.322 34.07 | 0.40 7.08 +0.690 1000 3.7 4.04 | 0.39 73.3 7.1 41.1 4.0 1.02
2 49.999 298 49.999840 | —0.298 0.297 43.88 | 0.45 6.24 -0.680 1414 6.6 2.98 | 0.32 77.8 8.5 18.5 2.0 1.14
4 99.996 937 99.997 479 0.063 0.277 51.08 | 0.09 5.78 +0.124 1000 1.0 2.28 | 0.05 44 .4 0.9 18.8 0.4 0.22
Adjusted horizontal distances (with scale unknown)
Variance component: Q/O'g = 0.135, r = 1.06, 62/0(? =0.13, ag = 0.11%, vkE =10.24

0

aG,r,o0

in ‘ to ‘ Sm] ‘ € [em] ‘ |55 | [em] ‘ IR« ‘ |w]| ‘ | V| fem] ‘ V lem ‘ IF, ‘ IF, ‘ IP; [mm) ‘ 1P [mm] ‘ IK [mm] ‘ IK [mm] ‘ T,
1 3 | 1000.0215 | —0.150 | 0.368 13.8 | 0.4 11.1 —1.084 | 9.4 | 0.9 95.9 9.3 146.7 14.3 1.02
4 | 1414.1973 0.273 | 0.336 28.2 | 0.5 7.8 +0.971 | 5.1 | 0.6 55.9 7.0 6.3 0.8 1.30
2 3 | 1414.2404 | —0.042 | 0.365 15.0 | 0.1 10.7 -0.279 | 8.0 | 0.2 90.6 2.4 50.7 1.3 0.27
4 999.9819 | —0.190 | 0.359 17.8 | 0.5 9.8 —-1.068 | 8.1 | 0.9 80.6 8.8 129.0 14.1 1.14
3 4 999.9999 0.012 | 0.328 31.5 | 0.0 7.4 +0.039 | 5.4 | 0.0 50.5 0.3 63.2 0.3 0.06
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3 Two-dimensional networks (Planar networks)

Network graphs
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3 Two-dimensional networks (Planar networks)

Supplementary information

Observed directions 7 7
Observed distances 5 5
Orientation unknowns 3 3
Coordinate unknowns 4 4
Datum defect :03 4
Datum definition ¢ fix fix
Number of datum constraints : 4 4

Scale unknown : no yes
Type-I-error probability a; [%] (Baarda) ¢ 0.1 0.1
Type-I-error probability ag [%] (Baarda) ¢ 1.3 0.9
Power of test y [%] (Baarda) : 80.0 80.0
Test value ko]:;/z ¢ 3.29 3.29
x?-Noncentrality parameter A, ¢ 171 17.1
Type-I-error probability a; [%] (Pope) : 0.1 0.1
Critical value k,_ :2.2 2.0
Number of iterations (Max=20) : 3 3

Stop criterion (actual) © 1.1-10712 8.2-10712
Stop criterion (target) : 110710 1-10710
Redundancy r 5 4
Redundancy directions 1 342 2.94
Redundancy distances ¢ 1.58 1.06
Redundancy (Check) : 5.00 4.00
Weighted square sum of residuals Q [m?] : 1.04634-107*  6.27657 - 107
(a priori) standard deviation oy [m] : 1-1072 1-1072
(a posteriori) estimated standard deviation 6y [m] : 4.57458-107> 3.96124-1073
Ratio 64/ 09 : 0.4575 0.3961
Global test (67 /0?) :0.2093 0.1569
Critical value kﬁcmw ¢ 2.89 3.38
Number of outliers (Data snooping) 0 0
Number of outliers (r-criterion) 0 0

IX - X|| [cm] . 3.155 3.580
Trace coordinate covariance matrix, trf)} [cm?] ;0 0.96492 2.35207
Trace coordinate cofactor matrix, trQx : 4.61094 14.98953
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3 Two-dimensional networks (Planar networks)

3.4.2 Benning (2011), Ex. 8-5
Benning (2011): Statistik in Geodisie, Geoinformation und Bauwesen, Wichmann. Ex. 8-5, pp. 273

Available data files: [2D] Benning85_DistanceDirection_freex.x

Coordinates

Point name Easting x [m] ‘ Northing ym

1 0.0000 (D) | 1000.0000 (D)
2 1000.0000 (D) | 1000.0000 (D)
3 0.0000 (D) 0.0000 (D)
4 1000.0000 (D) 0.0000 (D)

Datum: free, (D)...Datum coordinate

Approximate orientations

Point name | wgon]

1 150
2 200
3 0

Horizontal distances

in ‘ to ‘ S [m] ‘ || (mm] ‘ pl-l

1| 3 | 1000.0200 10 1
4 | 1414.2000 10 1

2 3 1414.2400 10 1
4 999.9800 10 1

3 4 | 1000.0000 10 1

Directions

in ‘ to ‘ ¥ [gon] ‘ |O'| [mgon] p [m? /rad?] () [gon]

1 4 0.000 000 1 405 284.734 57 150
3 | 50.001 000 1 405 284.734 57

2| 4 0.000 000 1 405 284.73457 | 200
3 | 49.998 000 1 405 284.734 57

3 1 0.000 000 1 405 284.734 57 0
2 | 49.999 000 1 405 284.734 57
4 1 99.997 000 1 405 284.734 57
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3 Two-dimensional networks (Planar networks)

Design matrix Apmgonm -1 and reduced observation vector Aypmgn directions (1. iteration)

A X1 Y1 X2 Y2 X3 U3 X4 ' w1 W w3H Ay
ris4|31.8310 31.8310 0.0000 0.0000 0.0000 0.0000 —-31.8310 —31.8310 -1 0 0.00
ri3|63.6620 0.0000 0.0000 0.0000 —63.6620 0.0000 0.0000 0.0000 —1 0 1.00
ra4| 0.0000 0.0000 63.6620 0.0000 0.0000 0.0000 —63.6620 0.0000 0 -1 0 0.00
ra3| 0.0000 0.0000 31.8310 —31.8310 —31.8310 31.8310 0.0000 0.0000 0 -1 0 (| —2.00
rs1|63.6620 0.0000 0.0000 0.0000 —63.6620 0.0000 0.0000 0.0000 0 0 -1 0.00
rz2| 0.0000 0.0000 31.8310 —31.8310 —31.8310 31.8310 0.0000 0.0000 0 0 —1 (|—1.00
rz4| 0.0000 0.0000 0.0000 0.0000 0.0000 63.6620 0.0000 —63.6620 0 0 -1 ||—=3.00
Design matrix A and reduced observation vector Ay distances (1. iteration)
A X1 Y1 X2 Y2 x3 Ys x4 Ya H Ay
s13| 0.0000 1.0000 0.0000 0.0000 0.0000 —1.0000 0.0000 0.0000 2.000
S14|—0.7071 0.7071 0.0000 0.0000 0.0000 0.0000 0.7071 —0.7071 —1.356
S23| 0.0000 0.0000 0.7071 0.7071 —0.7071 —0.7071 0.0000 0.0000 2.644
S24| 0.0000 0.0000 0.0000 1.0000 0.0000 0.0000 0.0000 —1.0000 || —2.000
s34 | 0.0000 0.0000 0.0000 0.0000 —1.0000 0.0000 1.0000 0.0000 0.000
Matrix D'(; of datum constraints (1. iteration)
X1 Y1 X2 Y2 X3 Y3 Xg4 Ysg W1 W2 W3
1 0 1 0 1 0 1 00 0 O
DT 0 1 0 1 0 1 0 10 0 0
-500 =500 —500 500 500 —500 500 500 0 O O
Least squares solution AX{mmgon) (1. iteration)
‘ X1 Y1 X2 Y2 X3 Ys X4 Yq w1 w32 w3

A}T‘O.OOIS 0.0031 0.0135 —0.0014 —0.0076 —0.0184 —0.0077 0.0167 —0.267 1.738 0.831

Adjusted coordinates

Point name ‘

J%[m] _xA'—x[cm] ‘ |6'|[cm] ‘ g[ml

§ = Ytemt | 16 1emt | 62D ] 1em)

B W N

0.0018 0.180

1000.0135 1.346
—0.0076 | —0.757
999.9923 | —-0.769

Absolute error ellipses

in ‘ A[cm] ‘ B[cm] ‘ d)[gon]

1] 0.36 | 0.21 89.732 495
2 1 0.38 | 0.20 | 103.498 066
3 10.20 | 0.18 16.900 809
4 | 0.21 | 0.17 | 153.509110

0.354 | 1000.0031
0.382 999.9986
0.180 —0.0184
0.193 0.0167

Absolute confidence ellipses (1 — @ = 95%)

0.312
—0.142
—1.838

1.668

0.214
0.203
0.194
0.197

0.413
0.432
0.265
0.276

in ‘ A[cm] ‘ B[cm] ‘ ¢[gon]

1 ] 1.33 | 0.78 89.732 495
2 | 142 | 0.75 | 103.498 066
3 10.73 | 0.67 16.900 809
4 | 0.80 | 0.65 | 153.509110
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3 Two-dimensional networks (Planar networks)

Adjusted orientation unknowns

in 1) [gon] O—-w [mgon]

| 6' | [mgon]

1 | 149.999733
2 | 200.001738
3 0.000 831

—0.27
1.74
0.83

0.34
0.35
0.25

Network graph
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eIl

Adjusted directions

Variance component: Q/o7 = 0.493, r = 2.94, 6¢/0f = 0.17, ag = 0.53%, kf ., . = 4.28
in ‘ to ‘ 7 [gon] ‘ T\[gon] ‘ é [mgon] ‘ |5';.| [mgon] ‘ IR[%) ‘ |W| ‘ |V| [mgon] ‘ \Y [mgon] ‘ S [m] ‘ Qf [mm] ‘ IFq ‘ IF, ‘ IP1 [mm] 1P5 [mm] IK{ [mm] 1K [mm)] T
1| 4 0.000137 | 149.999870 | —0.137 0.301 42.14 | 0.21 6.37 —0.325 | 1414 3.0 1.78 | 0.09 81.8 4.2 1.7 0.1 0.53
3 50.000 863 | 200.000 596 0.137 0.301 42.14 | 0.21 6.37 +0.325 | 1000 2.2 1.78 | 0.09 57.9 3.0 14.5 0.7 0.53
2 | 4 | 399.999608 | 200.001 346 0.392 0.306 40.22 | 0.62 6.52 +0.974 | 1000 6.2 2.04 | 0.30 61.2 9.1 20.2 3.0 1.56
3 49.998392 | 250.000130 | —0.392 0.306 40.22 | 0.62 6.52 -0.974 | 1414 8.7 2.04 | 0.30 86.5 12.9 0.2 0.0 1.56
30 1 | 399.999765 0.000 596 0.235 0.322 34.07 | 0.40 7.08 +0.690 | 1000 3.7 4.04 | 0.39 73.3 7.1 40.1 3.9 1.02
2 49.999298 | 50.000130 | —0.298 0.297 43.88 | 0.45 6.24 —0.680 | 1414 6.6 2.98 | 0.32 77.8 8.5 24.9 2.7 1.14
4 99.996 937 | 99.997 768 0.063 0.277 51.08 | 0.09 5.78 +0.124 | 1000 1.0 2.28 | 0.05 44.4 0.9 15.4 0.3 0.22
Adjusted horizontal distances
Variance component: Q/ag = 0.135, r = 1.06, 6'5/0'3 =0.13, ag = 0.11%, kgG;,’oo =10.24

in ‘ to ‘ S[m] ‘ € [cm] ‘ |65 | [em] ‘ IR %) ‘ |w] ‘ | V] iem) ‘ V fem] ‘ IF; ‘ IF, ‘ IP; [mm] ‘ IP; [mm] ‘ IK [mm] ‘ IK; [mm] ‘ T,
1 3 | 1000.0215 | —0.150 | 0.368 13.8 | 0.4 11.1 —1.084 | 10.3 | 1.0 95.9 9.3 95.9 9.3 1.02
4 | 1414.1973 0.273 | 0.336 28.2 | 0.5 7.8 +0.971 6.6 | 0.8 55.9 7.0 55.9 7.0 1.30
2 3 | 1414.2404 | —0.042 | 0.365 15.0 | 0.1 10.7 -0.279 9.8 | 0.3 90.6 2.4 90.6 2.4 0.27
4 999.9819 | —0.190 | 0.359 17.8 | 0.5 9.8 —1.068 8.9 | 1.0 80.6 8.8 80.6 8.8 1.14
3 4 999.9999 0.012 | 0.328 31.5 | 0.0 7.4 +0.039 6.1 | 0.0 50.5 0.3 50.5 0.3 0.06
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3 Two-dimensional networks (Planar networks)

Supplementary information

Observed directions 7

Observed distances 5

Orientation unknowns 3

Coordinate unknowns 8

Datum defect 3

Datum definition free

Number of datum constraints 3
Type-I-error probability o [%] (Baarda) 0.1
Type-I-error probability ag [%] (Baarda) 0.9

Test value koI:rL/Z 3.29
x?-Noncentrality parameter A, 17.1
Type-I-error probability a, [%] (Pope) 0.1

Critical value k;,_ 2.0

Number of iterations (Max=20) 3

Stop criterion (actual) 7.3-1071
Stop criterion (target) 1-1071°
Redundancy r 4
Redundancy directions 2.94
Redundancy distances 1.06
Redundancy (Check) 4.00
Weighted square sum of residuals Q [m?] 6.27657 - 107
(a priori) standard deviation ¢y [m] 1-1072

(a posteriori) estimated standard deviation &y [m] 3.96124 - 1073
Ratio 6y/ 09 0.3961

Global test (62/0?) 0.1569 (k% ., . =3.38)
Number of outliers (Data snooping) 0

Number of outliers (7-criterion) 0

IX = X|| [em] 3.047

Trace coordinate covariance matrix, trf)‘( [cm?] 0.50375
Trace coordinate cofactor matrix, trQy 3.21033
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3 Two-dimensional networks (Planar networks)

3.4.3 Carosio A (1983)

Carosio A (1983): Verfahren der multivariaten Statistik zur Beurteilung der Resultate und der Zu-
verlassigkeit geodatischer Messsysteme. Institut fiir Geodésie und Photogrammetrie. ETH Ziirich,
Mitteilungen Nr. 35, pp. 65-71

Available data files: [2D] Carosio_DistanceDirection_fixs.x

Coordinates

Point name Easting x [m| ‘ Northing ym]

A —1000.0000 (D) | 100.0000 (D)
B 100.0000 1000.0000

C 1000.0000 (D) | 100.0000 (D)
P 100.0000 (D) 0.0000 (D)

Datum: fix, (D)...Datum coordinate

Horizontal distances

in ‘ to ‘ S[m] ‘ || (mm] ‘ Pl

B | A | 1421.2730 10 1
C | 1272.7993 10 1
P | 1000.0098 10 1

Directions

in ‘ to ‘ T [gon] ‘ | o | (mgon] P [m?/rad?] @ [gon]

A|B 56.344 760 5 16211.389 38 0.000171
P | 105.771590 5 16211.389 38

B | C | 150.000340 5 16211.389 38 0.000 008
P | 199.999 980 5 16211.389 38
A | 256.344760 5 16 211.389 38

C | P | 292.955340 5 16211.38938 | 399.999 831
B | 350.000 340 5 16 211.389 38

P | C 92.955 340 5 16211.389 38 0.000 007
A | 305.771590 5 16211.389 38
B | 399.999980 5 16211.389 38
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3 Two-dimensional networks (Planar networks)

Design matrix Apmgonm -1 and reduced observation vector Aypmgn directions (1. iteration)

A xa Ya XB ys xc yo Xp yp  wa wp wc wp| Ay
rap|—28.3642 34.6674 28.3642 —34.6674  0.0000  0.0000  0.0000 0.0000 -1 0 0 0 |/ -0.17
rap 5.2182 57.4001 0.0000 0.0000 0.0000 0.0000 -—5.2182 -57.4001 -1 0 O O 0.17
rBC 0.0000 0.0000 35.3678 35.3678 —35.3678 —35.3678 0.0000 0.0000 0 -1 0 O 0.35
r'Bp 0.0000 0.0000 63.6620 0.0000 0.0000 0.0000 —63.6620 0.0000 0 -1 0 0 ||—-0.01
rpA | —28.3642 34.6674 28.3642 —34.6674 0.0000 0.0000 0.0000 0.0000 0 -1 0 0 ||—-0.34
rcp 0.0000 0.0000 0.0000 0.0000 7.7637 —69.8729 -7.7637 69.8729 0 0 -1 0 || —-0.17
rcB 0.0000 0.0000 35.3678 35.3678 —35.3678 —35.3678 0.0000 0.0000 0 0 -1 0 0.17
rpC 0.0000 0.0000 0.0000 0.0000 7.7637 —69.8729 -7.7637 69.8729 0 0 0 -1 0.00
rpA 5.2182 57.4001 0.0000 0.0000 0.0000 0.0000 —5.2182 -57.4001 0 0 0 -1 0.01
rPB 0.0000 0.0000 63.6620 0.0000 0.0000 0.0000 —63.6620 0.0000 0 0 0 -1 ||-0.01
Design matrix A and reduced observation vector Aymm distances (1. iteration)
A XA ya XB yB xc yc xp yp H Ay
spa | —0.7740 —0.6332 0.7740 0.6332 0.0000 0.0000 0.0000 0.0000 || 5.96
sgc | 0.0000 0.0000 —0.7071 0.7071 0.7071 —-0.7071 0.0000 0.0000 || 7.09
sgp | 0.0000 0.0000 0.0000 1.0000 0.0000 0.0000 0.0000 —1.0000 | 9.80
Matrix D'(; of datum constraints

XA YA XB YB XC Yc Xp Yp WA WB WC Wp

1 0 0 0 0 0OO O 0 0 0 O

o 1 0 0 0 O 0O O O O O O
DT o 0 0 061 0 0 0O O O O O

o 0 0 001 OO0 O 0 0 O

o 0 0 0 0 061 0 0 0 0 O

o 0 0 00001 0 0 0 O
Least squares solution Axfmmgon) (1. iteration)

‘ XA Ya XB YB Xc Yyc Xp yp WA wB wc wp

A}T‘O.OOOO 0.0000 —0.0003 0.0098 0.0000 0.0000 0.0000 0.0000 —0.173 —0.010 0.168 —0.006

Adjusted coordinates

Point name ‘

X [m]

| % = Xfen | 6] 1em |

7 [m]

| G = ytom | 18]tem | [82p] tem

B |99.9997 | —0.028 | 0.001 | 1000.0098 | 0.978 | 0.001 | 0.002

Absolute error ellipses

in ‘ Almm] ‘ Bmm] ‘

¢ lgon]

B | 0.01 | 0.01 | 99.329716
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in ‘ A[mm] ‘ B[mm] ‘

¢ lgon]

B | 0.04 | 0.03 | 99.329716

Absolute confidence ellipses (1 — a = 95%)



LTT

Adjusted orientation unknowns

in C?) [gon] C:) — (U [mgon] ‘ |6'| [mgon]
A | 399.999997 —0.17 5.1073
B | 399.999 998 —-0.01 41073
C | 399.999 999 0.17 5.1073
P 0.000 001 —-0.01 4.1073

Adjusted directions

Variance component: Q/c¢ = 0.000, r = 5.98, §,

0

2

/o¢ =0.00, ag

=1.76%,

kE =2.56

agG;r,o

mn ‘ to ‘ 7 [gon] ‘ T\[gon] ‘ é [mgon] ‘ |5',2| [mgon] ‘ IR[%) ‘ |W| ‘ |V| [mgon] ‘ \Y [mgon] ‘ S [m] ‘ Qf [mm] ‘ IF, ‘ IF, ‘ IP1 [mm] I1P5 [mm] IK{ [mm] 1K [mm)] T
B A 256.344 758 | 256.344757 0.002 0.004 66.34 | 0.00 25.37 +0.002 1421 0.0 0.29 | 0.00 190.6 0.0 0.6 0.0 0.30
P 199.999984 | 199.999 982 —0.004 0.004 66.51 0.00 25.33 —-0.006 1000 0.1 0.20 | 0.00 133.3 0.0 1.9 0.0 0.71
C 150.000 338 150.000 336 0.002 0.004 66.39 | 0.00 25.36 +0.003 1273 0.0 0.27 | 0.00 170.4 0.0 0.9 0.0 0.42
P B 399.999 981 399.999 982 —0.001 0.004 66.02 | 0.00 25.43 —-0.002 1000 0.0 0.41 0.00 135.7 0.0 3.9 0.0 0.26
C 92.955 342 92.955 343 —0.002 0.004 66.51 0.00 25.33 —-0.003 906 0.0 0.20 | 0.00 120.7 0.0 0.0 0.0 0.31
A 305.771587 | 305.771588 0.003 0.004 66.51 0.00 25.33 +0.005 1105 0.1 0.20 | 0.00 147.2 0.0 0.0 0.0 0.56
A B 56.344 759 56.344 757 0.001 0.005 49.87 | 0.00 29.26 +0.001 1421 0.0 0.21 0.00 327.5 0.0 1.8 0.0 0.11
P 105.771 591 105.771 588 —0.001 0.005 49.87 | 0.00 29.26 —0.001 1105 0.0 0.21 0.00 254.5 0.0 0.0 0.0 0.11
C P 292.955343 292.955 343 —0.003 0.005 49.82 | 0.00 29.27 -0.007 906 0.0 0.25 | 0.00 208.9 0.0 0.0 0.0 0.68
B 350.000337 | 350.000 336 0.003 0.005 49.82 | 0.00 29.27 +0.007 1273 0.1 0.25 | 0.00 293.7 0.1 2.1 0.0 0.68
Adjusted horizontal distances
: . 2 _ — A2 )2 _ — F —
Variance component: Q/og = 0.000, r = 1.02, 65/0y = 0.00, ag = 0.10%, ky., o = 10.60

in ‘ to ‘ $(m] ‘ €lem] | |0

[em] ‘ IR ‘ |w]

|V|[cm] ‘ §[cm] ‘ IFl ‘ IFZ

\ IP; [mm] \ IP; [mm) \ IK [mm] \ IK [mm) \ T;

B | A | 1421.2730 | —0.002 | 0.001
C | 1272.7993 | —0.002 | 0.001
P | 1000.0098 0.002 | 0.001

25.0
29.5
47.8

0.0 8.3
0.0 7.6
0.0 6.0

—0.006
—0.006
+0.005

7.1 1 0.0
6.4 | 0.0
431 0.0

61.9
53.6
31.2

0.0
0.0
0.0

61.9
53.6
31.2

0.0
0.0
0.0

2.32
2.40
2.35
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3 Two-dimensional networks (Planar networks)

Network graph

1100 I

A Benchmark
® New Point (approx.)
® New Point (adj.)

1000 —

900 [~

800 -

700 -

600 -

500 -

400 -

Northing [m]

300 [~
200 [~
100 [~

or

0.01 mm
Error Ellipses

F

| | I |

-100 I | 1 | I
-1100 -900 -700 -500 -300 -100

100 300 500 700 900
Easting [m]

Supplementary information (Adjustment Program Version: V21)

Observed directions 10

Observed distances 3

Orientation unknowns 4

Coordinate unknowns

Datum defect

Datum definition fix

Number of datum constraints 6
Type-I-error probability ay [%] (Baarda) 0.1
Type-I-error probability ag [%] (Baarda) 2.3

Test value k({:’L/Z 3.29
x2-Noncentrality parameter A 17.1
Type-I-error probability a, [%] (Pope) 0.1

Critical value k;,_ 24

Number of iterations (Max=20) 3

Stop criterion (actual) 1.8-1071
Redundancy r 7
Redundancy directions 5.98
Redundancy distances 1.02
Weighted square sum of residuals Q [m?] 1.29735 - 1077
(a priori) standard deviation oy [m] 1-1072

(a posteriori) estimated standard deviation 6y [m] 1.36138 - 107>
Ratio 6y/ 09 0.0014

Global test (62/0?) 2107 (k.00 =2.32)
Number of outliers (Data snooping & z-criterion) 0

IX = X|| [cm] 0.978

Trace coordinate covariance matrix, trf)} [cm?] 2.63-107°
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3 Two-dimensional networks (Planar networks)

3.5 Fix Distance-Direction network

Jéger R et al (2005): Klassische und robuste Ausgleichungsverfahren. Wichmann, Heidelberg, pp.

241

Coordinates

Point name | Easting x m] ‘ Northing 1/ [m]

A 410.7800 (D) | 380.1300 (D)
B 1183.4600 (D) | 1762.6700 (D)
C 2077.0300 (D) | 433.3800 (D)
D 1207.5700 (D) | 124.6300 (D)
N 1175.1500 997.7200

Datum: fix, (D)...Datum coordinate

Approximate orientations

Point name ‘ @ [gon]

N \ 63.561000 0

Horizontal distances

in \ to \ S [m] \ |07 mm \ P lrad?/m?]

N|A 982.6900 1 6.16850-107°
B 765.0000 1
C | 1063.8900 1

Directions

in ‘ to ‘ T [gon] ‘ |O'| [mgon] p[—] ‘ @ [gon]

N | A [193.174900 | 0.500 1 |63.561000
B |337.130400 | 0.500
C | 72.034400| 0.500
D | 134.075800 | 0.500

Design matrix Apmgonm1 and reduced observation vector Aymgon directions (1. iteration)

A \ XA Ya xB yB xc yc xD YD XN YN

oON H Ay

rN,A | —40.7144 50.3908  0.0000  0.0000 0.0000 0.0000 0.0000  0.0000  40.7144 -50.3908
'N,B 0.0000  0.0000 83.2139 -—0.9040 0.0000 0.0000 0.0000  0.0000 -83.2139 0.9040
'N,C 0.0000  0.0000 0.0000 0.0000 -31.7414 -50.7263 0.0000  0.0000 31.7414  50.7263
'N,D 0.0000  0.0000 0.0000  0.0000 0.0000 0.0000 -72.8153 -—2.7038  72.8153 2.7038

119

-1
-1
-1
-1

—0.48
—0.16

0.12
—0.36



3 Two-dimensional networks (Planar networks)

Design matrix A and reduced observation vector Aymm horizontal distances (1. iteration)

A XA Ya XB Y xc Yyc Xp Yn XN || Ay

sna | —0.7778 —0.6285 0.0000 0.0000 0.0000 0.0000 0 O 0.7778  0.6285 0.37
sng | 0.0000 0.0000 0.0109 0.9999 0.0000 0.0000 0 0 -—0.0109 —0.9999 4.86
snc | 0.0000 0.0000 0.0000 0.0000 0.8477 —-0.5304 0 0 —0.8477 0.5304 || —2.46

Matrix D'(j of datum constraints (1. iteration)

XA Ya X Ys Xc Yc Xp Ynp XN YN WN

0

DT

S O O O O O O =
S O O O O O~ O
SO O O O O = O O
S O O O = O O O
S O O r O O O O
S O = O O O O O
S = O O O O O©O O©
SO O O O o o o o
S O O O O o o o
SO O O O o o o o

= O O O O © O

Least squares solution Axmmmen (datum parameters removed, 1. iteration)

‘ XN YN WN

Ax" \ 1.764 —3.478 0.2435

Adjusted coordinates

Point name \ X [m] \ X — X fmm] \ || fmmy \ ¥ ] \ J — Y fmm] \ |6 fmm) \ |G2D | [mm]
N | 11751518 | 1.764 | 1.081 | 997.7165 | —3.478 | 0.975 | 1.456
Absolute error ellipses Absolute confidence ellipses (1 — o = 95%)
in‘ A[cm] ‘ B[cm] ‘ ¢[gon] ln‘ A[cm] ‘ B[cm] ‘ ¢[gon]
N | 0.108 | 0.097 | 109.448 377 N | 0.404 | 0.362 | 109.448 377

Adjusted orientation unknowns

in ‘ 1)) [gon] ‘ o — (0 [mgon] |5'| [mgon]

N | 63.561243 | 024 | 032
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Adjusted directions

Variance component: Q/of = 2.290, r = 2.95, 6¢/0f = 0.78, ag = 0.53%, kf ., . = 4.27

in ‘ to ‘ f[gon] ‘ ?[gon] é[mgon] ‘ |5’;| [mgon] IR [%] ‘ |W| ‘ |V| [mgon] §[mgon] S [m] ‘ Qf [mm] ‘ IFl ‘ IFZ ‘ IPl [mm] ‘ Ipz [mm] ‘ IKl [mm] ‘ IKZ [mm] ‘ TT

N | A |193.175381 | 256.736 624 | —0.481 | 0.322 | 74.17 | 1.12 2.40 |—-0.648| 983 | 7.4 |0.44|0.12 9.6 2.6 0.3 0.1 0.88
B | 337.130 168 0.691412 | 0.232| 0.335 |72.17]0.55 2.43 | 4+0.321| 765| 2.8 |0.82]0.11 8.1 1.1 0.7 0.1 0.43
C | 72.033917 | 135.595161 | 0.483| 0.321 |74.35|1.12 240 |+0.649|1064| 8.1 |0.39(0.10| 10.3 2.8 0.3 0.1 0.88
D | 134.076 034 | 197.637277 | —0.234| 0.323 |74.05|0.54| 2.40 |-0.316| 874 | 3.2 |0.470.06 8.6 1.1 0.4 0.1 0.43

Adjusted horizontal distances

Variance component: Q/ag = 4.152, r = 1.05, Erg/crg =3.94, ag = 0.11%, kgG;,,w =10.33

in ‘ to ‘ S[m]

1

Eimm) | 163 tmo) | IR | [l | V] imm) | Vi | IFy | IFy | Py o) | P o | TKCy ) | IR oum | T

[\

!

N|A| 982.6888 |1.186| 1.025 |34.8 | 2.0
B | 764.9986 |1.405| 0.974 |41.0|2.2
C | 1063.8891 [ 0.879 | 1.066 | 29.4 | 1.6

7.0 | +3.405 (5.7 | 2.7
6.4 | +3.422|5.0|2.6
7.6 | +2.990|6.4]2.5

4.6
3.8
5.4

2.2 4.6 2.2 1.58
2.0 3.8 2.0 1.73
2.1 5.4 2.1 1.28
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3 Two-dimensional networks (Planar networks)

Network graph
1800 : | 5
2.5mm
Error Ellipses
1600 - .
1400 - .
1200 .
E 1000 - .
2
%
S 800 ! .
|
600 - " ,
|
3
400 | .
A 1
'.
200 { A Benchmark ll s
® New Point (approx.) k D
® New Point (adj.)
%00 400 600 800 1000 1200 1400 1600 1800 2000 2200
Easting [m]
Supplementary information
Observed directions 4
Observed distances 3
Orientation unknowns 1
Coordinate unknowns 2
Datum defect 3
Datum definition fix
Number of datum constraints 8
Type-I-error probability a; [%] (Baarda) 0.1
Type-I-error probability ag [%] (Baarda) 0.9
Test value kY 3.29
ar /2
x*-Noncentrality parameter A, 17.1
Type-I-error probability a, [%] (Pope) 0.1
Critical value k;,_ 2.0
Number of iterations (Max=20) 3
Stop criterion (actual) 7.2-1071
Redundancy r 4
Redundancy directions 2.95
Redundancy distances 1.05
Weighted square sum of residuals Q [mgon?] 1.6104
(a priori) standard deviation oy [mgon] 0.5
(a posteriori) estimated standard deviation &, [mgon] 0.63452
Ratio 64/ 09 1.2690
Global test (62/0?) 1.6104 (k.. ., =3.38)
Number of outliers (Data snooping & z-criterion) 0
IX — X]|| [cm] 0.390
Trace coordinate covariance matrix, trX.5 [cm?] 0.021187
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3 Two-dimensional networks (Planar networks)

3.5.1 Niemeier W (2008)

Niemeier W (2008): Ausgleichungsrechnung, 2. Auflage. Walter de Gruyter, pp. 156-162/278-281

Available data files: [2D] Niemeier_DistanceDirection_fix:.x

Coordinates

Point name

‘ID‘ Easting x m ‘ Northing ym

104
106
113
280
7108
7110

10
01
11
28
Z1
02

40 686.7920 (D)
41932.8380 (D)
42242.2310 (D)
40 350.8460 (D)
40 759.4000
41373.0000

27 816.1000
27 904.0000

26 816.1430 (D)
28 872.5520 (D)
27 492.0070 (D)
28 835.9790 (D)

Datum: fix, (D)...Datum coordinate

Horizontal distances

in \ to \ S [m] \ |o| tmm] \ Plm?]
Z1 | 10 | 1002.5980 5 40 000
11 | 1517.8620 5 40 000
28 | 1098.6430 5 40 000
02 | 10 | 1286.2150 5 40 000
01 | 1118.6890 5 40000
11 | 961.9110 5 40 000
Z1 | 619.9050 5 40 000
Directions
in ‘ to ‘ 7 [gon] ‘ | o | mgon] Plirad?] @ [gon]
Z1 | 11 | 108.599 400 0.5 1.62114-101° 5.100 049
10 | 199.513100 0.5 1.62114-10%
28 | 370.644 400 0.5 1.62114-10%
02 | 01 | 35.414600 0.5 1.62114-10'° | 397.949322
11 | 130.227 800 0.5 1.62114-10%
10 | 237.876 300 0.5 1.62114-10%
Z1 | 292.994 300 0.5 1.62114-10%°

Design matrix Apmgonm1 and reduced observation vector Aymgon directions (1. iteration)

A \ X10 Y10 X01 Yo1 X11 Y1 X28 Y28 X71 Yz1 X02 Yo2 wz1 W02 \ \ Ay
rz1,11 0.0000  0.0000  0.0000 0.0000  —8.9557 —40.9753  0.0000  0.0000 8.9557  40.9753 0.0000 0.0000 -1 0 0.67
rzi,10 | —63.3308  4.5985  0.0000 0.0000 0.0000 0.0000  0.0000  0.0000 63.3308 —4.5985 0.0000 0.0000 -1 0 -1.32
r71,.28 0.0000  0.0000  0.0000 0.0000 0.0000 0.0000 53.7894 21.5475 —53.7894 —21.5475 0.0000 0.0000 -1 0 0.65
702,01 0.0000  0.0000 49.2684 —28.4779 0.0000 0.0000  0.0000  0.0000 0.0000 0.0000 —49.2684  28.4779 0 -1 -1.16
702,11 0.0000  0.0000  0.0000 0.0000 —28.3457 —59.8043  0.0000  0.0000 0.0000 0.0000 28.3457  59.8043 0 -1 —0.37
ro2,10 | —41.8633 26.4069  0.0000 0.0000 0.0000 0.0000  0.0000  0.0000 0.0000 0.0000 41.8633 —26.4069 0 -1 —0.23
702,71 0.0000  0.0000  0.0000 0.0000 0.0000 0.0000  0.0000  0.0000 —14.5638 101.6653 14.5638 —101.6653 0 -1 1.76
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3 Two-dimensional networks (Planar networks)

Design matrix Ay and reduced observation vector Aywm distances (1. iteration)

A ‘ x10 Y10 X01 Yo1 X11 Y11 x28 Y28 x71 yz1 x02 Yoz H Ay

sz1,10 | —0.0724 —0.9974 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0724 0.9974  0.0000  0.0000 0.839
sz1,11 | 0.0000  0.0000 0.0000 0.0000 0.9769 —0.2135 0.0000 0.0000 —0.9769 0.2135 0.0000 0.0000 2.668
sz1,28 | 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 —0.3719 0.9283 0.3719 -0.9283  0.0000 0.0000 || —2.417
S02,10 | —0.5335 —0.8458 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.5335 0.8458 1.351
S02,01 | 0.0000 0.0000 0.5004 0.8658 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 —0.5004 —0.8658 || —2.078
S02,11 | 0.0000  0.0000 0.0000 0.0000 0.9036 —0.4283 0.0000 0.0000 0.0000 0.0000 —0.9036  0.4283 || —1.455
So2,z1 | 0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 —0.9899 -0.1418 0.9899 0.1418 4.101

Matrix D'y of datum constraints

X10 Y10 Xo1 Yo1 X11 Y11 X28 Y28 X7z1 Yzi Xo2 Yo2 Wz1 Wo2

1 0 0 0 0 0 0 0 O O O o0 o0 o
o 1 0 o O O O O O O o o o0 o
o 0 1.0 0 O O O O O O o0 o0 o0
DT o o0 o0 1 0 O O O O O o o o0 o
o o0 0 o 1 0 O O O O O O o0 o
o 0 0 0 0 1 0 O O O O o0 o0 O
o o o0 o0 o0 o0 1 0 O O O o0 o0 o
o o0 0 o 0 O O 1 O O O o0 o0 o
Least squares solution AX{mmgon) (1. iteration)
‘ Xz1 Yz1 X02 Yo2 Wz1 W02
Ax' ‘ —0.0231 0.0166 0.0193 0.0042 —0.060 0.636
Adjusted coordinates
ID ‘ X [m] ‘ X — X[em] ‘ |G| [em] ‘ 0 [m] ‘ U — Ylem] ‘ |G| (cm] ‘ | 62D | [em]
Z1 | 40759.3769 | —2.307 0.313 | 27816.1166 1.664 0.301 0.434
02 | 41373.0193 1.927 0.312 | 27904.0042 0.421 0.289 0.425
Absolute error ellipses Absolute confidence ellipses (1 — a = 95%)
in ‘ A[cm] ‘ B[cm] ‘ ¢[gon] in ‘ A[cm] ‘ B[cm] ‘ ¢[gon]
Z1 | 0.33 | 0.29 59.231558 Z1 | 0.98 | 0.85 59.231558
02 | 0.32 | 0.28 | 134.379098 02 | 0.97 | 0.82 | 134.379098
Adjusted orientation unknowns
in ‘ QA) [gon] ‘ d) — (J [mgon] |6'| [mgon]
71 5.099989 —0.06 0.28
02 | 397.949 958 0.64 0.25
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1Al

Adjusted directions

3 . 2 _ — A2 2 _ F —
Variance component: Q/og = 3.426, r =3.78, 65/0y = 0.91, ag = 0.81%, ky.r.c0 = 3.53
in ‘ to ‘ f[gon] ‘ T[gon] ‘ é[mgon] ‘ |&;| [mgon] ‘ IR[%) ‘ |W| ‘ |V| [mgon] ‘ §[mg0n] ‘ S [m] ‘ Qf [mm] ‘ IFq ‘ IF, ‘ IP1 [mm] I1P) [mm] IK{ [mm] IK9 [mm)] T
Z1 28 370.644 695 | 375.744 685 —0.295 0.351 47.25 | 0.86 3.01 —-0.625 1099 5.1 2.65 | 0.55 27.4 5.7 8.9 1.8 0.89
10 199.512 942 204.612932 0.158 0.331 53.19 | 0.43 2.83 +0.297 1003 2.5 2.08 | 0.22 20.9 2.2 6.6 0.7 0.45
11 108.599 262 113.699 252 0.138 0.300 61.49 | 0.35 2.63 +0.224 1518 3.3 1.20 | 0.10 24.2 2.1 3.8 0.3 0.36
02 01 35.414 295 33.364 254 0.305 0.330 53.32 | 0.83 2.83 +0.571 1119 5.4 2.63 | 0.53 23.2 4.7 8.3 1.7 0.86
Z1 | 292.993783 | 290.943742 0.517 0.380 38.29 | 1.67 3.34 +1.350 620 5.0 4.05 | 1.64 20.1 8.1 14.4 5.8 1.73
10 | 237.876592 | 235.826550 | —0.292 0.285 65.31 | 0.72 2.56 —0.447 | 1286 5.9 1.59 | 0.28 17.9 3.1 4.7 0.8 0.75
11 | 130.228329 | 128.178288 | —0.529 0.309 59.04 | 1.38 2.69 —0.897 962 8.0 2.15 | 0.72 16.6 5.5 5.6 1.9 1.43
Adjusted horizontal distances
3 . 2 _ — A2 )2 _ _ F —
Variance component: Q/oy = 4.046, r = 4.22, 6;/0y = 0.96, ag = 0.98%, kO{G;r’oo =3.25
in ‘ to ‘ $[m] ‘ € [cm] ‘ |CAT§|[cm] ‘ IR[%] ‘ |W| ‘ |V|[cm] ‘ V [em] ‘ IF; ‘ IF, ‘ IPq [mm] ‘ 1Py [mm] ‘ IK{ [mm] IK5 [mm] T
Z1 | 10 | 1002.6045 | —0.653 0.304 60.4 1.7 2.7 -1.081 | 3.3 | 1.4 10.5 4.3 10.5 4.3 1.74
11 1517.8614 0.059 0.304 60.4 0.2 2.7 +0.098 3.3 0.1 10.5 0.4 10.5 0.4 0.16
28 1098.6431 -0.014 0.289 64.3 0.0 2.6 —0.022 3.1 0.0 9.2 0.1 9.2 0.1 0.04
02 10 1286.2153 | —0.033 0.275 67.5 0.1 2.5 —0.049 2.9 0.1 8.2 0.2 8.2 0.2 0.08
01 1118.6965 -0.749 0.275 67.5 1.8 2.5 -1.110 2.9 1.3 8.2 3.6 8.2 3.6 1.89
11 961.9099 0.106 0.323 55.3 0.3 2.8 +0.191 3.7 0.3 12.4 0.9 12.4 0.9 0.29
Z1 619.9041 0.086 0.353 46.7 0.3 3.0 +0.185 4.4 0.3 16.1 1.0 16.1 1.0 0.26
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3 Two-dimensional networks (Planar networks)

Network graph

29000

5mm

Error Ellipses. 106
280‘\
28500
25000 \/\ < F

é" Z110 9\
27500 A
/ 113
27000 l/
104
® New Point (approx.)
® New Point (adj.)

26500 -
40000 40500 41000 41500 42000 42500

Easting [m]

Northing [m]

A Benchmark

Supplementary information

Observed directions 7
Observed distances 7
Orientation unknowns 2
Coordinate unknowns 4

Datum defect 3

Datum definition o fix
Number of datum constraints : 8
Type-I-error probability o, [%] (Baarda) ;0.1
Type-I-error probability ag [%] (Baarda) ;2.8

Test value ko]jL/z :3.29
x%-Noncentrality parameter A, : 1741
Type-I-error probability a, [%] (Pope) ;0.1
Critical value kj,_ : 25
Number of iterations (Max=20) :0 3

Stop criterion (actual) : 3.4-10712
Redundancy r : 8
Redundancy directions ;378
Redundancy distances :4.22
Weighted square sum of residuals Q [-] : o 7.47148
(a priori) standard deviation oy [-] |

(a posteriori) estimated standard deviation 6o [[] : 9.66403 - 107!
Ratio 6y /0y : 0.9664
Global test (6Z/0Z) : 09339 (kL. 00 =2.15)
Number of outliers (Data snooping & z-criterion) : 0

IX = X|| [em] . 3.461
Trace coordinate covariance matrix, trig [cm?] : 0.36896

126



3 Two-dimensional networks (Planar networks)

3.5.2 Wolf (1979), Ex. 113.4-2, with one non-linear external restriction

Wolf W (1979): Ausgleichungsrechnung II. Diimmlers, pp. 273

Available data files: [2D] Wolf_Direction_fix_with_conds.x

Coordinates

Point name

Easting x [m]

‘ Northing ym]

T OmMEHOO W >

182 581.4700 (D)
184292.4900 (D)
185 487.6800 (D)
184 601.0600 (D)
182710.8300 (D)
180 714.5000 (D)
182275.7100

183 716.6300

923 429.2900 (D
923313.5300 (D
921829.1200 (D
920 342.3100 (D
920 499.6900 (D
921400.7000 (D
921801.5700

921 800.0400

— — — — ~— —

Datum: fix, (D)...Datum coordinate

External restriction(s)

VGG — xm)? + (yo — yn)? = 1440.60m

Correlated horizontal distances with covariance matrix X [em?]

in ‘ to ‘ S [m] ‘ E-G C-H
E | G| 1372.4500 | +9.0000000 +7.2000000
C | H | 1771.4200 | +7.2000000 +9.000 0000
Directions
in ‘ to ‘ ¥ [gon] ‘ |O'| [mgon] p[—] ‘ (0 [gon] in ‘ to ‘ ¥ [gon] ‘ |O'| [mgon] p [-1 ‘ (0 [gon]
A|H 0.000000| 1.400 1 [161.259577 E|F 0.000000| 1.400 1 |326.989718
G| 50.562000| 1.400 1 G| 52.477000| 1.400 1
F| 86.100000| 1.400 1 H|114.923000| 1.400 1
B|C 0.000000| 1.400 1 |156.844 984 D [178.298 000| 1.400 1
H| 66.299000| 1.400 1 FlA 0.000000| 1.400 1 47.360 274
A | 147.457000| 1.400 1 G| 36.639000| 1.400 1
C|D 0.000000| 1.400 1 |234.231796 G|H 0.000000| 1.400 1 |100.068 847
H| 64.723000| 1.400 1 E| 79.398000| 1.400 1
B |122.613000| 1.400 1 F | 183.928 000 | 1.400 1
D|E 0.000000| 1.400 1 |305.290 468 H|B 0.000000| 1.400 1 23.145 669
H| 59.989000| 1.400 1 C| 75.807000| 1.400 1
C|128.942000| 1.400 1 G |276.924000| 1.400 1

Design matrix Apmgonm -1 and reduced observation vector Aymgn directions (1. iteration)

Too large to be displayed !
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3 Two-dimensional networks (Planar networks)

Design matrix Ay and reduced observation vector Ay horizontal distances (1. iteration)

A ‘XA YA XB Y XC Yyc XD Yp XE Ye XFUF XG Yy XH YH H Ay
SEg| 0 0 0 0 0.0000 0.0000 0 0 0.3170 —0.9484 0 0 —0.3170 0.9484 0.0000 0.0000||—0.2193
scu| 0 0 0 0 0.9999 0.0164 0 0O 0.0000 0.0000 0 0 0.0000 0.0000 —0.9999 —0.0164|| 0.1313

Matrix B" of external restrictions and inhomogeneity ¢ (datum parameters and orientation
unknowns removed, 1. iteration)

| ¥ yG X i |«

BT ‘ —2881.84000 3.06000 2881.84000 —3.06000 H 924.427 30

Least squares solution Ax(mmgn (datum parameters removed, 1. iteration)

‘ XG YG XH YH WA WB e WD WE WF WG WH

A}T‘15.779 —8.128 —16.303 —12.482 0.0127 1.4151 —1.4631 —2.5405 0.9273 2.3297 4.1146 0.5982

Adjusted coordinates

Point name ‘ X [m] ‘ X — X [em] ‘ |G| (em] ‘ 0 [m] ‘ U — Y[em) ‘ |G| (em] ‘ | 62D | tem]
G 182275.8678 15.781 | 4.561 | 921801.4887 —8.128 | 4.576 6.461
H 183716.4670 | —16.305 | 4.562 | 921799.9152 | —12.484 | 5.630 7.246
Absolute error ellipses Absolute confidence ellipses (1 — a = 95%)
in ‘ A[cm] ‘ B[cm] ‘ ¢[gon] in ‘ A[cm] ‘ B[cm] ‘ ¢[gon]
G| 5.34 | 3.64 | 150.287 708 G |14.49| 9.87 | 150.287 708
H | 5.79 | 4.35 | 176.835 350 H | 15.72 | 11.82 | 176.835350

Adjusted orientation unknowns

in @ [gon] @ — Wmgon] | |G| [mgon]
A | 161.259590 0.01 2.58
B | 156.846399 1.42 2.46
C | 234.230333 —1.46 2.47
D | 305.287 927 —-2.54 2.44
E | 326.990 646 0.93 2.25
F 47.362 603 2.33 3.07
G | 100.072 962 4.12 2.63
H 23.146 268 0.60 2.61
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6¢1

Adjusted directions
Variance component: Q/O'g = 115.068, r = 13.87, &g/ag = 8.30, ag = 6.55%,

kE =1.62

aG;r,®

(sy40M 19U ADUD]]) SYIO0MIIU [DUOISUIUIIP-OM] &

in ‘ to ‘ 7 [gon] ‘ T[gon] ‘ € [mgon] ‘ |64 | (mgon] | IR[%) ‘ |w] ‘ | V| imgon) ﬁ[mgon] ‘ S[m] ‘ Qf (mm] ‘ IF; ‘ IF, ‘ IP; [mm] ‘ IP; [mm] ‘ IK [mm] ‘ IK; [mm] ‘ T,

A|H 0.006 561 | 161.266 151 | —6.561 2.482 | 63.56 | 5.88 7.26 | —10.322* | 1986 | 204.6 | 0.91| 1.30 82.5 | 117.3 10.5 14.9 | 2.00
G| 50.554740|211.814330 | 7.260 | 2.578 |60.71]6.66 7.42 | +11.9594#| 1656 | 188.9 | 1.29| 2.08 75.9 | 122.2 20.0 32.1 | 2.27
F | 86.100699 | 247.360289 | —0.699 | 2.576 |60.77 | 0.64 7.42 —1.150 | 2757 30.3 [ 1.29]0.20| 126.1 19.5 0.0 0.0 [0.22

B | C|399.998396 | 156.844 795 1.604 | 2.464 |64.09 | 1.43 7.23 +2.502 | 1906 48.0 | 0.83 | 0.29 77.7 26.9 0.0 0.0 |0.49
H| 66.303470 | 223.149869 | —4.470 | 2.717 |56.35 | 4.25 7.71 —7.933" | 1620 | 113.7 | 1.77 | 1.82 85.6 88.1 30.3 31.2 |1.45
A | 147.454 134 | 304.300 533 2.866 | 2.464 |64.09] 2.56 7.23 +4.473 | 1715 77.2 10.83]0.51 69.9 43.3 0.0 0.0 [0.87

C|D 0.001472 | 234.231805 | —1.472 | 2.469 |63.96|1.31 7.23 —2.302 | 1731 40.0 | 0.85 0.27 70.9 22.6 0.0 0.0 [0.45
H| 64.720065 | 298.950398 | 2.935| 2.732 |55.86|2.80 7.74 +5.254 | 1771 81.7 | 1.82 | 1.23 95.1 64.5 34.9 23.7 10.95
B | 122.614 463 | 356.844795 | —1.463 | 2.469 |63.96 | 1.31 7.23 —2.287 | 1906 43.8 | 0.85| 0.27 78.0 24.7 0.0 0.0 [0.44

D|E 0.000353 | 305.288 280 | —0.353 | 2.437 |64.89|0.31 7.18 —0.544 | 1897 10.5 | 0.68 | 0.05 75.1 5.7 0.0 0.0 [0.11
H| 59.986769 | 365.274697 | 2.231 2.616 |59.55|2.06 7.50 +3.746 | 1705 59.7 [ 1.43]0.71 81.2 40.6 21.4 10.7 |0.70
C | 128.943878 | 34.231805|—1.878 | 2.437 |64.89]1.66 7.18 —-2.894 | 1731 51.1 [ 0.68]0.28 68.6 27.6 0.0 0.0 |0.57

E | F|399.999617 | 326.990263 | 0.383 | 2.246 |70.17|0.33 6.91 +0.546 | 2190 13.2 | 1.08 | 0.09 70.9 5.6 0.0 0.0 [0.11
G| 52.480787 |379.471433 | —3.787 | 2.346 | 67.46|3.29 7.04 —5.613* | 1373 | 81.6 |1.38|1.10 49.4 39.4 17.7 14.1 | 1.12
H|114.919962 | 41.910608 | 3.038 | 2.445 |64.66|2.70 7.19 +4.699 | 1644 78.4 | 1.65 | 1.08 65.6 42.9 29.5 19.3 [0.92
D | 178.297 634 | 105.288280 | 0.366 | 2.246 |70.17 | 0.31 6.91 +0.521 | 1897 10.9 | 1.08 | 0.08 61.4 4.6 0.0 0.0 [0.11

F | A|399.997686 | 47.360289 | 2.314| 3.068 |44.33|2.48 8.69 +5.220 | 2757 | 100.2 | 1.48|0.89 | 209.5 | 125.9 0.0 0.0 [0.85
G| 36.641314| 84.003917 | —2.314| 3.068 |44.33|2.48 8.69 —5.220 | 1612 58.6 [ 1.480.89| 122.5 73.6 25.0 15.0 |0.85

G | H |399.996575 | 100.069537 | 3.425| 3.161 |40.90|3.83 9.05 +8.373" | 1441 77.5 [ 3.2813.04| 121.0 | 112.0 54.0 50.0 |[1.30
E | 79.398470 | 179.471433 | —0.470 | 2.728 |56.00 | 0.45 7.73 —0.840 | 1373 10.1 | 1.80 | 0.20 73.3 8.0 19.7 2.1 ]0.15
F | 183.930955 | 284.003917 | —2.955 | 2.963 |48.08 | 3.04 8.34 —6.145 | 1612 74.8 | 2.57 | 1.89 | 109.7 80.8 35.5 26.2 |1.04

H|B 0.003601 | 23.149869 | —3.601 2.668 |57.92|3.38 7.60 —6.217" | 1620 91.6 | 1.61|1.31 81.4 66.6 24.3 19.9 |1.15
C | 75.804130 | 98.950398 | 2.870| 2.966 |47.99|2.96 8.35 +5.981 | 1771 79.9 [ 2.581.85| 120.9 86.6 42.0 30.1 1.01
G | 276.923 269 | 300.069537 | 0.731 3.382 [32.3810.92| 10.17 +2.257 | 1441 16.5 | 4.25]10.94| 155.6 34.5 71.5 15.9 |0.31

Adjusted horizontal distances
Variance component: Q/O'g = 14.360, r = 1.13, 63/0'3 =12.71, ag = 0.12%, kflG;r’w =9.69

in \ to \ ${m \ €[cm] \ |65 tem] | IR [ \ |wl \ | V| cm] \ V fem \ IF \IFz \IP1 [mm] \ IP; [mm) \ IK [mm] \ IK [mm] \ T;

E | G| 1372.5422 | —9.217 | 5.052 |47.8 | 4.4 | 17.9 | —19.296" | 7.7 |8.3| 93.7 100.8 93.7 100.8 | 1.51

C|H|1771.4538 | —3.381 | 4.544 | 65.2 |1.4| 154 —-5.186 |6.3|2.1| 53.5 18.1 53.5 18.1 | 0.48




3 Two-dimensional networks (Planar networks)

Network graph
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Supplementary information

186000

Observed directions 24
Observed distances 2
Orientation unknowns 8
Coordinate unknowns 4
Datum defect 3
Datum definition fix
Number of datum constraints 12
Number of external restrictions 1
Type-I-error probability a; [%] (Baarda) 0.1
Type-I-error probability ag [%] (Baarda) 7.3
Test value kz]):[L/Z 3.29
x%-Noncentrality parameter A, 17.1
Type-I-error probability a; [%] (Pope) 0.1
Critical value k,_ 2.9
Number of iterations (Max=20) 4

Stop criterion (actual) 7.9-1071
Redundancy r 15
Redundancy directions 13.87
Redundancy distances 1.13
Weighted square sum of residuals Q [mgon?] 253.68
(a priori) standard deviation ¢y [mgon] 14

(a posteriori) estimated standard deviation &, [mgon] 4.1124
Ratio 6/ 0y 2.9374
Global test (62/02) 8.6286 (k5 ;.o =1.57)

Number of outliers (Data snooping)
Number of outliers (z-criterion)

IX ~X|| [em] )
Trace coordinate covariance matrix, trXz [cm?]
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7 (Remove outliers or scale standard
deviations by the factor 2.94)

0
27.144
94.246



3 Two-dimensional networks (Planar networks)

3.5.3 Losler (2010), Deformation Analysis Epoch 1

http://diegeodaeten.de/deformationsanalyse.html

Coordinates

Point name ‘ ID ‘ Easting x [m] ‘ Northing ym]

100
101
102
103
104
105
106
107
108
109
110
1001
1002
1003
1004
1005
1006

A

B
C
D
E
F
G
H
I
J
K
L
M
N
0
P
Q

100.0000 (D)
100.6757 (D)
101.2010 (D)
101.5761 (D)
101.8012 (D)
101.8762 (D)
101.8012 (D)
101.5761 (D)
101.2010 (D)
100.6757 (D)
100.0000 (D)
159.1474 (D)
156.8485 (D)
238.1704 (D)
346.2164 (D)
276.3888 (D)
215.7566 (D)

200.0000 (D)
215.0000 (D)
230.0000 (D)
245.0000 (D)
260.0000 (D)
275.0000 (D)
290.0000 (D)
305.0000 (D)
320.0000 (D)
335.0000 (D)
350.0000 (D)
222.2700 (D)
331.4654 (D)
369.9712 (D)
316.2355 (D)
197.2700 (D)
278.3045 (D)

Datum: free, (D)

Horizontal distances

...Datum coordinate

in \ to \ $ [m] \ |oc | tmm) \ loa| -1 \ |o| tmm] \ Ply/m?]

L | A | 63.2013 2 2.0-107° | 2.004 | 249005.37
B | 58.9214 2 2.0-107° | 2.003 | 249135.07
C | 58.4595 2 2.0-107° | 2.003 | 249148.53
D | 61.8952 2 2.0-107° | 2.004 | 249045.90
E 68.6409 2 2.0-107% | 2.005 | 248827.63
F | 77.8486 2 2.0-107° | 2.006 | 248494.03
G | 88.7493 2 2.0-107° | 2.008 | 248046.28
H | 100.7917 2 2.0-107° | 2.010 | 247485.80
I | 113.6167 2 2.0-107° | 2.013 | 246813.94
J | 126.9908 2 2.0-107° | 2.016 | 246032.32
K | 140.7605 2 2.0-107° | 2.020 | 245142.86
M | 109.2188 2 2.0-107° | 2.012 | 247052.97
N | 167.5110 2 2.0-107° | 2.028 | 243176.48
O | 209.3428 2 2.0-107° | 2.043 | 239503.88
P | 119.8798 2 2.0-107° | 2.014 | 246458.11
Q 79.6491 2 2.0-107% | 2.006 | 248424.00
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3 Two-dimensional networks (Planar networks)

Horizontal distances (continued)

in | to| s | |oclmn | logler | lolme | prme
M | A | 143.2314 2 2.0-107% | 2.020 | 244974.30
B | 129.3022 2 2.0-107% | 2.017 | 245888.97
C | 115.7251 2 2.0-107° | 2.013 | 246 696.17
D | 102.6172 2 2.0-107% | 2.011 | 247394.86
E | 90.2077 2 2.0-107% | 2.008 | 247982.06
F | 78.8056 2 2.0-107% | 2.006 | 248 457.00
G | 689164 2 2.0-107° | 2.005 | 248818.25
H | 61.2814 2 2.0-107% | 2.004 | 249064.66
I | 56.8134 2 2.0-107% | 2.003 | 249195.66
J | 56.2817 2 2.0-107° | 2.003 | 249210.59
K | 59.7921 2 2.0-107° | 2.004 | 249109.41
L | 109.2203 2 2.0-107% | 2.012 | 247052.89
N | 89.9763 2 2.0-107% | 2.008 | 247992.32
O | 189.9824 2 2.0-107° | 2.036 | 241291.01
P | 179.7175 2 2.0-107% | 2.032 | 242178.04
Q | 79.3451 2 2.0-107% | 2.006 | 248 435.94
N | L | 167.5118 2 2.0-107% | 2.028 | 243176.42
M | 89.9779 2 2.0-107% | 2.008 | 247992.25
O | 120.6707 2 2.0-107% | 2.015 | 246411.89
P | 176.8830 2 2.0-107% | 2.031 | 242415.40
Q | 94.3705 2 2.0-107% | 2.009 | 247793.21
O | L | 209.3439 2 2.0-107% | 2.043 | 239503.78
M | 189.9795 2 2.0-107% | 2.036 | 241291.26
N | 120.6693 2 2.0-107° | 2.015 | 246411.98
P | 137.9435 2 2.0-107% | 2.019 | 245331.73
Q | 135.8594 2 2.0-107% | 2.018 | 245469.18
P | L | 119.8765 2 2.0-107% | 2.014 | 246 458.30
M | 179.7162 2 2.0-107° | 2.032 | 242178.15
N | 176.8830 2 2.0-107° | 2.031 | 242415.40
O | 137.9460 2 2.0-107% | 2.019 | 245331.56
Q | 101.2071 2 2.0-107% | 2.010 | 247 465.24
Q| A | 139.749 2 2.0-107% | 2.019 | 245211.04
B | 131.3432 2 2.0-107° | 2.017 | 245760.38
C | 124.3213 2 2.0-107% | 2.015 | 246 194.86
D | 118.9397 2 2.0-107% | 2.014 | 246512.67
E | 115.4172 2 2.0-107% | 2.013 | 246713.50
F | 113.9317 2 2.0-107° | 2.013 | 246796.48
G | 114.5552 2 2.0-107% | 2.013 | 246761.77
H | 117.2583 2 2.0-107% | 2.014 | 246 609.24
I | 121.9085 2 2.0-107° | 2.015 | 246338.99
J | 128.2867 2 2.0-107° | 2.016 | 245952.25
K | 136.1610 2 2.0-107% | 2.018 | 245449.41
L | 79.6521 2 2.0-107% | 2.006 | 248423.89
M | 79.3488 2 2.0-107° | 2.006 | 248435.79
N | 94.3634 2 2.0-107% | 2.009 | 247793.53
O | 135.8615 2 2.0-107% | 2.018 | 245469.05
P | 101.2092 2 2.0-107% | 2.010 | 247 465.14
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3 Two-dimensional networks (Planar networks)

Directions
in \ to \ 7 [gon] \ |o¢| imgon) | |0 | (mm) \ SoD [m] \ |0 (mgon] Pl/rac?] @ [gon]
L | A |139.560860| 0.300 0.500 63 0.586 | 11793176097 | 137.513 851
B | 154.611270 | 0.300 0.500 59 0.618 | 10613956777
C [170.928520 | 0.300 0.500 58 0.622 10486 708 807
D | 186.425120 | 0.300 0.500 62 0.595 11433534020
E | 199.533320 | 0.300 0.500 69 0.552 | 13287084135
F | 209.860030 | 0.300 0.500 78 0.507 | 15758526206
G |217.759490 | 0.300 0.500 89 0.468 | 18536076 622
H | 223.781790 | 0.300 0.500 101 0.436 | 21360193475
1 |228.414450| 0.300 0.500 114 0.410 | 24054049 266
J 1232.024540 | 0.300 0.500 127 0.391 | 26519170335
K | 234.878 150 | 0.300 0.500 141 0.376 | 28715535943
M |261.146130 | 0.300 0.500 109 0.418 | 23167408 652
N | 293.761350 | 0.300 0.500 168 0.355 | 32137808339
0O |332.852130 | 0.300 0.500 209 0.336 | 35827909428
P | 375.861150 | 0.300 0.500 120 0.401 | 25250424816
Q| 312.810420 | 0.300 0.500 80 0.500 | 16230859426
M| A | 76.980240| 0.300 0.500 143 0.373 | 29075791411 | 149.003 092
B | 79.606520 | 0.300 0.500 129 0.388 | 26911276430
C | 82.932490| 0.300 0.500 116 0.407 | 24465039628
D | 87.206050 | 0.300 0.500 103 0.432 | 21764979052
E | 92.781260| 0.300 0.500 90 0.463 18 893403 814
F | 100.143620 | 0.300 0.500 79 0.503 16 009 654 402
G |109.897640 | 0.300 0.500 69 0.551 13361352157
H | 122.568 600 | 0.300 0.500 61 0.600 | 11264248 849
I |138.061060| 0.300 0.500 57 0.636 | 10034970621
J 1154.997740 | 0.300 0.500 56 0.640 | 9888881072.0
K |171.061480 | 0.300 0.500 60 0.611 10854105872
L | 49.656370| 0.300 0.500 109 0.418 | 23167408 652
N | 322.843660 | 0.300 0.500 90 0.464 | 18837257797
O | 356.106 060 | 0.300 0.500 190 0.344 | 34324950405
P 4.669630 | 0.300 0.500 180 0.348 | 33392366892
Q 397.735240 | 0.300 0.500 79 0.501 16 151728 428
N | L [277.236490 | 0.300 0.500 168 0.355 | 32137808339 | 354.038 795
M| 317.808310 | 0.300 0.500 90 0.464 | 18837257797
O | 175.342270 | 0.300 0.500 121 0.399 | 25396 688 341
P |232.096610 | 0.300 0.500 177 0.350 | 33115524017
Q |261.227730 | 0.300 0.500 94 0.451 19 888 544 810
O | L |[311.358320| 0.300 0.500 209 0.336 | 35827909428 | 359.007 932
M| 346.100970 | 0.300 0.500 190 0.344 | 34324950405
N | 370.373130 | 0.300 0.500 121 0.399 | 25396 688 341
P [ 274782260 | 0.300 0.500 138 0.378 | 28292805910
Q 1322.978890 | 0.300 0.500 136 0.381 | 27971652078
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3 Two-dimensional networks (Planar networks)

Directions (continued)

in|to| rieen | |0c] tmgon | [0a] tmml | S2p 1 | |0 tmgon

P

Pl1/rad?] @ [gon]

232.310220 | 0.300 0.500 120 0.401 | 25250424816 | 81.064176
272.608370 | 0.300 0.500 180 0.348 | 33392366892
305.071020 | 0.300 0.500 177 0.350 | 33115524017
352.726 300 | 0.300 0.500 138 0.378 | 28292805910
278.041 660 | 0.300 0.500 101 0.435 | 21452839501

67.960300 | 0.300 0.500 140 0.377 | 28565993288 | 194.176 987

73.806770 | 0.300 0.500 131 0.386 | 27249093343

80.418940 | 0.300 0.500 124 0.394 | 26054389 280

87.754900 | 0.300 0.500 119 0.402 | 25075852052

95.683770 | 0.300 0.500 115 0.408 | 24405642459
103.975820 | 0.300 0.500 114 0.410 | 24115264734
112.334200 | 0.300 0.500 115 0.409 | 24237905974
120.445080 | 0.300 0.500 117 0.405 | 24759420142
128.045360 | 0.300 0.500 122 0.398 | 25622226 821
134.964 960 | 0.300 0.500 128 0.389 | 26 740 254 055
141.126 270 | 0.300 0.500 136 0.380 | 28018194411

56.147310 | 0.300 0.500 80 0.500 | 16230859426
152.560700 | 0.300 0.500 79 0.501 | 16151728428
221.089920 | 0.300 0.500 94 0.451 | 19888544810
287.810140 | 0.300 0.500 136 0.381 | 27971652078
364.928570 | 0.300 0.500 101 0.435 | 21452839501

HOZZ2Z R—=—~T O EHOOWXRNOOZZ

Design matrix Apmgonm1 and reduced observation vector Aymgon directions (1. iteration)

Too large to be displayed !

Design matrix Ay and reduced observation vector Aymm horizontal distances (1. iteration)

Too large to be displayed !

Matrix D'() of datum constraints (1. iteration)

Too large to be displayed !

Least squares solution AX{omm) (1. iteration)

‘ XA Ya XB YB xc Yc XD YD XE YE

A/;CT‘—O.323 —-0.066 0.105 0.251 -0.072 -0.145 0.572 0.128 0.160 0.114

Least squares solution A}[mm] (continued)

‘ XF Yr XG YG XH YH X1 U1 X] Y

A}T\o.363 —0.240 —0.163 0.418 —0.248 0.406 0.462 —0.464 0.324 —0.318
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3 Two-dimensional networks (Planar networks)

Least squares solution A/\.x[mm] (continued)

‘ XK YK XL YL XM YMm XN YN X0 Yo

A}T‘O.ZB —-0.058 -0.115 0.086 —0.528 -0.299 -0.354 0.286 0.195 0.052

Least squares solution Axpmmmgn; (continued)

‘ Xxp yp XQ YQ wL, WM WN wo wp wQ

A}T‘—O.156 —-0.233 -0.436 0.081 0.0210 -0.1162 -—0.1168 0.0005 0.0200 —0.0596

Adjusted coordinates

ID | & | &= X0 | 6]l | G § = Yo | |6]tm) | 620
A | 999997 | -0.323 | 0.659 | 199.9999 | —0.066 | 0.544 | 0.855
B | 100.6758 |  0.105 | 0.633 | 215.0003 | 0.251 | 0.455 | 0.779
C | 101.2009 | —0.072 0.589 | 229.9999 | —0.145 0.401 0.713
D | 101.5767 | 0.572 | 0.545 | 245.0001 | 0.128 | 0.387 | 0.668
E | 101.8013 | 0.160 | 0.514 | 260.0001 | 0.114 | 0.389 | 0.645
F | 101.8765 | 0.363 | 0.502 | 274.9998 | —0.240 | 0.391 | 0.637
G | 101.8010 | —0.163 0.510 | 290.0004 0.418 0.388 0.641
H | 101.5759 | —0.248 | 0.538 | 305.0004 | 0.406 | 0.383 | 0.661
I |101.2015 | 0.462 | 0.583 | 319.9995 | —0.464 | 0.390 | 0.702
J | 100.6760 0.324 0.633 | 334.9997 | -0.318 0.434 0.767
K | 100.0002 |  0.213 | 0.665 | 349.9999 | —0.058 | 0.521 | 0.845
L | 159.1473 | —0.115 | 0.271 | 222.2701 | 0.086 | 0.198 | 0.336
M | 156.8480 | —0.528 | 0.264 | 331.4651 | —0.299 | 0.193 | 0.328
N | 238.1700 | -0.354 0.385 | 369.9715 0.286 0.327 0.505
O | 346.2166 |  0.195 | 0.467 | 316.2356 | 0.052 | 0.300 | 0.555
P | 276.3887 | —0.156 | 0.418 | 197.2698 | —0.233 | 0.329 | 0.532
Q | 215.7561 | —0.436 | 0.249 | 278.3046 | 0.081 | 0.211 | 0.326

Adjusted orientation unknowns

in @ [gon] @ — Wmgon] | |G| [mgon]
L | 137.513872 0.02 0.14
M | 149.002976 -0.12 0.14
N | 354.038 678 -0.12 0.20
O | 359.007 932 0.00 0.19
P 81.064 196 0.02 0.20
Q | 194.176 928 —0.06 0.12
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3 Two-dimensional networks (Planar networks)

Absolute error ellipses

in | Apmn | Broml | @ eom
A | 0.77 | 0.38 | 60.068766
B | 0.68 | 0.37 | 70.201036
C | 0.61 | 0.38 | 80.781269
D | 0.55 | 0.38 | 89.857344
E | 0.51 | 0.39 | 95.641228
F| 050|039 | 98.111958
G| 0.51 | 0.39 | 100.371 226
H | 0.54 | 0.38 | 105.880 420
I]0.59]0.37 | 115.043785
J 1 0.67 | 0.37 | 126.142094
K| 0.76 | 0.38 | 136.990 855
L | 0.27 | 0.20 | 101.576 793
M| 0.27 | 0.19 | 88.917 884
N | 0.41 | 0.29 | 65.568 605
O | 0.47 | 0.30 | 90.525525
P | 0.43 | 0.31 | 124.987 114
Q] 0.25 | 0.21 | 94.744747
Network graph
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Absolute confidence ellipses (1 — a = 95%)

in | Apmn | Bloml | @ eom

A 191 0.94 | 60.068766
B | 1.70 | 0.93 | 70.201036
C | 1.51 | 0.94 | 80.781269
D | 137 | 0.95 | 89.857344
E | 1.28 | 0.97 | 95.641228
F | 125|097 | 98.111958
G | 1.27 | 0.97 | 100.371 226
H| 1.34 | 0.95 | 105.880420
I | 1.48 | 0.93 | 115.043785
J | 1.67 | 0.93 |126.142094
K | 1.88 | 0.94 | 136.990 855
L | 0.67 | 0.49 | 101.576 793
M| 0.66 | 0.47 | 88.917884
N | 1.03 | 0.72 | 65.568 605
O] 1.17 | 0.74 | 90.525525
P | 1.08 | 0.77 | 124.987 114
Q062|052 | 94.744747

I I I
Deformation Analysis Epoch 1

T
*  New Point (approx.)
* New Point (adj.)

Error Ellipses
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LET

Adjusted directions

Variance component: Q = 14.776, r = 32.60, 62 = 0.45, ag = 18.09%, kgc;m =1.22
in ‘ to ‘ 7 [gon] f[gon] ‘ € [mgon] ‘ | 67| imgon] | IR %) ‘ |w] ‘ | V| imgon] §[mgon] S [m] ‘ Qf tmm] ‘ IF, ‘ IF, ‘ IP; (mm] ‘ IP5 (mm] ‘ IK [mm] ‘ IK [mm] ‘ T,
L | A|139.561382|277.075254 | —0.522 | 0.429 |31.43|1.59| 4.32 —-1.660| 63| 0.5 |5942.28 2.9 1.1 2.8 1.1 1.80
B | 154.611371 | 292.125243 | —0.101 | 0.461 28.56 | 0.30 4.78 —-0.352 | 59 0.1 6.39 | 0.47 3.2 0.2 3.0 0.2 0.34
C [170.928512 | 308.442384 | 0.008 | 0.472 |26.20|0.03 5.02 +0.031| 58 0.0 6.78 | 0.04 3.4 0.0 3.3 0.0 0.03
D | 186.425174 | 323.939046 | —0.054 | 0.454 | 25.45|0.18 4.88 —-0.213 | 62 0.1 6.90 | 0.30 3.5 0.2 3.5 0.2 0.20
E | 199.533262 | 337.047134| 0.058| 0.419 |26.27|0.21 4.45 +0.222 | 69| 0.1 6.73 1 0.34 3.5 0.2 3.5 0.2 0.23
F | 209.859526 | 347.373397 | 0.504| 0.380 |27.97|1.88 3.96 +1.804 | 78 0.6 6.40 | 2.92 3.5 1.6 3.4 1.6 2.13
G | 217.759372 | 355.273244 | 0.118 | 0.346 |29.75|0.46 3.54 +0.397 | 89 0.2 6.09 | 0.68 3.5 0.4 3.4 0.4 0.52
H | 223.781970 | 361.295842 | —0.180 | 0.319 |31.21|0.74| 3.22 —-0.576 | 101 0.3 |5.83]1.04 3.5 0.6 3.3 0.6 0.84
I |228.414396 | 365.928268 | 0.054 | 0.297 |32.73]0.23 2.96 +0.166 | 114 | 0.1 5.59]0.31 3.6 0.2 3.3 0.2 0.26
J | 232.024877 | 369.538 748 | —0.337 | 0.277 |35.62|1.44 2.71 —0.945 | 127 0.7 5.19 | 1.81 3.5 1.2 3.1 1.1 1.63
K | 234.878 202 | 372.392074 | —0.052 | 0.256 |40.75|0.22 2.43 —-0.127 | 141 0.1 4.60 | 0.24 3.2 0.2 2.7 0.1 0.24
M| 261.145841 | 398.659713 | 0.289| 0.189 |73.940.80 2.01 +0.391 {109 | 0.5 |2.09]0.41 0.9 0.2 0.7 0.1 0.91
N | 293.761171 | 31.275043| 0.179| 0.171 70.14 | 0.60 1.75 +0.255 | 168 0.5 2.2110.32 1.4 0.2 0.7 0.1 0.68
O | 332.852215| 70.366087 | —0.085| 0.176 | 64.82|0.31 1.73 —0.131 | 209 0.3 2.5210.19 2.0 0.2 0.8 0.1 0.35
P | 375.860929 | 113.374801 | 0.221| 0.239 |54.47 |0.75 2.24 +0.406 | 120 0.4 |3.44|0.62 1.9 0.3 1.2 0.2 0.85
Q| 312.810741 | 50.324613 | —0.321| 0.228 | 73.36|0.75 2.41 —0.438 | 80 0.4 2.2410.41 0.8 0.1 0.6 0.1 0.85

(sy40M 19U ADUD]]) SYIO0MIIU [DUOISUIUIIP-OM] &
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Adjusted directions (continued)

in \ tO\ 7 [gon] T gonl \ € [mgon] ‘|5'f|[mg0n] IRz \ |w| \IVI[mgonl V fmgon] | $[m) \ Qf[mm]‘ IF; \ IF, \IPl [mml‘lpz[mm]‘IKl [mml\IKz[mml\ T;
M| A | 76.980008 | 225.982984 | 0.232| 0.252 |41.48|0.97 2.40 +0.559 | 143 0.5 4.51|1.05 3.2 0.7 2.7 0.6 1.09
B | 79.606473 | 228.609449 | 0.047 | 0.274 |36.29/0.20| 2.66 |+0.130|129| 0.1 |5.10(0.25| 3.4 0.2 3.1 0.1 |0.23
C| 82.932467 |231.935443| 0.023| 0.294 [33.08|0.10| 2.92 |+0.071|116| 0.0 |5.53|0.13| 3.6 0.1 3.3 0.1 |0.11
D | 87.206001 | 236.208977 | 0.049 | 0.316 |31.37]0.20 3.18 +0.156 | 103 0.1 5.80|0.28 3.5 0.2 3.3 0.2 0.23
E | 92.781092|241.784068 | 0.168| 0.342 [29.96|0.66| 3.50 |+0.562| 90| 0.2 [6.04|0.97| 3.5 0.6 3.3 0.5 [0.75
F | 100.143 669 | 249.146 645 | —0.049 | 0.377 |28.25|0.18| 3.91 |-0.172| 79| 0.1 |6.35|0.28| 3.5 0.2 3.4 0.1 |0.21
G | 109.897 887 | 258.900 863 | —0.247 | 0.417 |26.51|0.87| 4.42 |-0.932| 69| 0.3 |6.68|1.41| 3.5 0.7 3.5 0.7 10.99
H | 122.568777 | 271.571753 | —=0.177 | 0.458 | 25.46|0.58 4.91 —-0.695| 61 0.2 6.90 | 0.98 3.5 0.5 3.5 0.5 0.66
I |138.060989 | 287.063966 | 0.071| 0.483 |25.90|0.22| 5.16 |+0.272| 57| 0.1 |6.84|0.36| 3.4 0.2 3.3 0.2 |0.25
J | 154.997 655 | 304.000631 | 0.085| 0.480 |28.12]0.25| 4.99 |[+0.302| 56| 0.1 |6.46|0.39| 3.2 0.2 3.1 0.2 |0.28
K | 171.061720 | 320.064696 | —0.240 | 0.448 |31.14|0.70| 4.52 |—-0.771| 60| 0.2 |5.99[1.02| 2.9 0.5 2.8 0.5 [0.80
L | 49.656736 | 198.659713 | —0.366 | 0.193 |72.75|1.03| 2.03 |—0.504[109| 0.6 |2.17]0.54| 0.9 0.2 0.8 0.2 |1.16
N [322.843902 | 71.846878 | —0.242 | 0.269 |56.99|0.69| 2.54 |—0.425| 90| 0.3 |3.33]0.56| 1.5 0.3 1.1 0.2 |0.78
O | 356.105882 | 105.108858 | 0.178 | 0.186 |62.27 [0.66| 1.80 |+0.286|190| 0.5 |2.72]0.43| 2.0 0.3 0.9 0.1 |0.74
P 4.669765 | 153.672741 | —0.135| 0.174 | 68.15|0.47 1.74 —0.198 | 180 0.4 2.3110.26 1.6 0.2 0.8 0.1 0.53
Q| 397.734885 | 146.737861 | 0.355| 0.232 |72.53|0.83| 2.43 |+0.489| 79| 0.4 [2.30/0.46| 0.8 0.2 0.7 0.1 |0.94
N | L | 277.236365 | 231.275043 | 0.125| 0.183 |65.96|0.44| 1.81 |+0.190|168| 0.3 |1.54|0.16| 1.6 0.2 0.3 0.0 |0.49
M | 317.808 200 | 271.846 878 | 0.110| 0.259 |59.99|0.31| 2.47 |+0.184| 90| 0.2 [2.69[0.20| 1.4 0.1 0.8 0.1 |0.35
O | 175.342440 | 129.381118 | —0.170 | 0.251 |49.38|0.60| 2.35 |—0.344[121| 0.3 |3.27(0.48| 2.3 0.3 1.3 0.2 [0.68
P | 232.096468 | 186.135147 | 0.142| 0.194 | 60.46 | 0.52 1.86 +0.234 | 177 0.4 1.98 | 0.25 2.0 0.3 0.8 0.1 0.59
Q | 261.228056 | 215.266735 | —0.326 | 0.218 |70.16 | 0.86 | 2.23 |—0.465| 94| 0.5 |1.88/0.39| 1.0 0.2 0.7 0.1 |0.98
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Adjusted directions (continued)

in \ tO\ 7 [gon] T fgon) \ € [mgon] ‘|5'f|[mg0n] IR7) \ |w| \IVI[mgmﬂ V fmgon] | $m) \ Qf[mm]‘ IF; \ IF, \IanmﬂIPz[mmﬂIKl [mm]\IKz[mml\ T;
O | L [311.358155]270.366087 | 0.165| 0.162 |70.27|0.59| 1.66 |+0.235[209| 0.5 |1.22]0.17| 1.6 0.2 0.1 0.0 |0.66
M | 346.100 926 | 305.108 858 | 0.044 | 0.165 |70.30|0.15| 1.69 |+0.063[190| 0.1 |1.31]0.05| 1.5 0.1 0.2 0.0 |0.17
N | 370.373 186 | 329.381118 | —0.056 | 0.229 |57.85(0.18 | 2.17 |—0.096|121| 0.1 |2.74|0.12| 1.7 0.1 1.2 0.1 |0.21
P | 274.782235 | 233.790167 | 0.025| 0.225 |54.74|0.09 2.11 +0.046 | 138 0.1 2.88 1 0.06 2.1 0.0 1.3 0.0 0.10
Q |322.979131 | 281.987063 | —0.241 | 0.177 |72.26 |0.74| 1.85 |—0.333|136| 0.5 |1.48|0.27| 1.1 0.2 0.4 0.1 |0.84
P | L |232.310605 | 313.374801 | —0.385 | 0.224 [60.11|1.24| 2.14 |—-0.640{120| 0.7 [2.50|0.75| 1.6 0.5 0.7 0.2 |1.40
M | 272.608 545 | 353.672741 | =0.175 | 0.172 |68.75]0.61| 1.74 |—0.255[180| 0.5 |1.38(0.20| 1.5 0.2 0.3 0.0 |0.69
N | 305.070951 | 386.135147 | 0.069 | 0.189 |62.56(0.25| 1.83 |+0.111|177| 0.2 |1.96|0.12| 1.9 0.1 0.8 0.1 |0.28
O |352.725971 | 33.790167 | 0.329| 0.236 |50.35|1.23 2.20 +0.653 | 138 0.7 3.17 |1 0.94 2.4 0.7 1.4 0.4 1.39
Q | 278.041476 | 359.105672 | 0.184 | 0.205 |71.61]0.50| 2.12 |[+0.257[101| 0.3 |1.78[0.22| 1.0 0.1 0.6 0.1 |0.57
Q| A| 67.959973|262.136900 | 0.327 | 0.199 |64.41|1.08| 1.94 |+0.508|140| 0.7 [2.73|0.72| 1.5 0.4 1.2 0.3 |1.22
B | 73.806773 |267.983701 | —0.003 | 0.206 |63.48|0.01| 2.00 |—0.005|131| 0.0 |2.82]0.01| 1.5 0.0 1.2 0.0 |0.01
C | 80.418858|274.595786 | 0.082| 0.217 |61.28[0.27 | 2.08 |+40.134|124| 0.2 [2.99]|0.19| 1.6 0.1 1.4 0.1 [0.30
D | 87.755092 | 281.932020 | —0.192 | 0.228 |58.76|0.62 2.17 —0.327 | 119 0.4 |3.18|0.48 1.7 0.3 1.5 0.2 0.71
E | 95.683718 |289.860646| 0.052| 0.237 [56.86|0.17| 2.23 |+0.091|115| 0.1 [3.33|0.14| 1.7 0.1 1.6 0.1 |0.19
F | 103.976 107 | 298.153034 | —0.287 | 0.240 |56.07 |0.93 | 2.26 |—0.511[114| 0.5 |3.39|0.77| 1.8 0.4 1.6 0.4 |1.06
G | 112.334256 | 306.511 183 | —0.056 | 0.238 |56.55|0.18 | 2.25 |—-0.099 [115| 0.1 |3.35[0.15| 1.8 0.1 1.6 0.1 |0.21
H | 120.444 866 | 314.621793 | 0.214| 0.231 |58.25[0.69| 2.19 |+0.368|117| 0.4 |3.22]0.54| 1.7 0.3 1.5 0.3 |0.79
I |128.045533|322.222460 | —0.173 | 0.220 |60.78|0.56 | 2.11 |—0.284[122| 0.3 |3.03]|0.41| 1.6 0.2 1.4 0.2 |0.63
J 1134.964763 | 329.141690 | 0.197 | 0.209 |63.22|0.64| 2.02 |+0.312[128| 0.4 |2.84|0.44| 1.5 0.2 1.3 0.2 |0.72
K | 141.126 073 | 335.303000 | 0.197 | 0.201 | 64.39 |0.65 1.96 +0.306 | 136 0.4 2.74 1 0.43 1.5 0.2 1.2 0.2 0.73
L | 56.147686 | 250.324613 | —0.376 | 0.218 [75.69|0.86| 2.37 |—-0.496| 80| 0.5 |[2.13|0.45| 0.7 0.2 0.6 0.1 |0.98
M | 152.560 934 | 346.737 861 | —0.234 | 0.218 |75.73|0.54| 2.38 |—-0.309| 79| 0.3 |2.13]0.28| 0.7 0.1 0.6 0.1 |0.61
N | 221.089807 | 15.266735| 0.113| 0.269 |54.47 |0.34| 2.53 |+0.207| 94| 0.2 [3.56|0.29| 1.7 0.1 1.4 0.1 [0.38
O |287.810135| 81.987063| 0.005| 0.236 |50.80|0.02 2.21 +0.009 | 136 0.0 3.76 |1 0.02 2.3 0.0 1.5 0.0 0.02
P | 364.928 744 | 159.105672 | —0.174 | 0.266 |[52.03|0.56| 2.49 |—-0.335[101| 0.3 [3.73/0.50| 1.9 0.3 1.4 0.2 |0.63
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Adjusted horizontal distances

Variance component: Q = 54.706, r = 56.40, 62 =10.97, ag = 28.40%,

kF

agG;r,o

=1.10

in ‘ to ‘ S m] ‘ € [mm] ‘ |65 | [mm] ‘ IR ‘ [w] ‘ |V {mm] ‘ §[mm] ‘ IF, ‘ IF, ‘ IP; (mm] ‘ IP5 [mm] ‘ IK [mm] ‘ IK [mm] ‘ T,

L|A| 63.2012| 0.072| 0.846 |77.2|0.0 9.4 +0.094 | 2.2 1 0.0 2.2 0.0 2.2 0.0 0.05
B | 58.9217 | -0.259 | 0.754 | 81.9 | 0.1 9.2 -0.317 1.9 0.1 1.7 0.1 1.7 0.1 0.16
C | 58.4596 | —0.093 | 0.665 | 85.9 | 0.1 8.9 —-0.108 | 1.7 | 0.0 1.3 0.0 1.3 0.0 0.06
D | 61.8953| —0.056| 0.597 | 88.6 | 0.0 8.8 —-0.063 [ 1.5|0.0 1.0 0.0 1.0 0.0 0.03
E | 68.6448 | —-3.917 | 0.556 | 90.2 | 2.1 8.7 —4.34411.410.7 0.9 0.4 0.9 0.4 2.33
F | 77.8483| 0.317| 0.533 | 90.9 |0.2 8.7 +0.349 1.3 0.1 0.8 0.0 0.8 0.0 0.19
G | 88.7468 2.518 | 0.526 |91.2|1.3 8.7 +2.760 (1.3 | 0.4 0.8 0.2 0.8 0.2 1.49
H | 100.7907 | 0.979| 0.536 | 90.9 | 0.5 8.7 +1.077 | 1.3 0.2 0.8 0.1 0.8 0.1 0.58
I |113.6167 | —0.024 | 0.574 | 89.6 | 0.0 8.8 —-0.027 (1.4 0.0 0.9 0.0 0.9 0.0 0.01
J 1126.9915| —0.736 | 0.648 | 86.8 | 0.4 8.9 —-0.848 (1.6 | 0.2 1.2 0.1 1.2 0.1 0.44
K | 140.7597 | 0.807 | 0.746 | 82.5|0.4 9.2 +0.978 (1.9 0.2 1.6 0.2 1.6 0.2 0.50
M |109.2192 | —0.409 | 0.312 | 96.9 | 0.2 8.4 —-0.42210.7 1 0.0 0.3 0.0 0.3 0.0 0.23
N | 167.5121 | —1.113 | 0.472 | 93.1| 0.6 8.7 -1.196 | 1.1 | 0.2 0.6 0.1 0.6 0.1 0.64
0O |209.3429 | —0.115| 0.541 | 91.0| 0.1 8.9 —-0.126 [ 1.3 0.0 0.8 0.0 0.8 0.0 0.07
P | 119.8773 2.525] 0.495 |923|1.3 8.7 +2.737 (1.2 0.4 0.7 0.2 0.7 0.2 1.48
Q| 79.6519| —2.822| 0.336 | 96.4 | 1.4 8.4 —-2.927 (0.8 0.3 0.3 0.1 0.3 0.1 1.62
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Adjusted horizontal distances (continued)

in ‘ to ‘ S[m] ‘ € [mm] ‘ |65 | (mm] ‘ IR ‘ |w] ‘ |V {rom] ‘ ﬁ[mm] ‘ IF; ‘ IF, ‘ IP; [mm] ‘ TPy [mm] ‘ IK [mm] ‘ IK [mm] ‘ T,

M| A [143.2299 | 1.452| 0.760 | 81.9 | 0.8 9.2 +1.773 1.9 0.4 1.7 0.3 1.7 0.3 0.90
B [129.3034 | —1.220 | 0.665 | 86.1 | 0.7 9.0 —-1.418 (1.7 0.3 1.3 0.2 1.3 0.2 0.74
C [115.7229 | 2.208 | 0.588 | 89.1 | 1.2 8.8 +2.479(1.4|104 1.0 0.3 1.0 0.3 1.32
D | 102.6212 | —3.971 | 0.545 | 90.6 | 2.1 8.7 —4.38411.3]0.7 0.8 0.4 0.8 0.4 2.35
E | 90.2074| 0.280| 0.531 | 91.0 | 0.1 8.7 +0.308 [ 1.3 | 0.0 0.8 0.0 0.8 0.0 0.17
F | 78.8048| 0.804| 0.534 |90.9 | 0.4 8.7 +0.884 1.3 0.1 0.8 0.1 0.8 0.1 0.48
G| 68.9166 | —0.151| 0.552 | 90.3 | 0.1 8.7 —-0.168 (1.4 0.0 0.8 0.0 0.8 0.0 0.09
H| 61.2812| 0.193| 0.588 | 89.0 | 0.1 8.8 +0.217 | 1.5 0.0 1.0 0.0 1.0 0.0 0.12
I 56.8154 | —2.048 | 0.650 | 86.5 | 1.1 8.9 —-2.36711.6|0.4 1.2 0.3 1.2 0.3 1.24
J 56.2831 | —1.395| 0.738 | 82.6 | 0.8 9.1 —-1.688(11.9|0.4 1.6 0.3 1.6 0.3 0.87
K| 59.7931|-0.988 | 0.832 | 77.9 | 0.6 9.4 —1.268 (2.2 0.3 2.1 0.3 2.1 0.3 0.63
L | 109.2192 1.091| 0.312 | 96.9 | 0.6 8.4 +1.126 | 0.7 | 0.1 0.3 0.0 0.3 0.0 0.62
N | 89.9779 | —1.552 | 0.474 | 92.9 | 0.8 8.6 -1.6721.1|0.2 0.6 0.1 0.6 0.1 0.91
O |189.9800| 2.408| 0.539 | 91.0|1.2 8.8 +2.646 (1.3 |0.4 0.8 0.2 0.8 0.2 1.40
P |179.7174| 0.121| 0.491 |92.5|0.1 8.7 +0.131 1.2 0.0 0.7 0.0 0.7 0.0 0.07
Q| 79.3486 | —3.532 | 0.323 | 96.7 | 1.8 8.4 —-3.654 0.8 0.3 0.3 0.1 0.3 0.1 2.03

N | L [167.5121 | —=0.313 | 0.472 | 93.1 | 0.2 8.7 —-0.336 (1.1 0.0 0.6 0.0 0.6 0.0 0.18
M| 89.9779| 0.048| 0.474 | 92.9|0.0 8.6 +0.051(1.1]0.0 0.6 0.0 0.6 0.0 0.03
O ]120.6715|-0.790 | 0.519 |91.5|0.4 8.7 —-0.863 1.3 0.1 0.7 0.1 0.7 0.1 0.46
P |176.8800| 3.000| 0.511 |[91.9 1.5 8.8 +3.264 1.2 0.5 0.7 0.3 0.7 0.3 1.74
Q| 94.3674| 3.089| 0.420 | 94.4| 1.6 8.5 +3.273 (1.0 0.4 0.5 0.2 0.5 0.2 1.79
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Adjusted horizontal distances (continued)

in ‘ to ‘ S {m] ‘ € [mm] ‘ |65 | [mm] ‘ IR ‘ [w] ‘ |V {mm] ‘ ﬁ[mm] ‘ IF, ‘ IF, ‘ IP; (mm] ‘ IP; [mm] ‘ IK [mm] ‘ IK [mm] ‘ T,
O | L [209.3429 | 0.985| 0.541 |91.0|0.5 8.9 +1.082 1 1.3]0.2 0.8 0.1 0.8 0.1 0.57
M| 189.9800 | —0.492 | 0.539 | 91.0 | 0.3 8.8 —-0.540 1.3 0.1 0.8 0.0 0.8 0.0 0.29
N | 120.6715 | —2.190 | 0.519 | 91.5 | 1.1 8.7 —-2.394(1.3|0.3 0.7 0.2 0.7 0.2 1.29
P | 137.9449 | —-1.401| 0.521 | 91.5|0.7 8.7 —1.5311.3]0.2 0.7 0.1 0.7 0.1 0.82
Q| 135.8628 | —3.386 | 0.488 | 92.5|1.7 8.7 -3.660 | 1.2]0.5 0.6 0.3 0.6 0.3 1.97
P| L |119.8773 | —-0.775| 0.495 | 92.3|0.4 8.7 —0.840 | 1.2 | 0.1 0.7 0.1 0.7 0.1 0.45
M| 179.7174 | —1.179 | 0.491 | 92.5| 0.6 8.7 -1.274 1.2 0.2 0.7 0.1 0.7 0.1 0.68
N |176.8800 | 3.000 | 0.511 | 91.9|1.5 8.8 +3.264 (1.2 0.5 0.7 0.3 0.7 0.3 1.74
O | 137.9449 | 1.099| 0.521 |91.5]|0.6 8.7 +1.202 | 1.3 0.2 0.7 0.1 0.7 0.1 0.64
Q| 101.2074 | —0.293 | 0.449 | 93.6 | 0.2 8.6 -0.312 (1.1 0.0 0.5 0.0 0.5 0.0 0.17
Q| A|139.7540 | —4.367 | 0.849 | 77.4|2.5 9.5 —-5.645(2.2| 1.3 2.1 1.3 2.1 1.3 2.78
B [131.3428 | 0.446 | 0.766 | 81.5 0.2 9.2 +0.548 | 2.0 | 0.1 1.7 0.1 1.7 0.1 0.28
C [124.3231 | —-1.803 | 0.688 | 85.1 | 1.0 9.0 -2.119(1.7|0.4 1.3 0.3 1.3 0.3 1.10
D | 118.9375| 2.220| 0.630 | 87.5| 1.2 8.9 +2.539 1.6 0.4 1.1 0.3 1.1 0.3 1.33
E | 115.4155 1.654| 0.598 | 88.7 | 0.9 8.8 +1.865(1.5|0.3 1.0 0.2 1.0 0.2 0.99
F | 113.9275| 4.166| 0.587 | 89.1 | 2.2 8.8 +4.675(1.4|0.8 1.0 0.5 1.0 0.5 2.48
G | 114.5537 1.450 | 0.593 | 88.9 | 0.8 8.8 +1.632(1.5|0.3 1.0 0.2 1.0 0.2 0.86
H |117.2595| —-1.212| 0.620 |87.9 | 0.6 8.9 -1.379(1.5|0.2 1.1 0.2 1.1 0.2 0.73
I |121.9067 1.830 | 0.673 | 85.7 | 1.0 9.0 +2.135(1.7|0.4 1.3 0.3 1.3 0.3 1.11
J 1128.2878 | —1.130 | 0.751 | 82.2| 0.6 9.2 —-1.37411.9|0.3 1.6 0.2 1.6 0.2 0.70
K | 136.1604 | 0.590| 0.837 | 78.0|0.3 9.4 +0.757 | 2.2 1 0.2 2.1 0.2 2.1 0.2 0.37
L | 79.6519| 0.178| 0.336 | 96.4 | 0.1 8.4 +0.185 (0.8 | 0.0 0.3 0.0 0.3 0.0 0.10
M| 79.3486 | 0.168| 0.323 |96.7 | 0.1 8.4 +0.174 1 0.8 | 0.0 0.3 0.0 0.3 0.0 0.10
N | 94.3674 | —4.011 | 0.420 | 94.4 | 2.1 8.5 —4.249 (1.0 0.5 0.5 0.2 0.5 0.2 2.33
O | 135.8628 | —1.286 | 0.488 | 92.5| 0.7 8.7 —-1.390 1.2 0.2 0.6 0.1 0.6 0.1 0.75
P | 101.2074 1.807 | 0.449 | 93.6 | 0.9 8.6 +1.931(1.1|0.2 0.5 0.1 0.5 0.1 1.05
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3 Two-dimensional networks (Planar networks)

Supplementary information

Observed directions 63
Observed distances 63
Orientation unknowns 6
Coordinate unknowns 34
Datum defect 3

Datum definition free
Number of datum constraints 3
Type-I-error probability o [%] (Baarda) 0.1
Type-I-error probability ag [%] (Baarda) 37.3
Test value koI:rL/Z 3.29
x?-Noncentrality parameter A, 17.1
Type-I-error probability a, [%] (Pope) 0.1
Critical value k;,_ 3.2
Number of iterations (Max=20) 3

Stop criterion (actual) 2.6-1071
Redundancy r 89
Redundancy directions 32.60
Redundancy distances 56.40
Weighted square sum of residuals Q [-] 69.48172
(a priori) standard deviation oy [-] 1

(a posteriori) estimated standard deviation &y [-] 0.883569
Ratio &4/ 0y 0.8836
Global test (62/0?) 0.7807 (k& .r 0o =1.04)
Number of outliers (Data snooping & z-criterion) 0

IX = X|| [cm] 0.167
Trace coordinate covariance matrix, trfjg [cm?] 0.069291
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3 Two-dimensional networks (Planar networks)

3.6 Trilateration-Triangulation networks

3.6.1 Ghilani (2010), Ex. 16.1

Ghilani (2010): Adjustment Computations. Spatial Data Analysis. 5th Edition. Ex. 16.1, pp. 300
Available data files: [2D] Ghilanil6_1_Traversesx.=

Coordinates

Point name ‘ Easting x [m] ‘ Northing ym

1000.0000 (D) | 800.0000 (D)
1000.0000 (D) | 1000.0000 (D)
1173.2000 1100.0000

1223.0000 (D) | 1186.5000 (D)

1400.0000 (D) | 1186.5000 (D)
Datum: fix, (D)...Datum coordinate

H wvw C ®O

Horizontal distances

in \ to \ S [m] \ || mm] \ Plym?]

R | U | 200 50 400.00
U| S | 100 80 156.25
Horizontal angles
in ‘ from ‘ to ‘ X [gon] ‘ |O'| [mgon] p[l/radz]

R Q U | 266.6666667 | 9.2593 | 4.727 24-107
S U T | 266.6851852 | 9.2593 | 4.727 24-107
U R S | 166.6666667 | 9.2593 | 4.727 24-107

Design matrix A and reduced observation vector Ay distances (1. iteration)

Alxg yo  x YR Xu Yu xs ys xr yr| Ay
sru| 0 0 —0.8660 —0.5000 0.8660 0.5000 0.0000 0.0000 0 0 |/ 0.0044
sus| 0 0 0.0000 0.0000 —0.4989 —0.8666 0.4989 0.8666 0 0 |[0.1887

Design matrix Apmgonm and reduced observation vector Ayimen angles (1. iteration)

A | xg YQ xR YR xy yu xs ys xT yr || Ay
aRQU 318.3099 0.0000 —477.4718 275.6685 159.1619 —275.6685 0.0000 0.0000 0.0000 0.0000 0.8086
asuT 0.0000 0.0000 0.0000 0.0000 552.7606 —318.2367 —552.7606 677.9089 0.0000 —359.6722||—59.2544
QURS 0.0000 0.0000 159.1619 —275.6685 —711.9225 593.9052 552.7606 —318.2367 0.0000 0.0000|| 76.9643
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3 Two-dimensional networks (Planar networks)

Matrix D'ij of datum constraints

XQ Yo XR YR XU Yu Xs Ys XT YT

DT

S O O O O O O =
O O O O O O = O
S O O O O =k O O
S O O O = O O O
S O O O O O o O
S O O O O O © O
S O O B, O O O O
S O =k O O O O O
S = O O O O O O
_ O O O O O © ©

Least squares solution Ax(em) (1. iteration)

‘xQ Yo XR YR Xy Yu Xs Ys XT YT

A}T\o 0 0 0 -1114 -128 0 0 0 0

Adjusted coordinates

Point name \ X m] \ X = X[em] \ |6 fem] \ 0 (m] \ U = Ylem] \ |5 fem] \ |G2D | 1em]

U | 1173.0886 | —11.136 | 4.194 | 1099.9872 | —1.277 | 5.264 | 6.730
Absolute error ellipses Absolute confidence ellipses (1 — o = 95%)
in ‘ A[cmj ‘ B[cmj ‘ ¢[g0n] in ‘ A[Cm] ‘ B[cmj ‘ ¢[g0n]
U | 657 | 1.45 | 42.080159 U | 28.73 | 6.34 | 42.080159
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Adjusted horizontal distances

Variance component: Q = 6.926, r = 1.35, c}g =5.14, ag = 0.15%, kgc;,,m = 8.27
in ‘ to ‘ S[m] ‘ € cm] ‘ |65 [em] ‘ IR ‘ |w] ‘ |V lem) ‘ §[cm] ‘ IF, ‘ IF, ‘ IP; (mm] ‘ 1Py [mm] ‘ IK [mm] ‘ IK [mm] ‘ T,
R | U | 199.8928 | 10.722 6.113 54.8 | 2.9 27.9 19.562 | 3.8 | 2.6 126.1 88.4 126.1 88.4 1.59
U| S 99.8779 | 12.206 6.513 80.0 | 1.7 37.0 15.265 | 2.1 | 0.9 74.1 30.6 74.1 30.6 0.94

Adjusted horizontal angles

Variance component: Q = 2.997, r = 1.65,64 = 1.81, ag = 0.21%, kj_.. ., = 6.91
in ‘ from ‘ to ‘ ()’E [gon] ‘ e [mgon] ‘ |5'd | [mgon] IR [%] ‘ |W| ‘ IVI [mgon] 6 [mgon] IFl ‘ IFZ ‘ IPl [mgon] IPZ [mgon] TT
R Q U | 266.651645 | 15.022 8.966 71.65 | 1.92 45.20 [+20.96 | 2.60 | 1.21 12.8 5.9 1.05
S U T | 266.686983 | —1.798 10.810 58.79 | 0.25 49.90 -3.06 | 3.46 | 0.21 20.6 1.3 0.14
U R S | 166.661372 5.295 13.599 34.78 | 0.97 64.87 |[+15.22 | 5.66 | 1.33 42.3 9.9 0.53
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3 Two-dimensional networks (Planar networks)

Network graph
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Easting [m]

Supplementary information

1450

Observed distances 2
Observed angles 3
Coordinate unknowns 2
Datum defect 3
Datum definition fix
Number of datum constraints 8
Type-I-error probability ar [%] (Baarda) 0.1
Type-I-error probability ag [%] (Baarda) 0.6
Test value kolyL/Z 3.29
x?-Noncentrality parameter A, 17.1
Type-I-error probability a, [%] (Pope) 0.1
Critical value k;,_ 1.7
Number of iterations (Max=20) 4

Stop criterion (actual) 3.1-10712
Redundancy r 3
Redundancy distances 1.35
Redundancy angles 1.65
Weighted square sum of residuals Q [-] 9.92316
(a priori) standard deviation oy [-] 1

(a posteriori) estimated standard deviation &y [-] 1.81871
Ratio 64/ 09 1.8187
Global test (62/0?) 33077 (kf.r.co =4.21)
Number of outliers (Data snooping & z-criterion) 0

IX = X|| [cm] 11.209
Trace coordinate covariance matrix, trfjg [cm?] 45.294
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3 Two-dimensional networks (Planar networks)

3.6.2 Ghilani (2010), Ex. 16.2

Ghilani Charles D. (2010): Adjustment Computations. Spatial Data Analysis. Fifth Edition, John
Wiley & Sons, Inc., ISBN 978-0-470-46491-5, Ex. 16.2, pp. 307/528

Available data files: [2D] Ghilani16_2_DistanceAngleAzimuth_fixs.s

Coordinates

Point name ‘ Easting x [m] ‘ Northing ym)

Q 1000.0000 (D) | 1000.0000 (D)
R 1003.0600 2640.0100
S 2323.0700 2638.4700
T 2661.7500 1096.0700

Datum: fix, (D)...Datum coordinate

Horizontal distances

in ‘ to ‘ S [m] ‘ || (mm] ‘ Ppliym?]
Q | R | 1640.0160 26 1479.29

S | 2105.9620 29 1189.06
R | S | 1320.0010 24 1736.11

T | 2266.0350 30 1111.11
S | T | 1579.1230 25 1600.00
T | Q | 1664.5240 26 1479.29

Grid bearings

in ‘ to ‘ T [gon] ‘ | o | (mgon] ‘ Pl1/rad?]

Q| R | 0.1186728 | 0.00031 | 4.25452-10'

Horizontal angles

in ‘ from ‘ to ‘ o [gon] ‘ |o | (mgon] ‘ Plirad?]

Q R S 43.1267593 | 1.2346 | 2.65907-10°
S T 53.0779012 | 1.2346 | 2.65907-10°
T R | 303.7952160 | 1.3580 | 2.19758-10°

R Q S | 299.9547531 1.4506 | 1.92599-10°
S T 47.6453704 | 1.3272 | 2.30098-10°
S Q | 100.0452778 | 1.3889 | 2.101 00-10°

S R T | 286.1656790 | 1.4506 | 1.92599-10°
Q R 56.828 7037 | 1.3272 | 2.30098-10°
T Q 57.0050000 | 1.2346 | 2.65907-10°

T S Q | 310.0837037 | 1.3889 | 2.101 00-10°
R S 38.5202778 | 1.2346 | 2.65907-10°
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3 Two-dimensional networks (Planar networks)

Design matrix Apmgnm) and reduced observation vector Ayimen grid bearings (1. iteration)

A |

XQ

Yo

XR

yr  xs ys x1 yr|| Ay

TQ,R\—38.8179 0.0724 38.8179 —0.0724 0 0 0 0 H—0.11

Design matrix A and reduced observation vector Ay distances (1. iteration)

A xQ YQ XR Yr Xs s Xt yr H Ay

sgr |—0.0019 —1.0000 0.0019 1.0000 0.0000 0.0000 0.0000 0.0000| 0.315
sQs | —0.6282 —0.7780  0.0000 0.0000 0.6282 0.7780 0.0000 0.0000 | —0.528
sgs | 0.0000 0.0000 —1.0000 0.0012 1.0000 —0.0012 0.0000  0.0000 || —0.990
sgr | 0.0000 0.0000 —0.7320 0.6813 0.0000 0.0000 0.7320 —0.6813 || —1.955
ssT | 0.0000 0.0000 0.0000 0.0000 —0.2145 0.9767 0.2145 —0.9767 || —2.294
sTQ |—0.9983 —0.0577  0.0000 0.0000 0.0000 0.0000 0.9983 0.0577| —0.071

Design matrix Apmgonm and reduced observation vector Ayimeon angles (1. iteration)

A xQ 776) XR YR xs Ys xT yr || Ay
agrs| 15.2991 18.9191 —38.8179  0.0724 23.5188 —18.9915  0.0000  0.0000||-0.0028
agsr| 21.3114 19.1911  0.0000  0.0000 —23.5188 18.9915  2.2074 —38.1826||-0.1848
agrr|-36.6105 —38.1102 38.8179 —0.0724  0.0000  0.0000 —2.2074 38.1826|| 0.0641
aros| 38.8179 —0.0724 —38.7616 48.3008 —0.0563 —48.2283  0.0000  0.0000(|-0.7356
arst| 0.0000  0.0000 19.0850 —27.6645  0.0563 48.2283 —19.1412 —20.5639 | —0.3293
arso|—-38.8179  0.0724 38.7616 —48.3008  0.0563 48.2283  0.0000  0.0000| 0.7664
asrr| 0.0000  0.0000 —0.0563 —48.2283 39.4324 56.8745 —39.3761 —8.6462| 0.4578
asor| 23.5188 —18.9915  0.0563 48.2283 —23.5751 —29.2368  0.0000  0.0000 ||-0.0229
asTo|—23.5188 18.9915  0.0000  0.0000 —15.8573 —27.6377 39.3761  8.6462| —1.0522
arso| —2.2074 38.1826  0.0000  0.0000 —39.3761 —8.6462 41.5835 —29.5364| —0.4346
atrs| 0.0000  0.0000 —19.1412 —20.5639 39.3761  8.6462 —20.2349 11.9177| 0.7562

Matrix D' of datum constraints

‘XQ Yo XrR YR Xs Ys X1 YT

DT

1

0 0 0 00 0 O

0 1.0 0 0 O0 0 O

Least squares solution AXfem (1. iteration)

| xo Yo

XR

Yr

Xs Ys XT

yr

=T
Ax

o o0

—0.285

—0.492

-0.735 0.420 -1.139
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3 Two-dimensional networks (Planar networks)

Adjusted coordinates

Point name X [m] X — X [em] ‘ || (em] ‘

Gim) g = ytenl | |&1em | 62p]1em
R 1003.0572 | —0.285 | 0.001 | 2640.0051 | —0.492 | 0.597 | 0.597
S 2323.0626 | —0.735 | 0.549 | 2638.4742 | 0.420 | 0.660 | 0.858
T 2661.7386 | —1.139 | 0.590 | 1096.0867 1.671 | 0.727 0.936

Absolute error ellipses Absolute confidence ellipses (1 — a = 95%)

in ‘ Alem) ‘ Biem] ‘ @ [gon] in ‘ Alem] ‘ Biem] ‘ @ [gon]

R | 0.60 | 0.00 0.118673 R | 1.66 | 0.00 0.118673
S 0.68 | 0.52 | 173.648 263 S 1.91 1.45 | 173.648 263
T | 0.77 | 0.54 29.094 063 T | 2.13 | 1.50 29.094 063
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Adjusted grid bearings
Variance component: Q = 0.000, r = 0.00, 5702 =0.00

|0A'f|[mgon] IR[%] ‘ |W| ‘ |V|[mgon] ‘ V[mgon]

in ‘ to ‘ T[gon] ‘ € [mgon] IF; ‘ IF, ‘ IP; [mm] ‘ 1P [mm] ‘ IK [mm] ‘ IK5 [mm] ‘ T,

Q| R |01186728 | 0 | 0007 | 0 | oo |21396.89| oo | oo | oo |551209.3 | oo [5512093| o |0

Adjusted horizontal distances

Variance component: Q = 0.462, r = 3.72, 6'5 =0.12, ag = 0.79%, kgG;r,m = 3.57
in ‘ to ‘ S[m] ‘ € [em] ‘ |55 | [em] ‘ IR ‘ |w] ‘ [V em) ‘ V [em] ‘ IF; ‘ IF, ‘ IP; [mm] ‘ 1Py [mm] ‘ IK{ [mm] ‘ IK [mm] ‘ T,
Q | R | 1640.0079 0.807 0.597 57.6 | 0.4 14.2 +1.403 | 3.5 | 0.4 60.1 6.0 60.1 6.0 1.16
S | 2105.9659 | —0.393 0.558 70.2 | 0.2 14.3 —0.559 | 2.7 | 0.1 42.6 1.7 42.6 1.7 0.46
R | S 1320.0064 | —0.539 0.549 57.9 | 0.3 13.0 —-0.930 | 3.5 | 0.3 54.9 3.9 54.9 3.9 0.84
T | 2266.0336 0.144 | 0.580 70.0 | 0.1 14.8 +0.205 | 2.7 | 0.0 44.5 0.6 44.5 0.6 0.16
S T | 1579.1329 | —0.986 0.560 59.7 | 0.5 13.4 —-1.652 | 3.4 | 0.4 53.9 6.7 53.9 6.7 1.45
T | Q | 1664.5143 0.970 | 0.602 56.9 | 0.5 14.2 +1.705 | 3.6 | 0.4 61.4 7.3 61.4 7.3 1.40

Adjusted horizontal angles

Variance component: Q = 1.030, r = 8.28, 6'5 =0.12, ag = 3.00%, kgG;r,m = 2.10
in ‘ from ‘ to ‘ @& [gon] ‘ € [mgon] ‘ |64 | mgon] | IR[%) ‘ [w] ‘ | V| mgon] §[mgon] IF; ‘ IF, ‘ IP; [mgon] | IPymgon) | Ty
Q R S 43.126 620 0.140 0.197 79.49 | 0.13 5.72 +0.18 | 2.10 | 0.06 1.2 0.0 0.36
S T 53.077 676 0.226 0.214 75.74 | 0.21 5.86 +0.30 | 2.34 | 0.12 1.4 0.1 0.60
T R | 303.795705 | —0.489 0.274 67.17 | 0.44 6.85 -0.73 | 2.89 | 0.31 2.2 0.2 1.25
R Q S | 299.955159 | —0.406 0.247 76.70 | 0.32 6.84 —-0.53 | 2.28 | 0.18 1.6 0.1 0.91
S T 47.645 858 | —0.488 0.198 82.08 | 0.41 6.05 —-0.59 | 1.93 | 0.19 1.1 0.1 1.15
S Q | 100.044 841 0.437 0.247 74.59 | 0.36 6.65 +0.59 | 2.41 | 0.21 1.7 0.1 1.03
S R T | 286.165712 | —0.033 0.272 71.64 | 0.03 7.08 —0.05 | 2.60 | 0.02 2.0 0.0 0.08
Q R 56.828 539 0.164 0.226 76.70 | 0.14 6.26 +0.21 | 2.28 | 0.08 1.5 0.0 0.40
T Q 57.005749 | —0.749 0.230 72.18 | 0.71 6.00 —-1.04 | 2.57 | 0.44 1.7 0.3 2.02
T S Q | 310.083 424 0.280 0.268 70.00 | 0.24 6.86 +0.40 | 2.70 | 0.16 2.1 0.1 0.68
R S 38.519 854 0.424 0.188 81.45 | 0.38 5.65 +0.52 | 1.97 | 0.18 1.0 0.1 1.08
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3 Two-dimensional networks (Planar networks)

Network graph
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Supplementary information

i
750 1000 1250 1500 1750 2000 2250 2500 2750 3000
Easting [m]

Observed grid bearings 1
Observed distances 6
Observed angles 11
Coordinate unknowns 6

Datum defect 2

Datum definition fix
Number of datum constraints 2
Type-I-error probability ay [%] (Baarda) 0.1
Type-I-error probability ag [%] (Baarda) 5.3

Test value k({:’L/Z 3.29
x?-Noncentrality parameter A 17.1
Type-I-error probability a, [%] (Pope) 0.1
Critical value k;,_ 2.8
Number of iterations (Max=20) 3

Stop criterion (actual) 1.1-10712
Redundancy r 12
Redundancy grid bearings 0.00
Redundancy distances 3.72
Redundancy angles 8.28
Weighted square sum of residuals Q [-] 1.49205
(a priori) standard deviation oy [-] 1

(a posteriori) estimated standard deviation &y [-] 3.52616 - 107!
Ratio 6/ 09 0.3526
Global test (62/0?) 0.1243 (kL .., oo =1.73)
Number of outliers (Data snooping & 7-criterion) 0

IX = X|| [cm] 2.265
Trace coordinate covariance matrix, trfjg [cm?] 1.9704
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3 Two-dimensional networks (Planar networks)

3.6.3 Ghilani (2010), Ex. 21.1

Ghilani (2010): Adjustment Computations. Spatial Data Analysis. 5th Edition. Ex. 21.1, pp. 446
Available data files: [2D] Ghilani21_1_DistanceAngle_fix:.x

This network/observation scenario is a great example for the application of outlier detection, using
both the DIA-approach by Baarda (DIA=Detection, Identification and Adaptation) and the Pope-test.
The original list of observations contains a 50m distance blunder and a 2.2gon angle blunder. In two
successive steps, first the corrupted distance is eliminated (thus reducing the test quantity of the
global test — ratio of a posteriori and a priori variance — from 232982 to 938), then the erroneous
angle is deleted. In the final set up, no further outlier is detected. As can be seen from the network
graphs (in particular the scale bar of the error ellipses), the point precision is drastically improved.

Coordinates
Point name ‘ ID ‘ Easting x [m] Northing ym]

1 1 2477 233.7200 420353.5900

2 2 | 2477497.8900 419 951.9800

3 3 | 2477 832.5500 420 210.2100

4 4 | 2477991.6400 420400.5800

5 5 | 2477 630.4300 420567.4500

6 6 | 2477 665.2200 420323.3200
102 10 | 2476 455.8900 419 741.3800
103 01 | 2476735.0500 419912.4200
201 20 | 2476 576.2300 419589.2300
202 02 | 2476948.7400 419331.2900
203 03 | 2477 463.8400 419 819.5800
2000 04 | 2476334.6000 (D) | 419710.0900 (D)
2001 05 | 2476297.9800 (D) | 419 266.8200 (D)

Datum: fix, (D)...Datum coordinate

Design matrix Ay and reduced observation vector Aywm distances (1. iteration)

Too large to be displayed !

Design matrix Apmgonm) and reduced observation vector Ayimen angles (1. iteration)

Too large to be displayed !

Matrix D'y of datum constraints

X1 Y1 X2 Y2 X3 Y3 X4 Ya4 X5 Y5 X6 Yo X10 Y10 X01 Yo1 X20 Y20 X02 Yo2 X03 Yo3 Xo04 Yos4 Xo05 Yos

0oo0o000O0O0OO0OO0OO0OO0OO0OO0OTOOOOOOOTGOUOOOOT1TOOTO
DTO 0oo0o000O0O0O0O0O0O0O0O0OO0OTOOGOOTGOOTGOGOOUOUOOUOTI1T O0 O
00000OO0OO0OO0OO0OCOOOOOTOUOOOOOUOOUOOTUGOTI1TO
0oo0o0000O0OO0OO0OO0OO0OO0OOOTGOOOTGOOOUOUOUOOOOO0OI1
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3 Two-dimensional networks (Planar networks)

Horizontal distances

Horizontal angles

in ‘ to ‘ S[m] ‘ || (rmm] ‘ Pl in ‘ from ‘ to ‘ o [gon] ‘ | o | (mgon] P [m?/rad?]

1 2 | 480.7100 22 1 1 2 3 | 352.0001543 1.944 518817.39540
3 | 615.7400 22 1 3 2 1 56.799 691 4 2.222 397 219.568 35

3 1 | 615.7400 22 1 2 4 | 186.1567901 4.475 97 939.892 62
2 | 422.7000 22 1 2 5 | 109.066 8210 3.179 194 098.052 82
4 | 298.1000* 22 1 2 6 79.6825617 4.660 90311.22505
5 | 410.4400 22 1 03 2 9.9987654 2.006 487 381.35913
6 | 201.9800 22 1 5 1 3 | 298.6952160 3.025 214 409.22973

5 1 | 450.6700 22 1 2 3 | 353.7205247 2.160 420 242.090 27
2 | 629.5800 22 1 4 | 360.3283951 2.500 313 852.498 45
3 | 410.4600 22 1 3 | 376.2341049 3.302 179857.301 28
4 | 397.8900 22 1 10 04 01 | 181.0790123 8.920 24 654.71250
6 | 246.6100 22 1 01 10 1 | 191.142901 2% 3.6420 | 147 887.54972

10 | 01 | 327.3700 22 1 20 05 02 | 293.2279938 2.994 218 852.826 27

01 | 1 | 665.7900 22 1 02 20 03 | 113.146 6049 2.500 313 852.498 45

20 | 02 | 453.1000 22 1 03 02 3 | 196.466 0494 2.593 291 834.784 91

02 | 03 | 709.7800 22 1 04 10 05 | 121.3129630 7.870 31667.608 49

03 | 3 | 537.1800 22 1 05 04 20 40.0821605 2.284 | 376038.39341

04 | 10 | 125.2400 22 1 * 2.22 gon blunder

05 | 20 | 425.9000 22 1

* 50 m blunder

3.6.3.1 Original observation scenario
Least squares solution Axim (1. iteration)

‘ X1 Y1 X2 Y2 X3 Y3 X4 Y4 X5 Ys

Ax' ‘ 3.1543 —1.9583 2.1790 -—2.9197 3.1275 —4.0539 15.4756 9.4043 1.3767 —1.2991
‘ X6 Ye X10 Y10 X01 Yo1 X20 Y20 X02 Yoz

Ax' ‘ 2.0778 —2.4505 —0.4768 0.9673 -—3.7646 6.0327 0.3875 —0.2276 0.0277 —1.2278

‘ X03 Yo3 Xo4 Yoa

Xo5 Yos

Ax" | 1.6635 —2.7979

0.0000 0.0000 0.0000 0.0000
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3 Two-dimensional networks (Planar networks)

Adjusted coordinates

A

A

ID X [m] %= xen | |6 | Yim) §—ytem | |Gl | |62p] e
1 | 2477236.7770 | 305.705 | 2613.810 | 420351.5745 | —201.552 | 2758.232 | 3799.980
2 | 2477500.0185 | 212.850 | 1886.194 | 419949.0581 | —292.189 | 3288.278 | 3790.844
3 | 2477835.6134 | 306.336 | 2297.210 | 420206.1767 | —403.330 | 4172.628 | 4763.192
4 | 2478007.5936 | 1595.362 | 2883.889 | 420410.1663 | 958.629 | 4726.375 | 5536.735
5 | 24776316261 | 119.606 | 3263.607 | 420566.1543 | —129.573 | 3631.968 | 4882.860
6 | 2477667.1989 | 197.887 | 2625.872 | 420320.8860 | —243.402 | 3762.002 | 4587.795
10 | 2476455.4193 | —47.069 | 993.129 | 419742.3499 96.993 | 602.276 | 1161.483
01 | 2476731.2541 | —379.594 | 1444.469 | 419918.4377 | 601.771 | 1330.976 | 1964.176
20 | 2476576.6086 | 37.863 | 832.853 | 419588.9965 | —23.348 | 907.677 | 1231.877
02 | 2476 948.7591 1.913 | 1240.969 | 419330.0639 | —122.612 | 1649.433 | 2064.131
03 | 2477465.4687 | 162.871 | 1564.914 | 419816.7925 | —278.749 | 3028.710 | 3409.111

Absolute error ellipses

Absolute error ellipses

in Alem] Biem) \ @ [gon]

1 3501.30 | 1476.74 | 152.452 816
2 3475.18 | 1514.46 | 176.592 042
3 4555.58 | 1390.92 | 172.304 550
4 5323.46 | 1521.90 | 168.113042
5 4654.00 | 1477.36 | 154.163 006
6 | 4351.53 | 1453.29 | 164.197 377

in Alfem] B em) \ @ [gon]

10 | 1013.90 | 566.62 | 84.385885
01 | 1498.61 | 1269.70 | 133.440 665
20 | 1007.15 | 709.34 | 41.800223
02 1685.85 | 1191.03 18.870616
03 | 3136.80 | 1335.12 | 181.428 760
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Adjusted horizontal distances

Variance component: Q/of = 2259345.624, r = 8.52, 62 /0% = 265227.41, ag = 3.14%, kL., o, = 2.07
in \ to \ $m] \ € [em] \ |65 tem \ IR \ [wl \ [V em) \ V femi \ IF, \ IF, \ IP {mm) \ IPy [mm) \ IK mm] \ IKymm) | T
1 | 2 |480.9527 | —24.268 | 592.060 | 68.91 | 13| 10.95 | —35.2 2.78 9| 34.0 109.5 | 34.0 109.5 | 0.03
3 | 616.2349 | —49.489 | 535.554 | 74.56 | 26 | 10.53 | —66.4 241 | 15| 26.8 168.8 | 26.8 168.8 | 0.05
3 | 1 |616.2349 | —49.489 | 535.554 | 74.56 | 26 | 10.53 | —66.4 241 | 15| 26.8 168.8 | 26.8 168.8 | 0.05
2 | 4227693 | —6.930 | 545.872 | 73.57 4 | 10.60 -9.4 2.48 2| 28.0 249 | 28.0 24.9 | 0.01
4 | 266.8126 | 3128.740 | 652.490 | 62.24 | 1803 | 11.52 | +5026.5 3.22 | 1404 | 435 | 18978.0 | 43.5 | 18978.0 | 3.73#
5 | 413.7568 | —331.678 | 505.888 | 77.30 | 171 | 10.34 | —429.1 224 | 93| 235 973.8 | 23.5 973.8 | 0.36
6 | 203.7686 | —178.865 | 688.888 | 57.91 | 107 | 11.95 | —308.8 352 | 91| 503 | 1299.8 | 50.3 | 1299.8 | 0.22
5 | 1 |449.3887 | 128.127 | 719.233 | 54.13 | 79 | 12.36 | +236.7 380 | 73| 56.7 | 1086.0 | 56.7 | 1086.0 | 0.16
2 | 630.9740 | —139.403 | 601.224 | 67.94 | 77 | 11.03 | —205.2 284 | 53| 354 657.7 | 35.4 657.7 | 0.16
3 | 413.7568 | —329.678 | 505.888 | 77.30 | 170 | 10.34 | —426.5 224 | 92| 235 967.9 | 23.5 967.9 | 0.35
4 | 407.0428 | —915.282 | 781.854 | 45.79 | 615 | 13.43 | —1998.9 4.50 | 669 | 72.8 | 10836.1 | 72.8 | 10836.1 | 1.27
6 | 247.8345 | —122.454 | 709.969 | 5530 | 75 | 12.22 | —221.4 372 | 67| 546 989.8 | 54.6 989.8 | 0.16
10 | 01 | 327.2487 |  12.129 | 1005.568 | 10.33 | 17 | 28.29 | +117.4 * | 12.18 | 51 | 253.7 | 1053.1 | 253.7 | 1053.1 | 0.04
01 | 1 | 665.7034 8.665 | 1004.849 | 10.46 | 12 | 28.11 | +82.9 * | 12.09 | 36 | 251.7 742.0 | 251.7 742.0 | 0.03
20 | 02 | 453.3675 | —26.752 | 1052.586 | 1.75 | 92 | 68.79 | —1531.7 * | 30.99 | 690 | 675.9 | 15049.8 | 675.9 | 15049.8 | 0.19
02 | 03 | 709.8546 | —7.460 | 1005.071 | 10.42 | 11 | 28.17 | —71.6 * | 12.12 | 31| 2523 641.6 | 252.3 641.6 | 0.02
03 | 3 | 537.2403 | —6.027 | 1005.627 | 10.32 9| 28.30 | —58.4 *|12.18 | 25| 253.8 523.9 | 253.8 523.9 | 0.02
04 | 10 | 125.0520 |  18.798 | 1013.811 | 8.85 | 29 | 30.55 | +212.4 * | 13.26 | 92 | 2785 | 1935.6 | 278.5 | 1935.6 | 0.06
05 | 20 | 425.9479 | —4.791 | 1006.346 | 10.19 7| 2848 | —47.0 *| 1227 | 20 | 255.8 422.3 | 255.8 422.3 | 0.01
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Adjusted horizontal angles

Variance component: Q/o? = 1002398.564, r = 5.48, 6¢/of = 182870.14, ag = 1.52%, k., ., = 2.71
in ‘ from ‘ to ‘ & [gon] ‘ € [mgon] ‘ |G| mgon] | IR[7) ‘ |w] ‘ | V| (mgon] §[mg0n] ‘ IF; ‘ IF, ‘ IP; [mgon] | IP5[mgon T,
1 2 3 | 352.035132 —34.977 720.482 | 41.07 28 12.54 —85.16" 4.95 34 7.4 50.2 | 0.06
3 2 1 56.783 516 16.175 760.126 | 49.78 10 13.01 +32.49* 4.15 10 6.5 16.3 | 0.02
2 4 | 186.212771 —55.981 | 1779.045 | 32.17 22 32.60 —174.00* 6.00 32 22.1 118.0 | 0.05
2 5 | 108.798 916 267.905 862.287 | 68.42 102 15.88 +391.55* 2.81 69 5.0 123.6 | 0.21
2 6 79.685 655 —3.094 | 1746.968 | 39.69 1 30.57 -7.79 5.09 1 18.4 4.7 | 0.00
03 2 9.992 482 6.284 941.354 5.50 13 35.36 +114.32* | 17.13 55 33.4 108.0 | 0.03
5 1 3 | 298.869983 | —174.766 | 1002.129 | 52.88 79 17.19 —330.47* 3.90 75 8.1 155.7 | 0.16
2 3 | 353.802400 —81.875 577.672 | 69.31 46 10.72 —118.12* 2.75 30 3.3 36.2 | 0.09
3 4 | 357.858023 | 2470.372 994.688 | 32.05 | 1745 18.25 +7707.21# 6.02 | 2541 12.4 5236.8 | 3.62"
6 3 | 376.348490 | —114.385 | 1330.096 | 30.37 63 24.76 —376.58* 6.26 95 17.2 262.2 | 0.13
10 04 01 | 180.440404 638.608 | 3279.278 | 41.99 110 56.88 +1520.98* 4.86 130 33.0 882.4 | 0.23
01 10 1 | 191.070145 72.756 | 1729.960 3.16 112 84.72 +2305.90" | 22.89 623 82.0 2233.1 | 0.23
20 05 02 | 293.305431 —77.437 | 1400.083 6.13 104 49.97 —1263.48" | 16.17 409 46.9 1186.0 | 0.22
02 20 03 | 113.202437 —55.832 | 1113.748 | 14.81 58 26.84 —376.90* 9.91 139 22.9 321.1 0.12
03 02 3 | 196.486 191 —20.141 | 1178.740 | 11.28 23 31.90 —178.64* | 11.59 65 28.3 158.5 | 0.05
04 10 05 | 121.858 264 | —545.301 | 2885.343 | 42.31 107 50.00 —1288.75" 4.82 124 28.8 743.4 | 0.22
05 04 20 40.146 262 —64.102 | 1061.888 7.22 104 35.13 —888.04° | 14.81 375 32.6 823.9 | 0.22
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3 Two-dimensional networks (Planar networks)

Network graph
Global Test T = 232982 >k = 1.62
420800 T T T T T T T T T
A Benchmark : : : : : : :
® New Point (approx.)
°
420600 [~
420400
420200
E
(@)}
-E 420000
€
[]
z
419800
419600 [~ f
419400
: : : : : : : : Error EIIipses3
419200 2001 | | | | | | 1 | 1
2476400 2476600 2476800 2477000 2477200 2477400 2477600 2477800 2478000
Easting [m]
3.6.3.2 Distance observation, blunder removed
Least squares solution A’;C[m] (1. iteration)
‘ X1 Y1 X2 Y2 X3 Y3 X4 Y4 X5 Ys
A}T‘3.3575 —2.0170 2.0361 —2.8157 2.8395 —3.8945 3.4518 —4.4099 3.9926 —3.2601
‘ X6 Yo X10 Y10 Xo1 Yo1 X20 Y20 X02 Yo2
A}T‘3.2102 —3.3653 —0.4364 0.9743 -—-3.6640 6.0247 0.3464 —0.2479 —0.0021 —1.2047
‘ Xo03 Yo3 Xo4  Yoa Xos Yos
Ax" | 15111 27079 0 0 0 0
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3 Two-dimensional networks (Planar networks)

Adjusted coordinates

D X [m] X — X [cm] ‘ |G| fem] ‘ ¥ m] U — Ylem ‘ |6 fem) ‘la'le[Cm]

1 | 2477236.9744 325.436 | 165.845 | 420351.5440 | —204.598 | 175.038 | 241.128
2 | 2477499.8614 197.143 | 119.681 | 419949.1657 | —281.426 | 208.625 | 240.516
3 | 2477835.3008 275.085 | 145.783 | 420206.3463 | —386.374 | 264.711 | 302.200
4 | 2477994.9850 334.495 | 181.470 | 420396.2147 | —436.531 | 298.271 | 349.137
5 | 2477634.3011 387.107 | 206.759 | 420564.2001 | —324.993 | 230.921 | 309.958
6 | 2477668.3317 311.169 | 166.448 | 420319.9697 | —335.025 | 238.875 | 291.147
10 | 2476 455.4632 —42.677 63.015 | 419742.3601 98.011 38.225 73.702
01 | 2476731.3579 | —369.209 | 91.655 | 419918.4430 602.302 84.463 | 124.638
20 | 2476576.5638 33.381 52.841 | 419588.9738 —25.622 57.592 78.160
02 | 2476948.7262 -1.378 78.738 | 419330.0872 | —120.275 | 104.656 | 130.968
03 | 2477465.3033 146.333 99.298 | 419816.8872 | —269.280 | 192.153 | 216.294

Absolute error ellipses Absolute confidence ellipses (1 — a = 95%)

in ‘ A [cm] ‘ B [em] ‘ ¢ [gon] in ‘ A [cm] ‘ B [em] ‘ ¢ [gon]

1 | 222.18 93.69 | 152.459 984 1 | 612.96 | 258.49 | 152.459984
2 | 220.49 96.08 | 176.585 265 2 | 608.30 | 265.07 | 176.585 265
3 | 289.03 88.25 | 172.292 815 3 | 797.38 | 243.46 | 172.292 815
4 | 334.37 | 100.48 | 168.573 684 4 | 922.46 | 277.21 | 168.573 684
5 | 295.49 93.61 | 154.298 564 5 | 815.19 | 258.24 | 154.298 564
6 6

276.18 92.15 | 164.257 874 761.93 | 254.23 | 164.257 874

10 64.33 35.96 84.388 923 10 | 177.48 99.22 84.388 923
01 95.10 80.57 | 133.475978 01 | 262.36 | 222.27 | 133.475978
20 63.90 | 45.00 | 41.797112 20 | 176.30 | 124.16 | 41.797112
02 | 106.97 75.57 18.868 510 02 | 295.10 | 208.48 18.868 510
03 | 199.02 84.71 | 181.421326 03 | 549.05 | 233.70 | 181.421326
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Adjusted horizontal distances

Variance component: Q/ag = 211.620, r = 7.87, 65/002 =26.90, ag = 2.77%, kgG;r’oo =2.17
in ‘ to ‘ S{m ‘ €em] ‘ |55 | [em] ‘ IR ‘ |w] ‘ [V cm) ‘ §[cm] ‘ IF, ‘ IF, ‘ IP; [mm] ‘ TPy [mm] ‘ IK{ [mm] ‘ 1K [mm] T,
1 2 | 480.6432 6.680 | 37.583 | 68.89 3.66 | 10.95 +9.7 * 2.78 2.5 34.1 30.2 34.1 30.2 | 0.12
3 | 615.6923 4.773 | 33.991 | 74.55 2.51 | 10.53 +6.4 2.41 1.5 26.8 16.3 26.8 16.3 | 0.08
3 1 | 615.6923 4.773 | 33.991 | 74.55 2.51 | 10.53 +6.4 2.41 1.5 26.8 16.3 26.8 16.3 | 0.08
2 | 422.6836 1.640 | 34.622 | 73.60 0.87 | 10.60 +2.2 2.47 0.5 28.0 5.9 28.0 5.9 | 0.03
5 | 410.4391 0.090 | 32.504 | 76.73 0.05 | 10.38 +0.1 2.28 0.0 24.2 0.3 24.2 0.3 | 0.00
6 | 201.9629 1.714 | 43.651 | 58.03 1.02 | 11.93 +3.0 3.51 0.9 50.1 12.4 50.1 12.4 | 0.03
5 1 | 450.6563 1.369 | 45.606 | 54.19 0.85 | 12.35 +2.5 3.80 0.8 56.6 11.6 56.6 11.6 | 0.03
2 | 629.5564 2.362 | 38.205 | 67.85 1.30 | 11.04 +3.5 2.84 0.9 35.5 11.2 35.5 11.2 | 0.04
3 | 410.4391 2.090 | 32.504 | 76.73 1.08 | 10.38 +2.7 2.28 0.6 24.2 6.3 24.2 6.3 | 0.04
4 | 397.8843 0.566 | 50.607 | 43.59 0.39 | 13.77 +1.3 4.70 0.4 77.7 7.3 77.7 7.3 | 0.01
6 | 246.5898 2.019 | 44.915 | 55.56 1.23 | 12.20 +3.6 3.70 1.1 54.2 16.1 54.2 16.1 | 0.04
10 | 01 | 327.2966 7.340 | 63.803 | 10.33 | 10.38 | 28.28 +71.0 * | 12.17| 30.6 | 253.6 637.1 253.6 637.1 | 0.34
01 1 | 665.7511 3.894 | 63.758 | 10.46 5.47 | 28.11 +37.2 * | 12.09] 16.0 | 251.7 333.4 251.7 333.4 | 0.18
20 | 02 | 453.3510 | —25.096 | 66.787 1.75 | 86.29 | 68.76 | —1436.0 # | 30.98| 647.0 | 675.6 14108.6 675.6 14108.6 | 2.82%
02 | 03 | 709.8071 —2.709 | 63.772 | 10.42 3.81 | 28.16 -26.0 * | 12.12| 11.2 | 252.3 232.9 252.3 232.9 | 0.12
03 | 3 | 537.1932 —-1.319 | 63.808 | 10.32 1.87 | 28.30 -12.8 12.18 5.5 | 253.8 114.6 253.8 114.6 | 0.06
04 | 10 | 125.0971 14.291 | 64.326 8.86 | 21.83 | 30.55 +161.4 * | 13.26| 70.0 | 278.4 1471.0 278.4 1471.0 | 0.71
05 | 20 | 425.9014 —0.140 | 63.853 | 10.19 0.20 | 28.48 -1.4 12.27 0.6 | 255.7 12.3 255.7 12.3 | 0.01
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Adjusted horizontal angles

Variance component: Q/of = 11982.322, r = 5.13, 6/0¢ = 2333.82, ag = 1.36%, ki ., ., = 2.84
in ‘ from ‘ to ‘ & [gon] ‘ € [mgon] ‘ |64 | mgon] | IR[%) ‘ |w] ‘ | V| [mgon] ﬁ[mgon] ‘ IF; ‘ IF, ‘ IP; (mgon] | IPy [mgon T,
1 2 3 | 351.998 199 1.955 45.731 | 41.03 1.6 12.54 +4.77 4.95 1.9 7.4 2.8 | 0.05
3 2 1 56.797 500 2.192 48.268 | 49.70 1.4 13.02 +4.41 4.16 1.4 6.6 2.2 | 0.05
2 4 | 186.157736 —0.946 | 115.180 | 29.38 0.4 34.12 —-3.22 6.41 0.6 24.1 2.3 | 0.01
2 5 | 109.061313 5.508 55.100 | 67.97 2.1 15.93 +8.10 2.84 1.4 5.1 2.6 | 0.07
2 6 79.680 894 1.668 | 111.267 | 39.23 0.6 30.75 +4.25 5.14 0.7 18.7 2.6 | 0.02
03 2 9.989 590 9.175 59.733 5.49 19.5 35.39 +167.23* | 17.15 81.0 33.4 158.1 | 0.64
5 1 3 | 298.704 829 -9.613 63.641 | 52.80 4.4 17.20 —18.20" 3.91 4.1 8.1 8.6 | 0.14
2 3 | 353.719577 0.948 36.766 | 69.13 0.5 10.74 +1.37 2.76 0.4 3.3 0.4 | 0.02
3 4 | 360.328 272 0.123 75.952 1.60 0.4 81.70 +7.71 32.42 3.1 80.4 7.6 | 0.01
6 3 | 376.233 682 0.423 84.501 | 30.20 0.2 24.83 +1.40 6.28 0.4 17.3 1.0 | 0.01
10 04 01 | 180.446712 632.300 | 208.076 | 41.99 | 109.4 56.88 +1506.00* 4.86 | 128.6 33.0 873.7 | 3.57*
01 10 1 191.071 486 71.415 | 109.768 3.16 | 110.4 84.73 +2263.55# | 22.89 | 611.6 82.1 2192.1 3.60#
20 05 02 | 293.302004 -74.010 88.837 6.13 99.9 49.97 —1207.46* | 16.17 | 390.8 46.9 1133.5 | 3.26"
02 20 03 | 113.195905 —49.300 70.668 | 14.81 51.2 26.84 —332.80" 9.91 | 122.9 22.9 283.5 1.67
03 02 3 | 196.480 242 —14.192 74.796 | 11.27 16.3 31.92 —125.97* | 11.60 45.8 28.3 111.8 | 0.53
04 10 05 | 121.857501 | —544.538 | 183.075 | 42.31 | 106.4 49.99 —1286.88* 4.82 | 124.2 28.8 742.3 | 3.47*
05 04 20 40.143 419 —61.259 67.378 7.22 99.8 35.13 —848.58% | 14.81 | 357.9 32.6 787.3 | 3.26"
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3 Two-dimensional networks (Planar networks)

Network graph

Global Test T = 938 >>k | = 1.67

420800 T T T T T T T
A Benchmark
°
°

New Point (approx.)

New Point (adj.) : : : :
420600 [~ e AR AR R : ‘\ """

420400 [~ R

420200 |--blunder in angle 103-102-1:de L T
2.22gon : ‘

E
o : : : : :
£ 420000 [~ e e N o
\6 .
b4
419800 fmeeeenn P 1 ceed [ R beeeeaas . B R R R PR P R PP PR
419600 [ o e L
T e S b
: Error Ellipses :
419200 L2901 1 i i i i i i i i
2476400 2476600 2476800 2477000 2477200 2477400 2477600 2477800 2478000
Easting [m]
3.6.3.3 Distance and angle observations, blunders removed
Least squares solution Axm (1. iteration)
‘ X1 Y1 X2 Y2 X3 Y3 X4 Y4 X5

Ys

A}T‘O.OO45 —0.0015 0.0043 -0.0046 —0.0034 0.0011 -0.0004 -—0.0001 0.0046 —0.0013

‘ X6 Yo X10 Y10 Xo1 Yo1 X20

Y20

X02

Yoz

A}T‘O.0024 —0.0016 0.0005 —0.0040 0.0016 —0.0030 0.0041 -0.0033 0.0016 —0.0027

‘ X03 Yo3 Xo4  Yoa Xos Yos

A}T\—O.OO% 00037 0 0 0 O
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3 Two-dimensional networks (Planar networks)

Adjusted coordinates

D X [m] X — X [cm] ‘ |G| fem] ‘ i [m] U — Ylem] ‘ |6 fem) ‘ |G2D | fem]

1 | 2477233.7245 0.447 | 7.136 | 420353.5885 | —0.146 6.864 9.901
2 | 2477497.8943 0.429 | 4.967 | 419951.9754 | —0.455 8.331 9.700
3 | 2477832.5466 | —0.337 | 6.229 | 420210.2111 0.112 | 10.695 | 12.377
4 | 2477991.6396 | —0.037 | 7.710 | 420400.5799 | —0.007 | 12.058 | 14.313
5 | 2477630.4346 0.458 | 8.804 | 420567.4487 | —0.127 9.267 | 12.782
6 | 2477665.2224 0.241 7.089 | 420323.3184 | —0.161 9.589 | 11.925
10 | 2476 455.8905 0.048 | 2.407 | 419741.3760 | —0.404 1.752 2.977
01 | 2476735.0516 0.155 | 5.115 | 419912.4170 | —0.296 7.018 8.684
20 | 2476 576.2341 0.405 | 2.010 | 419589.2267 | —0.332 2.172 2.959
02 | 2476 948.7416 0.164 | 2.948 | 419331.2873 | —0.272 4.113 5.061
03 | 2477463.8354 | —0.457 | 4.048 | 419819.5837 0.369 7.722 8.719

Absolute error ellipses Absolute confidence ellipses (1 — a = 95%)

in ‘ A[cm] ‘ B[cm] ‘ ¢[gon] in ‘ A[cm] ‘ B[cm] ‘ ¢[g0n]

1 9.21 3.64 | 148.304 669 1 | 25.66 | 10.16 | 148.304 669
2 8.97 3.69 | 173.347 104 2 | 25.00 | 10.29 | 173.347 104
3 | 11.90 3.41 | 169.774 650 3 | 33.16 9.52 | 169.774 650
4 | 13.78 3.86 | 166.340003 4 | 38.42 | 10.77 | 166.340003
5 | 12.27 3.59 | 151.937379 5 | 34.20 | 10.00 | 151.937379
6 6

11.38 3.55 | 161.601786 31.73 9.90 | 161.601786

10 2.42 1.73 89.840 139 10 6.75 4.83 89.840 139
01 8.10 3.14 | 163.610651 01 | 22.57 8.76 | 163.610651
20 2.39 1.74 | 41.922617 20 6.67 | 4.85 41.922 617
02 | 4.18 2.85 15.824 460 02 | 11.66 7.94 15.824 460
03 8.10 3.23 | 178.713034 03 | 22.57 9.01 | 178.713034
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Adjusted horizontal distances

2

Variance component: Q/c? = 8.145, r = 7.84, 6¢/0f = 1.04, ag = 2.75%, k., . = 2.17
in ‘ to ‘ S{m ‘ € [em] ‘ |65 [em] ‘ IR %) ‘ [w] ‘ [V {cm) ‘ ﬁ[cm] ‘ IF, ‘ IF, ‘ IP; [mm] ‘ IPy [mm ‘ IK [mm] ‘ IK [mm] ‘ T,
1 2 | 480.7065 0.347 | 1.409 | 68.82 | 0.19 10.96 +0.504 2.78 0.13 34.2 1.6 34.2 1.6 | 0.17
3 | 615.7476 | —0.756 1.274 | 74.49 | 0.40 10.53 —-1.015 2.42 0.23 26.9 2.6 26.9 2.6 0.35
3 1 | 615.7476 | —0.756 1.274 | 74.49 | 0.40 10.53 —-1.015 2.42 0.23 26.9 2.6 26.9 2.6 0.35
2 | 422.7030 | —0.303 1.297 | 73.59 | 0.16 10.60 —-0.412 2.48 0.10 28.0 1.1 28.0 1.1 0.14
5 | 410.4485 | —0.853 1.217 | 76.73 | 0.44 10.38 —-1.111 2.28 0.24 24.2 2.6 24.2 2.6 0.39
6 | 201.9670 1.305 | 1.635 | 58.03 | 0.78 11.93 +2.249 3.51 0.66 50.1 9.4 50.1 9.4 | 0.68
5 1 | 450.6829 | —1.292 | 1.708 | 54.17 | 0.80 12.35 —2.384 3.80 0.73 56.6 10.9 56.6 10.9 | 0.70
2 | 629.5826 | —0.263 1.431 | 67.84 | 0.15 11.04 —0.388 2.85 0.10 35.5 1.2 35.5 1.2 0.13
3 | 410.4485 1.147 1.217 | 76.73 | 0.60 10.38 +1.496 2.28 0.33 24.2 3.5 24.2 3.5 0.52
4 | 397.8873 0.273 1.895 | 43.59 | 0.19 13.77 +0.625 4.70 0.21 77.7 3.5 77.7 3.5 0.16
6 | 246.5965 1.354 | 1.682 | 55.56 | 0.83 12.20 +2.437 3.70 0.74 54.2 10.8 54.2 10.8 | 0.72
10 | 01 | 327.3927 | —2.266 | 2.393 | 10.07 | 3.25 28.65 | —22.506 | 12.35 9.70 257.6 | 202.4 257.6 202.4 | 2.83%
01 1 | 665.8130 | —2.301 2.389 10.38 | 3.25 28.21 | —22.164 | 12.14 9.54 252.8 198.6 252.8 198.6 2.83#
20 | 02 | 453.0945 0.549 | 2.516 0.59 | 3.25 | 118.27 | +92.911 | 53.60 | 42.11 | 1175.7 923.6 1175.7 923.6 2.83%
02 | 03 | 709.7570 2.300 | 2.389 10.37 | 3.25 28.23 | +22.177 | 12.15 9.54 253.0 198.8 253.0 198.8 2.83%
03 | 3 | 537.1571 2.292 | 2.390 10.30 | 3.25 28.33 | +22.254 | 12.20 9.58 254.1 199.6 254.1 199.6 2.83%
04 | 10 | 125.2605 | —2.050 | 2.417 8.24 | 3.25 31.67 | —24.883 | 13.79 | 10.83 290.6 228.3 290.6 228.3 2.83%
05 | 20 | 425.8772 2.280 | 2.391 10.20 | 3.25 28.47 | +22.366 | 12.26 9.63 255.7 200.9 255.7 200.9 2.83%
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Adjusted horizontal angles

Variance component: Q/o? = 7.643, r = 4.16, 6¢/o; = 1.84, ag = 0.95%, kf ., . = 3.29
in ‘ from ‘ to ‘ & [gon] ‘ € [mgon] ‘ |64 | mgon] | IR[% ‘ |w] ‘ | V| (mgon] §[mgon] ‘ IF, ‘ IF, ‘ IP; mgon] | IPyimgon | Ty
1 2 3 | 352.000861 | —0.707 1.713 41.02 | 0.57 12.54 -1.72 4.95 0.68 7.4 1.0 0.49
3 2 1 56.800756 | —1.065 1.808 49.70 | 0.68 13.03 -2.14 4.16 0.68 6.6 1.1 0.59
2 4 | 186.157245 | —0.455 4.314 29.38 | 0.19 34.11 —-1.55 6.41 0.29 24.1 1.1 0.16
2 5 | 109.062 331 4.490 2.063 67.98 | 1.71 15.93 +6.60 2.84 1.18 5.1 2.1 1.49
2 6 79.681 644 0.918 4.167 39.23 | 0.31 30.75 +2.34 5.14 0.39 18.7 1.4 0.27
03 2 9.997 250 1.515 2.238 5.41 | 3.25 35.62 +27.99 | 17.27 | 13.57 33.7 26.5 2.83%
5 1 3 | 298.698674 | —3.458 2.384 52.77 | 1.57 17.21 —6.55 3.91 1.49 8.1 3.1 1.37
2 3 | 353.719464 1.060 1.377 69.13 | 0.59 10.74 +1.53 2.76 0.39 3.3 0.5 0.51
3 4 | 360.328 336 0.059 2.845 1.60 | 0.19 81.71 +3.71 | 32.42 1.47 80.4 3.7 0.16
6 3 | 376.233 639 0.466 3.165 30.20 | 0.26 24.83 +1.54 6.28 0.39 17.3 1.1 0.22
10 04 01 | 181.075633 3.379 10.161 1.36 | 3.25 | 315.83 | +248.11 | 35.17 | 27.63 311.5 244.7 2.83%
20 05 02 | 293.227078 0.916 3.419 0.89 | 3.25 | 131.27 | +103.12 | 43.65 | 34.29 130.1 102.2 2.83%
02 20 03 | 113.143912 2.693 2.705 11.01 | 3.25 31.14 +24.46 | 11.75 9.23 27.7 21.8 2.83%
03 02 3 | 196.463 276 2.773 2.808 10.86 | 3.25 32.51 +25.54 | 11.84 9.30 29.0 22.8 2.83%
04 10 05 | 121.318 228 | —5.265 8.834 4.25 | 3.25 157.82 | —123.98 | 19.62 | 15.41 151.1 118.7 2.83*
05 04 20 40.081 405 0.755 2.606 1.04 | 3.25 92.62 +72.76 | 40.34 | 31.69 91.7 72.0 2.83#
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3 Two-dimensional networks (Planar networks)

Network graph
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3 Two-dimensional networks (Planar networks)

Supplementary information

Observed distances 19 18 18
Observed angles 17 17 16
Number of observations 36 35 34
Coordinate unknowns 22 22 22

Datum defect 3 3 3

Datum definition fix fix fix
Number of datum constraints 4 4 4
Type-I-error probability a; [%] (Baarda) 0.1 0.1 0.1
Type-I-error probability ag [%] (Baarda) 6.6 6.0 5.3

Test value k7, 3.29 3.29 3.29
x%-Noncentrality parameter A, 17.1 17.1 17.1
Type-I-error probability a, [%] (Pope) 0.1 0.1 0.1
Critical value k;,_ 2.8 2.8 2.8
Number of iterations (Max=20) 20 20 20

Stop criterion (actual) 3.8-1071% 4.2.1071° 3.6-1071°
Redundancy r 14 13 12
Redundancy distances 8.52 7.87 7.84
Redundancy angles 5.48 5.13 4.16
Weighted square sum of residuals Q [m?] 1.58-10°  5.90 7.64-1073
(a priori) standard deviation ¢y [m] 2.20-1072 2.20-1072 2.20-1072
(a posteriori) estimated standard deviation &y [m] 10.7 0.674 2.52-1072
Ratio 64/ 09 482.6818 30.6267 1.1470
Global test (62/0?) 232982 938 1.3156
Critical value kf ., 1.62 1.67 1.73
Number of outliers (Data snooping) 35 15 0

Number of outliers (r-criterion) 2 5 14

IX = X|| [em] 2180.369  1370.566  1.431
Trace coordinate covariance matrix, trfjg [cm?] 1.497 - 10  6.011-10° 1050.4
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3 Two-dimensional networks (Planar networks)

3.6.4 Ghilani (2010), Ex. 21.10

Ghilani (2010): Adjustment Computations. Spatial Data Analysis. 5th Edition. Ex. 21.10, pp. 459

Available data files: [2D] Ghilani21_10_DistanceAngle_fix:.x

Coordinates

Point name | Easting x [m] ‘ Northing ym)

A 5600.5440 (D) | 4966.2360 (D)
B 6061.6240 (D) | 8043.1730 (D)
C 9787.8230 8038.5290
D 9260.8860 4843.9110

Datum: fix, (D)...Datum coordinate

Horizontal distances

in ‘ to ‘ Sm] ‘ || mm] ‘ Pli/m?]
A | B | 3111.2910 10 10 000.00
C | 5193.4710 16 3906.25
B | C | 3726.2200 12 6944.44
D | 4524.4710 14 5102.04
C | D | 3237.7830 10 10 000.00
D | A | 3662.3720 12 6944.44

Horizontal angles

in ‘ from ‘ to ‘ o [gon] ‘ || (mgon] Pl1/rad?]

A B C | 50.2327160 | 0.6481 | 9.64743-10°
C D | 42.4240741 | 0.6481 | 9.64743-10°

B C D | 49.9206790 | 0.6481 | 9.64743-10°
D A | 59.4700617 | 0.6481 | 9.647 43-10°

C D A | 49.2959877 | 0.6481 | 9.647 43-10°
A B | 40.3783951 | 0.6481 | 9.64743-10°

D A B | 47.8922840 | 0.6481 | 9.64743-10°
B C | 60.4074074 | 0.6481 | 9.64743-10°

Design matrix Ay and reduced observation vector Ay.m distances (1. iteration)

A XA Ya XB yB xc yc XD w | Ay

sap|—0.1482 —0.9890 0.1482 0.9890 0.0000 0.0000 0.0000 0.0000 || —0.070
sac|—0.8063 —0.5916 0.0000 0.0000 0.8063 0.5916 0.0000 0.0000 || —1.431
sgc | 0.0000 0.0000 —1.0000 0.0012 1.0000 —0.0012 0.0000 0.0000| 1.811
sgp | 0.0000 0.0000 —0.7071 0.7071 0.0000 0.0000 0.7071 —0.7071| 3.129
scp| 0.0000 0.0000 0.0000 0.0000 0.1627 0.9867 —0.1627 —0.9867 || —0.124
spa|—0.9994 0.0334 0.0000 0.0000 0.0000 0.0000 0.9994 —0.0334 | —1.342
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3 Two-dimensional networks (Planar networks)

Design matrix Apmgnm) and reduced observation vector Ayimen angles (1. iteration)

Al xa ya Xp UB xc yc  *p yp || Ay

aapc| 12.9842  6.8508 —20.2357  3.0323  7.2515-9.8831 0.0000  0.0000 0.0979
aACD 7.8320  7.4898  0.0000 0.0000 -7.2515 9.8831 -0.5806 —17.3730( —0.7273
aBCD 0.0000  0.0000  9.9282 —7.1355  0.0213 17.0849 —9.9495 —9.9495 0.0215
agpa |—20.2357  3.0323 10.2862 —12.9818  0.0000 0.0000 9.9495  9.9495 0.7526
acpal| —7.2515  9.8831  0.0000  0.0000 —12.1486 —6.6832 19.4001 —3.1999 1.0938
aCAB 7.2515 -9.8831  0.0213 17.0849 —7.2727 —7.2018 0.0000  0.0000 0.9798
apap| —0.5806 —17.3730  9.9495  9.9495  0.0000 0.0000 —9.3689  7.4235| 19.0126
apBC 0.0000  0.0000 —9.9495 -9.9495 19.4001 —3.1999 —9.4506 13.1494 0.3739

Matrix D'(j of datum constraints

XA YA XB YB XC Yc XD YD

1 0 0 0 0 0 O O
DTO 10 0 0 0 0 O
0 0 1.0 0 0 0 O
0 0 010 0 0 O

Least squares solution AXfem (1. iteration)

‘ XA YA XB YB Xc Yyc XD YD

Ax ‘ 0 0 0.000 0.000 0.199 0.635 -2.557 2.311

Adjusted coordinates

Pointname |  &mml | & =Xl | |6l | G | § = ylem | |]m | 162p]em
C 9787.8250 0.199 9.523 | 8038.5354 0.635 16.778 | 19.292
D 9260.8604 | —2.557 9.761 | 4843.9341 2.311 15.117 | 17.994
Absolute error ellipses Absolute confidence ellipses (1 — a = 95%)
in ‘ A [cm] ‘ B [em] ‘ ¢ [gon] in ‘ A [cm] ‘ B [cm] ‘ ¢ [gon]
C | 17.32 8.51 | 181.678 833 C | 49.60 | 24.37 | 181.678 833
D | 15.93 8.37 24.166 591 D | 45.63 | 23.98 24.166 591
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Adjusted horizontal distances

Variance component: Q = 27.680, r = 2.68, 62 = 10.35, ag = 0.45%, k&

ag;r,o

=4.61

in ‘ to ‘ S[m] ‘ € [cm] ‘ |55 | [em] ‘ IR %) ‘ [w] ‘ |V em] ‘ §[cm] ‘ IF; ‘ IF, ‘ IP; [mm] ‘ IP5 [mm] ‘ IK [mm] ‘ IK [mm] ‘ T,
A | B | 3111.2917 | —0.070 | 0.000 | 100.00 | 0.07 4.13 | —0.070 | 0.00| 0.00 0.0 0.0 0.0 0.0 0.01
C | 5193.4907 | —1.968 | 9.921 55.45 | 1.65 8.88 | —3.548 3.70( 1.48| 39.6 15.8 39.6 15.8 0.18
B | C | 3726.2039 1.612 | 9.531 26.90 | 2.59 9.56 | +5.995 6.81| 4.27| 69.9 43.8 69.9 43.8 0.28
D | 4524.4053 6.571 9.934 41.66 | 7.27 8.96 |+15.775% | 4.89| 8.61| 52.3 92.0 52.3 92.0 0.78
C | D | 3237.7722 1.081 8.466 16.94 | 2.63 | 10.04 | +6.379 9.15| 5.81| 83.4 53.0 83.4 53.0 0.28
D | A | 3662.3591 1.291 9.551 26.60 | 2.09 9.61 | +4.853 6.86| 3.47| 70.6 35.6 70.6 35.6 0.22
Adjusted horizontal angles
Variance component: Q = 835.324, r = 7.32, 673 = 114.05, ag = 2.46%, kgc;,,w =2.26
in ‘ from ‘ to ‘ 0? [gon] ‘ é [mgon] ‘ |CAT,5, | [mgon] IR [%] ‘ |W| ‘ |V| [mgon] \Y [mgon] ‘ IFl ‘ IF2 ‘ IP1 [mgon] IPZ [mgon] TT
A B C | 50.232570 0.146 2.028 88.65 0.24 2.84 +0.16 1.48 | 0.09 0.3 0.0 0.03
C D | 42.424463 | —0.389 1.590 93.02 0.62 2.78 —-0.42 1.13 | 0.17 0.2 0.0 0.07
B C D | 49.920791 | —0.112 1.688 92.14 0.18 2.79 -0.12 1.21 | 0.05 0.2 0.0 0.02
D A | 59.469 285 0.777 2.111 87.71 1.28 2.86 +0.89 1.55 | 0.48 0.4 0.1 0.14
C D A | 49.294 257 1.731 1.915 89.88 2.82 2.82 +1.93 1.39 | 0.94 0.3 0.2 0.30
A B | 40.377 355 1.040 1.136 96.44 1.63 2.73 +1.08 | 0.79 | 0.31 0.1 0.0 0.18
D A B | 47.873682 | 18.601 1.103 96.64 | 29.19 2.72  |+19.25" | 0.77 | 5.44 0.1 0.6 3.14"
B C | 60.407597 | —0.190 2.090 87.96 0.31 2.86 -0.22 1.53 | 0.12 0.3 0.0 0.03
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3 Two-dimensional networks (Planar networks)

Network graph
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Supplementary information
Observed distances 6
Observed angles 8
Coordinate unknowns 4
Datum defect 3
Datum definition fix
Number of datum constraints 4
Type-I-error probability o [%] (Baarda) 0.1
Type-I-error probability ag [%] (Baarda) 4.0
Power of test y [%] (Baarda) 80.0
Test value ki:’L/z 3.29
x%-Noncentrality parameter A, 17.1
Type-I-error probability a, [%] (Pope) 0.1
Critical value k;,_ 2.7
Number of iterations (Max=20) 3
Stop criterion (actual) 2.5-10711
Redundancy r 10
Redundancy distances 2.68
Redundancy angles 7.32
Weighted square sum of residuals Q [-] 8.63004 - 10°
(a priori) standard deviation oy [-] 1
(a posteriori) estimated standard deviation 6y [-] 9.28980
Ratio 5'0/0'0 9.2898
Global test (6Z/02) 86.3004 (k% ., ., =1.90)
Number of outliers (Data snooping) 2
Number of outliers (r-criterion) 1
IX = X|| [cm] 3.510
Trace coordinate covariance matrix, trig [cm?] 696
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3 Two-dimensional networks (Planar networks)

3.6.5 Polygon traverse: with 3 different datum definitions; one with non-linear
external restriction
Available data files: [2D] Krumm_Traverses.x

This example treats a polygon traverse using three different datum definitions (fixed, dynamic and
free), and one solution is constrained by a non-linear external restriction: Point C is to be located
at a fixed distance from the origin. Furthermore, two azimuths at the end points of the traverse are
given.

Horizontal distances

in|to| sw | |ofmm | pr

B | C | 281.8320 16 1
C | D | 271.3000 16 1
D | E | 274.1000 16 1

Horizontal angles

in ‘ from ‘ to ‘ « [gon] ‘ |O'| [mgon] p [m? /rad?]
C B D | 205.9672840 | 3.0864 | 108915.63596
D C E | 231.5984568 | 3.0864 | 108915.63596

Horizontal angles and azimuths

in ‘ from ‘ to ‘  [gon] ‘ A[gon] ‘ |O'| [mgon] p [m? /rad?]
B *A C | 192.1030864 75.8397222 | 3.0864 | 108915.63596
E D *F | 228.0342593 | 333.5464506 | 3.0864 | 108915.63596

Design matrix A and reduced observation vector Aywm distances (1. iteration)

A | xB ys xc Yyc XD Yp XE ye || Ay

sc | 0.8759 0.4825 —0.8759 —0.4825 0.0000 0.0000 0.0000 0.0000| 0.000
scp | 0.0000 0.0000 0.9172 0.3984 —0.9172 —0.3984 0.0000 0.0000 | 0.000
spg |0.0000 0.0000 0.0000 0.0000 0.9963 —0.0864 —0.9963 0.0864 | —4.386

Design matrix Apmgonm1 and reduced observation vector Ayimen angles (1. iteration)

A XB yB xc Yyc XD Yp XE e || Ay

apac| 108.9993 —197.8478 —108.9993 197.8478  0.0000 0.0000  0.0000 0.0000{| 0.0000
acpp|—108.9993 197.8478 202.4962 —413.0719 —93.4969 215.2241  0.0000 0.0000(|| 0.0000
ADCE 0.0000 0.0000 —93.4969 215.2241 73.4397 —446.5774 20.0572 231.3532| 3.1212
QEDF 0.0000 0.0000 0.0000 0.0000 20.0572 231.3532 —20.0572 —231.3532||-6.7632
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3 Two-dimensional networks (Planar networks)

3.6.5.1 Datum definition 1: Points B and E fixed

Coordinates

Point name Easting x [m] ‘ Northing ym

B 8478.1390 (D) | 2483.8260 (D)
C 8231.2898 2347.8306

D 7982.4554 2239.7328

E

7709.3360 (D) | 2263.4110 (D)
Datum: fix, (D)...Datum coordinate

Matrix D'y of datum constraints

XB Ys Xc Yc Xp Yp Xg YE

0 0

S O O =
S O O O
S O O O
S O O O
S = O O

1 0
0 0
0 0

_= o O

Least squares solution A}[cm] (1. iteration)

‘XB Y xc Yc XD YD XE UE

A}T\ 0 0 -1.535 -0.880 -3.165 —1.505 0 0

Adjusted coordinates

Pointname |  #iml | £ = xenl | [6ln) | G | §—yienl | [6]tn | |62 em
C 8231.2745 | —1.535 1.403 | 2347.8218 | —0.880 | 0.999 1.722
D 7982.4237 | —3.165 1.503 | 2239.7178 | —1.504 | 0.860 1.731
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Absolute error ellipses

in ‘ A[cm] ‘ B[cm] ‘ ¢[gon]

Absolute confidence ellipses (1 — a = 95%)

in ‘ A[cm] ‘ B[cm] ‘ ¢[gon]

C | 1.49 | 0.87 | 73.252025 C | 6.50 | 3.80 | 73.252025
D | 1.50 | 0.86 | 96.072779 D | 658 | 3.74 | 96.072779

Adjusted horizontal distances

Variance component: Q/O'g = 3.136, r = 1.03, 63/0(? =3.03, ag = 0.10%, kgG;,,w =10.50
in ‘ to ‘ $im] ‘ & [em] ‘ |55 em] ‘ IR ‘ [w] ‘ |V (em] ‘ V [em] ‘ IF, ‘ IF, ‘ IP; [mm] ‘ IPy {mm) ‘ IK{ [mm] ‘ IK [mm] ‘ T,
B | C | 281.8497 | —1.769 1.483 347 | 1.9 11.2 —-5.097 | 5.7 | 2.6 73.3 33.3 73.3 33.3 1.64
C | D | 271.3174 | —1.744 | 1.482 34.8 | 1.8 11.2 —5.005 | 5.7 | 2.5 73.0 32.6 73.0 32.6 1.61
D | E | 274.1136 | —1.363 1.493 33.8 | 1.5 11.4 —4.031 | 5.8 | 2.0 75.2 26.7 75.2 26.7 1.28

Adjusted horizontal angles

Variance component: Q/of = 0.812, r = 1.97, 62/0¢ = 0.41, ag = 0.28%, kgG;r’oo =5.95
in ‘ from ‘ to ‘ OA{[gon] ‘ é[mgon] ‘ |(3'0”(|[mgon] IR[%] ‘ |W| ‘ IVI[mgon] ﬁ[mgon] IFl ‘ IFZ ‘ IPl [mgon] IPZ [mgon] TT
B A C | 192.103 018 0.068 1.978 68.80 | 0.03 15.38 +0.10 | 2.78 | 0.02 4.8 0.0 0.02
C B D | 205.967532 | —0.248 2.970 29.65 | 0.15 23.42 —-0.84 | 6.37 | 0.23 16.5 0.6 0.13
D C E | 231.599271 | —0.814 2.938 31.15 | 0.47 22.85 —-2.61 | 6.14 | 0.70 15.7 1.8 0.41
E D F | 228.036907 | —2.647 2.033 67.03 | 1.05 15.58 —-3.95 | 2.90 | 0.73 5.1 1.3 0.91
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3 Two-dimensional networks (Planar networks)

3.6.5.2 Datum definition 2: Points B and E dynamic

Coordinates

Point name Easting x [m] ‘ Northing ym

B 8478.1390 (D) | 2483.8260 (D)
C 8231.2898 2347.8306

D 7982.4554 2239.7328

E

7709.3360 (D) | 2263.4110 (D)
Datum: dynamic, (D)...Datum coordinate

Dynamic coordinates

Point name ‘ Easting x [m] ‘ || (em] ‘ P ‘ Northing 1 [m] ‘ || (em] ‘ Pl
B 8478.1390 1.00 2.56 2483.8260 1.00 2.56
E 7709.3360 1.00 2.56 2263.4110 1.00 2.56

Design matrix A and reduced observation vector Aymm dynamic coordinates (1. iteration)

A‘xB Ys XC Yc Xp Yp XE yEHAy

XB 1 0 0 0 0 0 0 0 0
| O 1 0 0 0 0 0 0/ 0
XE 0 0 0 0 0 0 1 0 0
YE 0 0 0 0 0 0 0] 1 0
Least squares solution A’.;C[cm] (1. iteration)
‘ XB YB xc Yyc XD YD XE YE

A}T‘—0.445 -0.319 -1.688 -0.949 -3.029 -1.305 0.445 0.319

Adjusted coordinates

Point name ‘ X [m] X — X[cm] ‘ |G| (cm] ‘ 7 [m] U — Ylem] ‘ |6 fem] ‘ |62D ] fem]
B 8478.1345 | —0.445 0.975 | 2483.8228 | —0.319 | 0.981 1.383
C 8231.2729 —1.688 1.473 | 2347.8211 —-0.949 1.181 1.888
D 7982.4251 -3.029 1.549 | 2239.7198 | —1.305 1.102 1.901
E 7709.3405 0.445 0.975 | 2263.4142 0.319 | 0.981 1.383

Absolute error ellipses Absolute confidence ellipses (1 — a = 95%)

in ‘ A[cm] ‘ B [cm] ‘ ¢ [gon] in ‘ A[cm] ‘ B [cm] ‘ ¢ [gon]

B | 098 | 0.97 | 178.110 144 B | 4.29 | 4.26 | 178.110144

C | 153 | 1.10 73.702 651 C | 6.71 | 4.81 73.702 651

D | 1.55 | 1.10 95.298 194 D | 6.78 | 4.80 95.298 194

E | 098 | 0.97 | 178.110 144 E | 429 | 4.26 | 178.110 144
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Adjusted dynamic coordinates

Variance component: Q/c? = 0.600, r = 0.40, 6¢/0f = 1.51, ag = 0.03%, k., ., = 25.84
Point name ‘ Jz'[m] ‘ éx [mm] ‘ |a’|[mm] ‘ y[m] ‘ éy [mm] ‘ |a’|[mm] ‘ IR[%] ‘ |W| ‘ |V|[cm] ‘ ﬁ[cm] ‘ IFl ‘ IFZ ‘ IPl [cm] ‘ IPZ [cm] ‘ IK1 [em] IKZ [em] TT
B 8478.1390 4.45 9.75 10.53 | 1.37 12.73 | +4.23 | 12.04 | 4.00 11.39 3.78 11.39 3.78 1.33
B 2483.8260 3.19 9.81 9.37 | 1.04 13.50 | +3.41 | 12.85 | 3.24 12.24 3.09 12.24 3.09 1.01
E 7709.3360 | —4.45 9.75 10.53 | 1.37 12.73 | —4.23 | 12.04 | 4.00 11.39 3.78 11.39 3.78 1.33
E 2263.4110 | —3.19 9.81 9.37 | 1.04 13.50 | —3.41 | 12.85 | 3.24 12.24 3.09 12.24 3.09 1.01
Adjusted horizontal distances
Variance component: Q/O'g = 1.936, r = 0.81, 65/03 =2.38, ag = 0.08%, kgG;,,w = 13.09
in ‘ to ‘ $im] ‘ & [em] ‘ |55 em] ‘ IR ‘ [w] ‘ [V (em] ‘ V [em] ‘ IF, ‘ IF, ‘ IP; [mm] ‘ IPy [mm) ‘ IK{ [mm] ‘ IK [mm] ‘ T,
B | C | 281.8459 | —1.393 1.406 27.3 | 1.7 12.7 —-5.101 | 6.7 | 2.7 92.0 37.1 92.0 37.1 1.62
C | D | 271.3137 | —1.371 1.405 27.4 | 1.6 12.6 —-5.007 | 6.7 | 2.7 91.7 36.4 91.7 36.4 1.59
D | E | 274.1107 | —1.065 1.412 26.7 | 1.3 12.8 —3.986 | 6.8 | 2.1 93.7 29.2 93.7 29.2 1.25
Adjusted horizontal angles
Variance component: Q/O'g = 0.651, r = 1.79, 63/0'3 =0.36, ag = 0.24%, kgG;r,w = 6.45
in ‘ from ‘ to ‘ OAK[gonJ ‘ é[mgon] ‘ |6'0”(|[mgon] IR[%] ‘ |W| ‘ IVI[mgonJ V[mgon] IF1 ‘ IFZ ‘ IPl [mgon] IPZ [mgon] TT
B A C | 192.103194 | —0.108 1.993 60.74 | 0.04 16.36 —-0.18 | 3.32 | 0.04 6.4 0.1 0.04
C B D | 205.967 663 | —0.379 2.685 28.79 | 0.23 23.77 —-1.32 | 6.50 | 0.36 16.9 0.9 0.22
D C E | 231.599303 | —0.847 2.662 30.00 | 0.50 23.29 —-2.82 | 6.31 | 0.77 16.3 2.0 0.49
E D F | 228.036567 | —2.308 2.030 59.26 | 0.97 16.57 —-3.89 | 3.43 | 0.81 6.7 1.6 0.94
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3 Two-dimensional networks (Planar networks)

3.6.5.3 Datum definition 3: Free - Total trace minimization

Coordinates

Point name | Easting x [m] ‘ Northing ym)

8478.1390 (D) | 2483.8260 (D)
8231.2898 (D) | 2347.8306 (D)
7982.4554 (D) | 2239.7328 (D)
E 7709.3360 (D) | 2263.4110 (D)
Datum: free, (D)...Datum coordinate

OO w

Matrix D'y of datum constraints

‘XB Ys Xc Yc Xp Y XE YE

1 0 1 0 1 0 1 0
0 1 0 1 0 1 0 1

DT

Least squares solution AXfem) (1. iteration)

‘ XB YB Xc Yyc XD YD XE YE

AAxT\—o.846 ~1.154 -1.041 —0.801 -1.350 —0.089 3.238 2.043

Adjusted coordinates

Point name X [m] X — X[em] ‘ |6 fem] ‘ ¥ [m) U — Ylem] ‘ |6 fem] ‘ |G2p | fem]
B 8478.1305 | —0.846 | 0.869 | 2483.8145 | —1.154 | 0.910 1.258
C 8231.2794 | —1.041 0.548 | 2347.8226 | —0.801 | 0.466 0.719
D 7982.4419 | —-1.350 | 0.579 | 2239.7319 | —0.089 | 0.451 0.734
E 7709.3684 3.238 | 0.875 | 2263.4314 2.043 | 0.885 1.244

Absolute error ellipses Absolute confidence ellipses (1 — a = 95%)
in ‘ A [cm] ‘ B [em] ‘ ¢ [gon] in ‘ A [cm] ‘ B [em] ‘ ¢ [gon]
B 0.91 0.87 2.743 509 B | 18.17 | 17.36 2.743 509
C 0.57 0.43 69.868 489 C | 11.46 8.64 69.868 489
D 0.58 0.45 90.667 104 D | 11.61 8.94 90.667 104
E 0.92 0.84 | 154.325425 E | 18.28 | 16.84 | 154.325425
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Adjusted horizontal distances

Variance component: Q/cZ = 0.000, r = 0.00, 6Z/d¢ = 0.00

in ‘ to ‘ S [m] ‘ € [cm] ‘ |55 | [em] ‘ IR %) ‘ |w] ‘ [V {cm) ‘ §[cm] ‘ IF; ‘ IF, ‘ IP; [mm] ‘ IP; [mm) ‘ IK [mm] ‘ IK [mm) ‘ T,
B | C | 281.8320 | 0.000 | 0.944 0 00 (o) 00 0 00 0o () 00 oY)
C | D | 271.3000 | 0.000 | 0.944 0 o) 0 IS) IS) () o) IeS) o) 1)
D | E | 274.1000 | 0.000 | 0.944 0 () (o) ) () 00 o) 0 00 1)
Adjusted horizontal angles
Variance component: Q/c? = 0.348, r = 1.00, 62/ = 0.35, ag = 0.10%, kf_., ., = 10.83
in ‘ from ‘ to ‘ G?[gon] ‘ é[mgon] ‘ |6'[§{|[mgon] IR[%] ‘ |W| ‘ |V|[mgon] ﬁ[mgon] IFl ‘ IFZ ‘ IPl [mgon] IPZ [mgon] TT
B A C | 192.103997 | —0.910 1.577 25.00 | 0.59 25.51 -3.64 | 7.16 | 1.02 19.1 2.7 1.00
C B D | 205.968194 | —0.910 1.577 25.00 | 0.59 25.51 -3.64 | 7.16 | 1.02 19.1 2.7 1.00
D C E | 231.599367 | —0.910 1.577 25.00 | 0.59 25.51 -3.64 | 7.16 | 1.02 19.1 2.7 1.00
E D F | 228.035170 | —0.910 1.577 25.00 | 0.59 25.51 -3.64 | 7.16 | 1.02 19.1 2.7 1.00
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3 Two-dimensional networks (Planar networks)

3.6.5.4 Datum definition 4: Points B and E fixed, 1 non-linear restriction for point C:
x% + Y% = 8559.5%

Coordinates

Point name Easting x [m] ‘ Northing ym)

B 8478.1390 (D) | 2483.8260 (D)
C 8231.2898 2347.8306

D 7982.4554 2239.7328

E

7709.3360 (D) | 2263.4110 (D)
Datum: fix, (D)...Datum coordinate

External restriction(s)

xZ +y% —8559.5° = 0

Matrix B' of external restrictions and inhomogeneity c (1. iteration)

‘XB Ys xc Yc XD Yp XE UYE H ¢

BT\ 0 0 16462.580 4695661 0 0 O 0O H 1400.121

Matrix D';j of datum constraints

XB YB XCc Yc Xp Ybp XE YE

10 0 0 0 0 O O
DT 0 1.0 0 0 0 0 O
00 0 0 0 0 1 O
0 0 0 0 0 0 01
Adjusted coordinates
Point name ‘ X [m] ‘ X — X[cm] ‘ |6 | (cm) ‘ 1 [m] ‘ U — Yem] ‘ |6 tem] ‘ |62D ] fem]
C 8231.2140 | —7.583 | 0.565 | 2347.7982 | —3.233 1.982 2.061
D 7982.3916 | —6.382 | 3.083 | 2239.7133 | —1.954 | 2.008 3.679
Absolute error ellipses Absolute confidence ellipses (1 — a = 95%)
in ‘ A[cm] ‘ B[cm] ‘ ¢[gon] in ‘ A[cm] ‘ B[cm] ‘ ¢[gon]
C 2.06 | 0.00 | 182.311336 C 7.68 | 0.00 | 182.311336
D 3.08 | 2.01 98.805 008 D | 11.49 | 7.48 98.805 008
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Adjusted horizontal distances

Variance component: Q/og = 28.560, r = 2.01, ?fg/ag =14.24, ag = 0.28%, kgG;r’oo =5.85
in ‘ to ‘ S [m] ‘ €[em] ‘ |55 ] fem] ‘ IR %) ‘ |w] ‘ [V cm) ‘ ﬁ[cm] ‘ IF; ‘ IF, ‘ IP; [mm) ‘ 1Py [mm ‘ IK [mm] ‘ IK [mm] ‘ T,
B | C | 281.9140 | —8.202 | 0.461 98.9 | 5.2 6.6 —8.296" | 0.4 | 0.6 0.8 0.9 0.8 0.9 1.91
C | D | 271.2839 1.611 2.983 523 | 1.4 9.1 +3.081 39113 43.6 14.7 43.6 14.7 0.52
D | E | 274.0820 1.803 | 3.073 49.4 | 1.6 9.4 +3.652 4.2 | 1.6 47.7 18.5 47.7 18.5 0.59

Adjusted horizontal angles

Variance component: Q/c? = 0.584, r = 1.9, 62/0f = 0.29, ag = 0.28%, kf_., ., = 5.88
in ‘ from ‘ to ‘ a [gon] ‘ e [mgon] ‘ |6.07 | [mgon] IR [%] ‘ |W| ‘ |V| [mgon] 6 [mgon] IFl ‘ IFZ ‘ IPl [mgon] IPZ [mgon] TT
B A C | 192.104954 | —1.867 4.535 70.36 | 0.72 15.20 —2.65 | 2.68 | 0.47 4.5 0.8 0.27
C B D | 205.967 048 0.236 6.983 29.74 | 0.14 23.38 +0.79 | 6.35 | 0.22 16.4 0.6 0.05
D C E | 231.599506 | —1.049 6.912 31.17 | 0.61 22.84 -3.37 | 6.14 | 0.90 15.7 2.3 0.23
E D F | 228.035221 | —0.961 4.697 68.21 | 0.38 15.44 —1.41 | 2.82 | 0.26 4.9 0.4 0.14
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3 Two-dimensional networks (Planar networks)

Network graphs
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3 Two-dimensional networks (Planar networks)

Supplementary information

Datum definition 1 2 3 4
Dynamic coordinates 0 4 0 0
Observed distances 3 3 3 3
Observed angles 4 4 4 4

Given azimuths 2 2 2 2
Coordinate unknowns 4 8 8 4

Datum defect 2 0 2 2

Datum definition fix dynamic free fix
Number of datum constraints 4 0 2 4
Number of external restrictions 0 0 0 1
Type-I-error probability a; [%] (Baarda) 0.1 0.1 0.1 0.1
Type-I-error probability ag [%] (Baarda) 0.6 0.6 0.1 0.9

Test value k) 3.29 3.29 3.29 3.29
x2-Noncentrality parameter A, 171 171 17.1 17.1
Type-I-error probability a, [%] (Pope) 0.1 0.1 0.1 0.1
Critical value k,_ 1.7 1.7 00 2.0
Number of iterations (Max=20) 3 3 3 4

Stop criterion (actual) 58-1071  56-10711 9.2.10713  4.6-1071
Redundancy r 3 3 1 4
Redundancy dynamic coordinates 0.00 0.40 0.00 0.00
Redundancy distances 1.03 0.81 0.00 2.01
Redundancy angles 1.97 1.79 1.00 1.99
Weighted square sum of residuals Q [m?] 1.01-107% 8.16-107* 8.91-107> 7.46-107°
(a priori) standard deviation o [m] 1.60-107%2 1.60-1072 1.60-10"2 1.60-1072
(a posteriori) standard deviation &, [m] 1.84-107% 1.65-1072 9.44-107% 4.32-1072
Ratio 64/ 0y 1.1473 1.0307 0.5900 2.6993
Global test (67/0%) 1.3162 1.0623 0.3481 7.2861
Critical value kf;c;r’m 4.21 4.21 10.83 3.38
Number of outliers (Data snooping) 0 0 0 1
Number of outliers (z-criterion) 0 0 0 0

IX = X|| [cm] 3.926 3.903 4.501 10.606
Trace coordinate covariance matrix, trf)} [em?] 5.9631 11.007 4.186 17.782
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3 Two-dimensional networks (Planar networks)

3.6.6 Leick A (1995), Ch. 5.3, Ex. 2a & Ch. 5.4, Ex. 2c

Leick A (1995): GPS Satellite Surveying. Second Edition, Ch. 5.3 & 5.4, pp. 187

Reference ellipsoid, reference meridian and scale

Major semi axis [m] ‘ E?

[ Lol1]  mo

6378 137.000 \0.006694380020\ 291 \0.99960

Horizontal distances with stochastic model o = o, + s[km] - 07

in ‘ to ‘ S[m] ‘ O [mm] ‘ 07 [mm/km] ‘ || mm] ‘ Pli/m?]

6 9 6806.1500 2 50 342.308 8.534 29

15| 9 8751.9610 2 50 439.598 5.17474
1 6399.3120 2 50 321.966 9.646 75

1 6 4307.8140 2 50 217.391 | 21.16012
9 | 10759.5850 2 50 539.979 3.429 62

Horizontal angles

in ‘ from ‘ to ‘ X [gon] ‘ |O'| [mgon] p [1/rad?]

6 1 9 | 233.1027469 | 0.9259 | 4.72724-10°

9 15 6 53.2900000 | 0.9259 | 4.72724-10°

15 1 9 98.996 018 5 0.9259 | 4.727 24-10°

1 6 15 80.8170988 | 0.9259 | 4.727 24-10°

Design matrix Ay and reduced observation vector Ay distances (1. iteration)

A X1 Y1 X6

Ye

X9 Yo X15

Y15 H

Ay

Seo | 0.0000 0.0000 —0.9957
s150| 0.0000 0.0000  0.0000
s15.1|—0.7921  0.6103  0.0000
s16 |—0.8182 —0.5750 0.8182
S19 |—0.9574 —0.2887  0.0000

—0.0925 0.9957 0.0925

0.0000

0.0000 0.5982 0.8013 —0.5982

0.0000 0.0000 0.0000
0.5750 0.0000 0.0000
0.0000 0.9574 0.2887

0.7921
0.0000
0.0000

0.0000 (| —0.0629
—0.8013|| 2.6364
—0.6103|| 1.9148

0.0000(| —0.2011

0.0000|| —0.2974

Design matrix Apmgnm) and reduced observation vector Ayimen angles (1. iteration)

A X1 Y1 X6 Yo X9 Yo X15 Yis H Ay
06,1,9 8.4971 —12.0903 —9.3622 21.4037 0.8651 —9.3134 0.0000 0.0000|| —0.5516
09,156 0.0000 0.0000 —0.8651 9.3134 —4.9656 —4.9607 5.8307 —4.3527|| 11.0605

a1519| —6.0736 —7.8828 0.0000 0.0000 5.8307 —4.3527 0.2429 12.2356||—35.8687
16,15 14.5707 —4.2075 —8.4971 12.0903 0.0000 0.0000 —6.0736 —7.8828
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3 Two-dimensional networks (Planar networks)

3.6.6.1 Ex. 2a: Fix network with minimal datum constraints

Available data files: [2D] Leick53:.*

Coordinates
Point number ‘ ID ‘ Longitude L ‘ Latitude B ‘ Easting x m] ‘ Northing ym)
Six Mile 1 | 291°10' 3.11" (D) | 44°51'42.44" (D) | 13235.6760 (D) | 4967 610.7338 (D)
Trav-01 6 291°12'44.01" 44°53' 2.45" 16 760.2885 4970087.8491
Trav-09 9 | 291°17'53.04" 44°53'22.16" 23537.3284 4970717.3439
Trav-14 15 | 291°13'53.52" (D) 44°49'35.50" 18303.3487 (D) 4963 706.2000

Datum: fix, (D)...Datum coordinate

Matrix D';j of datum constraints

X1 Y1 Xe¢ Ys X9 Yo X15 Yis

1 0 0 0 0 0 0 0
D'lo 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0

Least squares solution Axiem (1. iteration)

‘ X1 Y1 X6 Yo X9 Yo X15 Yis

A}T‘O.OOO 0.000 -25.911 8.465 -—16.804 49.378 0.000 —269.533

Adjusted coordinates

D | L

%[m] &=l | [6]m | B ] §—yml | 16l | [62p]m]

6 291°12'43.9982" | 16 760.0292 —0.259 0.120 | 44°53' 2.4528"| 4970087.9338 0.085 0.117 0.168
9 291°17'53.0324" | 23537.1598 —0.169 0.216 | 44°53'22.1760"| 4970717.8380 0.494 0.269 0.345
15 | 291°13'53.5200" | 18303.3487 0.000 0.000 | 44°49'35.4126"| 4963 703.5044 —2.696 0.190 0.190

Absolute error ellipses Absolute confidence ellipses (1 — a = 95%)
in ‘ A [cm] ‘ B [cm] ‘ ¢ [gon] in ‘ A [cm] ‘ B [cm] ‘ QS [gon]
12.35 | 11.38 61.251509 6 46.03 | 42.39 61.251509
9 32.67 | 11.03 | 158.626 735 9 | 121.76 | 41.09 | 158.626 735
15 19.02 0.00 0.000 000 15 70.87 0.00 0.000 000
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Adjusted horizontal distances

Variance component: Q = 1.476, r = 2.90, c}g =0.51, ag = 0.52%,

kE =433

ag;r,o

in ‘ to ‘ S[m] € [em] ‘ |55 | [em] ‘ IR[%) ‘ |w] ‘ | V] (em) ‘ §[cm] ‘ IF; ‘ IF, ‘ IP; [mm] ‘ IP; [mm) ‘ IK [mm] ‘ IK [mm] ‘ T,
6 | 9 6806.341 | —19.100 | 15.415 | 48.6 | 0.8 | 202.9 | —39.297 | 4.2 | 0.8 | 1042.7 | 202.0 1042.7 202.0 | 1.27
15| 9 8751.780 18.090 | 13.429 | 76.3 | 0.5 | 207.9 | +23.694 | 2.3 | 0.3 491.7 56.0 491.7 56.0 | 0.75
1 6399.043 26.917 | 11.611 | 67.0 | 1.0 | 162.5 | +40.149 | 2.9 | 0.7 535.5 | 132.3 535.5 132.3 | 1.63
1 6 4307.852 —3.765 | 12.351 | 18.2 | 0.4 | 210.6 | —20.688 | 8.8 | 0.9 | 1722.5 | 169.2 1722.5 169.2 | 0.65
9 | 10759.864 | —27.862 | 15.397 | 79.4 | 0.6 | 250.4 | —35.093 | 2.1 | 0.3 515.9 72.3 515.9 72.3 | 0.92
Adjusted horizontal angles
Variance component: Q = 0.103, r = 1.10,6§ = 0.09, ag = 0.12%, k}_.. ., =9.89
in ‘ from ‘ to ‘ d[gon] ‘ é[mgon] ‘ |0A'd|[mg0n] IR[%] ‘ |W| ‘ |V|[mg0n] §[mgon] ‘ IFl ‘ IF2 ‘ IPl [mgon] IPZ [mgon] TT
6 1 9 | 233.102792 | —0.045 0.502 25.37 | 0.10 7.60 —-0.18 | 7.09 | 0.17 5.7 0.1 0.15
9 15 6 53.290069 | —0.069 0.485 30.51 | 0.13 6.93 —0.23 | 6.24 | 0.20 4.8 0.2 0.21
15 1 9 98.995 779 0.239 0.498 26.66 | 0.50 7.41 +0.90 | 6.85 | 0.83 5.4 0.7 0.80
1 6 15 80.816 944 0.155 0.494 27.87 | 0.32 7.25 +0.56 | 6.65 | 0.51 5.2 0.4 0.50
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3 Two-dimensional networks (Planar networks)

3.6.6.2 Ex. 2c: Free network

Available data files: [2D] Leick54:.x*

Coordinates
Point number ‘ ID ‘ Longitude L ‘ Latitude B ‘ Easting x m] ‘ Northing ym)
Six Mile 1 | 291°10' 3.11" (D) | 44°51'42.44" (D) | 13235.6760 (D) | 4967 610.7338 (D)
Trav-01 6 | 291°12'44.01" (D) | 44°53' 2.45" (D) | 16 760.2885 (D) | 4970 087.8491 (D)
Trav-09 9 | 291°17'53.04" (D) | 44°53'22.16" (D) | 23537.3284 (D) | 4970717.3439 (D)
Trav-14 15 | 291°13'53.52" (D) | 44°49'35.50" (D) | 18303.3487 (D) | 4963 706.2000 (D)
Datum: free, (D)...Datum coordinate
Matrix D'() of datum constraints (1. iteration)
X1 Y1 X6 Ye X9 Yo X15 Y15
1.0000 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000 0.0000
D" 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000 0.0000 1.0000
419.7989 —4723.4844 —2057.3174 —1198.8719 —2686.8122 5578.1680 4324.3317 344.1883
Least squares solution AXfen) (1. iteration)
‘ X1 Y1 X6 Ye X9 Yo X15 Yis
Ax' ‘ 9.346 67.926 —8.698 65.196 2.409 84.582 —-3.057 -—217.703
Adjusted coordinates
D | L | & %= xfem] | |&[cm) | B §{m] g = ylem] | |6]tem] | |62p] ]
291°10' 3.1143"| 13235.7696 9.366 6.856 44°51'42.4620" | 4967 611.4132 0.679 4.441 0.082
6 291°12'44.0061"| 16760.2017 —8.685 8.470 44°53' 2.4711"| 4970088.5012 0.652 4.070 0.094
9 291°17'53.0412" | 23537.3522 2.381 8.862 44°53'22.1874"| 4970718.1898 0.846 4.761 0.101
15 | 291°13'53.5183"| 18303.3181 -3.061 5.433 44°49'35.4294" | 4963704.0226 -2.177 6.538 0.085
Absolute error ellipses Absolute confidence ellipses (1 — a = 95%)
in ‘ A[cm] ‘ B [cm] ‘ ¢[gon] in ‘ A[cm] ‘ B [cm] ‘ ¢[g0n]
1 6.89 4.38 91.388 764 1 | 25.69 | 16.33 91.388 764
8.67 3.61 84.739 483 6 | 32.33 | 13.47 84.739 483
9 9.40 3.58 76.480 295 9 | 35.04 | 13.34 76.480 295
15 6.56 5.41 | 190.566 340 15 | 24.45 | 20.15 | 190.566 340
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Adjusted horizontal distances

Variance component: Q = 1.476, r = 2.90, c}g =0.51, ag = 0.52%, kgc;r,oo =4.33
in | to S[m] € [em] |Gg|tem) | IRz | |w| | |V]iem) Vv [em] IF; | IF, | IPifem] | IPyem) | IK fem] | IKp(em) | Ty
6 9 6806.341 | —19.100 | 15.415 | 48.60 | 0.80 | 202.89 | —39.297 | 4.25 | 0.82 | 104.27 | 20.20 | 104.27 | 20.20 | 1.27
15| 9 8751.780 18.090 | 13.429 | 76.35 | 0.47 | 207.89 | +23.694 | 2.30 | 0.26 49.17 5.60 49.17 5.60 | 0.75
1 6399.043 26.917 | 11.611 | 67.04 | 1.02 | 162.48 | +40.149 | 2.90 | 0.72 | 53.55 | 13.23 53.55 | 13.23 | 1.63
1|6 4307.852 —3.765 | 12.351 | 18.20 | 0.41 | 210.57 | —20.688 | 8.76 | 0.86 | 172.25 | 16.92 | 172.25 | 16.92 | 0.65
9 | 10759.864 | —27.862 | 15.397 | 79.40 | 0.58 | 250.41 | —35.093 | 2.10 | 0.29 51.59 7.23 51.59 7.23 | 0.92
Adjusted horizontal angles
Variance component: Q = 0.103, r = 1.10,6§ = 0.09, ag = 0.12%, k}_.. ., =9.89
in ‘ from ‘ to ‘ 0? [gon] ‘ e [mgon] ‘ |OA'0; I [mgon] IR [%] ‘ |W| ‘ |V| [mgon] 6 [mgon] IFl ‘ IF2 ‘ IP1 [mgon] IP2 [mgon] T‘r
6 1 9 | 233.102792 | —0.045 0.502 25.37 | 0.10 0.12 —-0.18 | 7.09 | 0.17 5.7 0.1 0.15
9 15 6 53.290 069 | —0.069 0.485 30.51 | 0.13 0.11 —0.23 | 6.24 | 0.20 4.8 0.2 0.21
15 1 9 98.995779 0.239 0.498 26.66 | 0.50 0.12 +0.90 | 6.85 | 0.83 5.4 0.7 0.80
1 15 80.816 944 0.155 0.494 27.87 | 0.32 0.11 +0.56 | 6.65 | 0.51 5.2 0.4 0.50
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3 Two-dimensional networks (Planar networks)

Network graphs
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3 Two-dimensional networks (Planar networks)

Supplementary information

Observed distances 5 5
Observed angles 4 4
Coordinate unknowns 5 8
Datum defect 3 3
Datum definition fix free
Number of datum constraints 3 3
Type-I-error probability ay, [%] (Baarda) 0.1 0.1
Type-I-error probability ag [%] (Baarda) 0.9 0.9
Test value koJ:]L/z 3.29 3.29
x?-Noncentrality parameter A, 17.1 17.1
Type-I-error probability a, [%] (Pope) 0.1 0.1
Critical value k,_ 2.0 2.0
Number of iterations (Max=20) 20 20

Stop criterion (actual) 610710 4.6-10710
Redundancy r 4 4
Redundancy distances 2.90 2.90
Redundancy angles 1.10 1.10
Weighted square sum of residuals Q [-] 1.57837 1.57837
(a priori) standard deviation oy [-] 1 1

(a posteriori) estimated standard deviation 6¢ [-] 6.28166 - 1071 6.28166 - 107!
Ratio &/ 0.6282 0.6282
Global test (62/0?) 0.3946 0.3946
Critical value kf ., 3.38 3.38
Number of outliers (Data snooping & z-criterion) 0 0

IX = X|| [cm] 275.929 252.218
Trace coordinate covariance matrix, trfjg [cm?] 1832.6 328.5
Trace coordinate cofactor matrix, trQx 0.46442 0.08325
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3 Two-dimensional networks (Planar networks)

3.6.7 Leick A (1995), Ch. 5.5, Ex. 3 & Ch. 5.6, Ex. 4

Leick A (1995): GPS Satellite Surveying. Second Edition, Ch. 5.5 & Ch. 5.6, pp. 195

Reference ellipsoid, reference meridian and scale

Major semi axis [m] ‘

E2

‘ Lo [°] ‘ my

Coordinates

Point number ‘ ID ‘

6378137

| 0.006694380020 | 291 | 0.99960

Longitude L ‘

Latitude B

Easting x [m| ‘

Northing ym)

Six Mile 1 | 291°10' 3.11" (D) | 44°51'42.44" (D) | 13235.6760 (D) | 4967 610.7338 (D)
Otter 3 | 291°22'42.61" 44°56'38.69" 29860.8125 4976 808.1650
Chemo 5 | 291°25'44.38" 44°48'20.70" 33925.3768 4961461.5584
Trav-01 6 | 291°12'44.01" 44°53' 2.45" (D) | 16760.2885 4970087.8491 (D)
Vert-01 7 | 291°15' 0.01" 44°56' 0.01" 19726.8786 4975575.3275
Trav-02 8 | 291°16'48.50" 44°55'54.03" 22105.4551 4975398.5713
Trav-09 9 | 291°17'53.04" 44°53'22.16" 23537.3284 4970717.3439
Verl-02 10 | 291°19' 0.00" 44°54" 0.00" 25001.5535 4971890.5344
Trav-10 11 | 291°19'28.57" 44°51'19.69" 25647.9020 4966 946.3351
Trav-11 12 | 291°23'34.69" 44°48'20.05" 31076.5746 4961427.1006
Trav-12 13 | 291°21'39.42" 44°48'58.63" 28539.1463 4962 605.8070
Trav-13 14 | 291°17'46.33" 44°47'42.91" 23428.3050 4960 248.6568
Trav-14 15 | 291°13'53.52" 44°49'35.50" 18 303.3487 4963 706.2000
Datum: fix, (D)...Datum coordinate
Horizontal angles
in ‘ from ‘ to ‘ o [gon] ‘ | o | (mgon] ‘ Pli/rad?]
5 12 11 38.0254630 | 0.9259 | 4.72724-10°
7 1 | 229.4483333 | 0.9259 | 4.72724-10°
1 9 | 233.1027469 | 0.9259 | 4.72724-10°
9 7 | 123.6104012 | 0.9259 | 4.72724-10°
10 8 | 324.1056790 | 0.9259 | 4.72724-10°
15 6 53.2900000 | 0.9259 | 4.727 24-10°
11 5 10 | 254.4715123 | 0.9259 | 4.727 24-10°
12 13 5 | 171.5469136 | 0.9259 | 4.727 24-10°
13 14 12 | 255.1929938 | 0.9259 | 4.727 24-10°
14 15 13 | 134.7313889 | 0.9259 | 4.727 24-10°
15 1 14 | 195.9425617 | 0.9259 | 4.727 24-10°
1 9 98.996 0185 | 0.9259 | 4.727 24-10°
10 11 9 65.2732099 | 0.9259 | 4.72724-10°
7 8 6 | 126.8385185 | 0.9259 | 4.72724-10°
1 6 15 80.8170988 | 0.9259 | 4.72724-10°
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3 Two-dimensional networks (Planar networks)

Horizontal distances with stochastic model o = o, + S[im] - 07

in ‘ to ‘ S[m] ‘ O [mm] ‘ 07 [mm/km] ‘ || (mm] ‘ Pl/m?] Remark
11 9930.1120 2 50 498.506 4.02402
8 7882.2880 50 396.114 6.373 22
7 10 208.7990 50 512.440 3.808 15
5 | 15876.7700 50 795.839 1.578 88 | only Ex. 4
6 1 4307.8140 50 217.391 21.16012
8 6 7534.9780 50 378.749 6.97103
7 2385.4200 50 121.271 67.996 43
9 6 6806.1500 50 342.308 8.534 29
8 4895.4110 50 246.771 16.421 52
1 10759.5850 50 539.979 3.429 62
11| 9 4321.5130 50 218.076 21.027 40
10 4986.5650 50 251.328 15.83133
12| 5 2848.9430 50 144.447 47.927 20
11 7741.8770 50 389.094 6.605 28
13 ] 5 5506.1460 50 277.307 13.00401
9 9530.2970 50 478.515 4.367 26

11 5215.1270
12 2797.9910
10 9936.2890
14 | 6 | 11885.8030
10 469.4370
13 5628.1810
15| 9 8751.9610
13 | 10294.5640
14 6180.5730

50 262.756 14.484 17
50 141.900 | 49.663 57
50 498.814 4.01904
50 596.290 2.81245
50 525.472 3.62161
50 283.409 12.450 09
50 439.598 5.17474
50 516.728 3.74521
50 311.029 10.337 11

DI DN DN DN DN DN DN DNDIDNDNDDNDDNDNDIN NN NDNDDND NN NN ID DN

1 6399.3120 50 321.966 9.64675
10 | 8 4548.9060 50 229.445 18.99510
9 1876.2560 50 95.813 | 108.93136
7 6434.4980 50 323.725 9.54218
7 6 6238.0000 50 313.900 10.148 86

Design matrix A and reduced observation vector Ay distances (1. iteration)
Too large to be displayed !

Design matrix Apmgnm1 and reduced observation vector Ayimen angles (1. iteration)
Too large to be displayed !

Matrix D'y of datum constraints

X1 Y1 X3 Y3 X5 Ys Xe Yo X7 Y7 X8 Ysg X9 Yo X10 Y10 X11 Y11 X12 Y12 X13 Y13 X14 Y14 X15 Y15

10000O0OO0OO0OO0OO0OO0OO0OOOOTOTOTOOTOTOOTGOTGOTGOTUO
D'/0o10000000000O0OO0OOOTO0OOOO0OOOO0O OO0 0 O
00000O0OO0O1O0O0OO0OO0OO0OO0OOTOOTOTUOOTOTOOTOTGOOTO
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3 Two-dimensional networks (Planar networks)

3.6.7.1 Ex. 3

Available data files: [2D] Leick55:.%

Least squares solution A’.;C[cm] (1. iteration)

X3

X5

X6

X7

‘ X1 Y1 Y3 Ys Ye Y7

A}T‘O.OOO 0.000 —33.890 118.661 14.769 24.499 —19.702 0.000 —33.296 —10.809

‘ X8 Ys X9 Yo X10 Y10 X111 Yn X12 Y12

A}T‘—3.284 23.317 —2.476 26.135 —0.901 25.769 2.482 8.514 27.545 16.498

‘ X13

Y13

X14

Y14

X15

Yis

A}T‘10.658 10.100 14.774 7.609 —3.336 —284.999

Adjusted coordinates

D | L | xm £ =xml | |6](m | B g [m] g—yml | 16]ml | [82p]ml

3 | 291°22'42.5948"| 29860.4728 | —0.340 | 1.212 | 44°56'38.7285"| 4976809.3512 | 1.186 | 7.305 | 7.405

5 291°25'44.3868" | 33925.5241 0.147 0.198 44°48'20.7079" | 4961461.8040 0.246 0.408 0.454

6 291°12'44.0010"| 16 760.0911 —-0.197 0.141 44°53' 2.4500"| 4970 087.8491 0.000 0.000 0.141

7 | 291°14'59.9948"| 19726.5449 | —0.334 | 0.250 | 44°56' 0.0065"| 4975575.2195 | —0.108 | 0.114 | 0.274

8 291°16'48.4985" | 22105.4214 —0.034 0.243 44°55'54.0376" | 4975398.8047 0.233 0.146 0.283

9 291°17'53.0389" | 23537.3030 —0.025 0.151 44°53'22.1685" | 4970717.6055 0.262 0.146 0.210

10 | 291°18'59.9996"| 25001.5438 | —0.010 | 0.174 | 44°54' 0.0084"| 4971890.7925 | 0.258 | 0.183 | 0.253

11 291°19'28.5711" | 25647.9263 0.024 0.119 44°51'19.6928" | 4966 946.4205 0.085 0.223 0.253

12 291°23'34.7026" | 31076.8497 0.275 0.197 44°48'20.0553" | 4961 427.2661 0.165 0.345 0.397

13 291°21'39.4249" | 28539.2524 0.106 0.173 44°48'58.6333"| 4962 605.9083 0.101 0.291 0.339

14 291°17'46.3367" | 23428.4521 0.147 0.203 44°47'42.9124" | 4960 248.7328 0.076 0.201 0.286

15 291°13'53.5181"| 18303.3154 —-0.033 0.105 44°49'35.4076" | 4963 703.3497 —2.850 0.113 0.154
Absolute error ellipses Absolute confidence ellipses (1 — a = 95%)

in A[cm] ‘ B [cm] ‘ ¢ [gon] in A[cm] ‘ B [cm] ‘ QS [gon]

3 739.82 | 30.73 | 189.860489 3 1948.07 | 80.92 | 189.860 489

5 42.23 | 16.64 17.944 881 5 111.21 | 43.83 17.944 881

6 14.11 0.00 | 100.000 000 6 37.15 0.00 | 100.000 000

7 25.48 | 10.20 | 114.022 807 7 67.10 | 26.85 | 114.022 807

8 26.59 9.70 | 128.992377 8 70.02 | 25.55 | 128.992377

9 19.58 7.64 | 148.643971 9 51.56 | 20.13 | 148.643971

10 23.39 9.52 | 152.187 742 10 61.60 | 25.08 | 152.187 742

11 22.57 | 11.39 | 188.477 819 11 59.43 | 29.99 | 188.477 819

12 36.24 | 16.25 22.452 094 12 95.44 | 42.78 22.452 094

13 30.44 | 14.86 21.616705 13 80.14 | 39.12 21.616705

14 24.93 | 14.08 50.654 740 14 65.64 | 37.06 50.654 740

15 12.50 9.04 42.456 126 15 32.92 | 23.80 42.456 126
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Adjusted horizontal distances

Variance component: Q = 7.301, r = 17.94,6§ = 0.41, ag = 9.26%, kl_., . = 1.46
in | to| Sm | éem | 16slem | IRet | |wl | [View | View | IFy | IF, | IPjfmm) | [Py | IK;fmo | IKppmw | T
11| 9920735 | 37.663 | 13.145 | 84.1 | 0.8 | 224.6 | +44.784 | 1.8 | 0.4 | 3572 | 712 | 3572 | 712 | 1.25
8 | 7882.288 | 0.000 | 26.193 | 0.0 | oo | oo oo o | o | o oo o0 o0 o
7 | 10208.799 |  0.000 | 33.886 | 0.0 | o | oo 0o o | 0| oo 00 0o 00 00
6 | 1 | 4307.854 | —3.954 | 11.542 | 355 | 0.3 | 1507 | —11.125 | 56 | 0.4 | 971.3 | 717 | 9713 | 717 | 0.46
8 | 6 | 7535.171 | —19.323 | 10.200 | 83.4 | 0.6 | 171.4 | —23.166 | 1.8 | 0.2 | 2843 | 38.4 | 2843 | 384 | 0.84
7 | 2385.400 | 1108 | 7.131 | 209 | 0.2 | 109.5 | +5.295 | 8.0 | 0.4 | 866.3 | 419 | 8663 | 41.9 | 0.30
9 | 6 | 6806408 | —25.836 | 9.078 | 83.9 | 0.8 | 154.4 | —30.787 | 1.8 | 0.4 | 2483 | 49.5 | 2483 | 495 | 1.25
8§ | 4895.205 | 11.628 | 8.798 | 70.9 | 0.6 | 121.1 | +16.393 | 2.6 | 0.4 | 352.0 | 47.7 | 3520 | 47.7 | 0.85
1 | 10759.934 | —34.865 | 11.702 | 89.3 | 0.7 | 236.2 | —39.059 | 1.4 | 0.2 | 253.6 | 41.9 | 253.6 | 41.9 | 1.03
11| 9 | 4321.639 | —12.637 | 9.034 | 60.8 | 0.7 | 115.6 | —20.801 | 3.3 | 0.6 | 453.7 | 81.6 | 4537 | 81.6 | L.12
10 | 4986.444 | 12.095 | 9.783 | 65.3 | 0.6 | 128.5 | +18.509 | 3.0 | 0.4 | 4452 | 64.1 | 4452 | 64.1 | 0.90
12 | 5 | 2848.884 | 5.924 | 8481 | 21.2 | 0.9 | 129.7 | +27.989 | 8.0 | 1.7 | 1022.7 | 220.6 | 1022.7 | 220.6 | 1.35
11| 7741723 | 15398 | 12.291 | 77.2 | 0.5 | 183.0 | +19.951 | 2.2 | 0.2 | 417.6 | 455 | 417.6 | 455 | 0.68
13| 5 | 5506.441 | —29.545 | 10.150 | 69.4 | 1.3 | 137.6 | —42.595 | 2.7 | 0.9 | 4215 | 1305 | 421.5 | 1305 | 1.93
9 | 9529.907 | 38.987 | 10.695 | 88.6 | 0.9 | 210.1 | +44.015 | 1.5 | 0.3 | 240.0 | 50.3 | 240.0 | 50.3 | 1.31
11| 5215344 | —21.703 | 10.524 | 63.3 | 1.0 | 136.4 | —34.277 | 3.1 | 0.8 | 500.5 | 125.7 | 500.5 | 125.7 | 1.57
12| 2797.963 | 2790 | 8.179 | 24.0 | 0.4 | 119.6 | +11.616 | 7.3 | 0.7 | 909.0 | 883 | 909.0 | 883 | 0.61
10 | 9936.018 | 27.085 | 10.573 | 89.7 | 0.6 | 217.6 | +30.187 | 1.4 | 0.2 | 223.6 | 31.0 | 223.6 | 31.0 | 0.87
14 | 6 | 11885.926 | —12.346 | 12.350 | 90.2 | 0.2 | 2595 | —13.689 | 1.4 | 0.1 | 2545 | 13.4 | 2545 | 13.4 | 0.33
9 | 10469.439 | —0.162 | 9.768 | 92.1 | 0.0 | 2263 | —-0.176 | 1.2 | 0.0 | 178.8 0.1 | 178.8 0.1 | 0.00
13 | 5628.193 | —1.194 | 14.630 | 39.1 | 0.1 | 187.4 | —3.057 | 5.2 | 0.1 | 11421 | 18.6 | 11421 | 18.6 | 0.10
15| 9 | 8751.823 | 13.768 | 10.911 | 85.9 | 0.3 | 196.0 | +16.025 | 1.7 | 0.1 | 2761 | 22.6 | 2761 | 22.6 | 0.51
13 | 10294.600 | —3.574 | 13.724 | 83.9 | 0.1 | 233.2 | —4.261 | 1.8 | 0.0 | 376.2 6.9 | 376.2 6.9 | 0.11
14 | 6180.728 | —15.546 | 13.222 | 58.7 | 0.7 | 167.8 | —26.495 | 3.5 | 0.5 | 693.4 | 109.5 | 693.4 | 1095 | 0.99
1| 6399.111 | 20.112 | 9.040 | 82.0 | 0.7 | 146.9 | +24.536 | 1.9 | 0.3 | 2649 | 442 | 2649 | 442 | 1.04
10 | 8 | 4549.030 | —12.406 | 8.238 | 70.5 | 0.6 | 112.9 | —17.593 | 2.7 | 0.4 | 332.8 | 519 | 3328 | 519 | 0.97
9 | 1876.265 | —0.851 | 6.176 | 5.0 | 0.4 | 177.6 | —17.111 | 18.1 | 1.7 | 1687.5 | 162.6 | 1687.5 | 162.6 | 0.60
7 | 6434331 | 16.699 | 7.885 | 86.4 | 0.6 | 143.9 | +19.320 | 1.6 | 0.2 | 195.2 | 262 | 1952 | 262 | 0.84
7 | 6 | 6237.875 | 12.523 | 10.917 | 72.3 | 0.5 | 152.5 | +17.312 | 2.6 | 0.3 | 421.9 | 47.9 | 421.9 | 47.9 | 0.71

(sy40M 19U ADUD]]) SYIO0MIIU [DUOISUIUIIP-OM] &
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Adjusted horizontal angles

Variance component: Q = 1.881, r = 3.06, c}g =0.61, ag = 0.57%, kgc;r,oo =4.14
in ‘ from ‘ to ‘ & [gon] ‘ € [mgon] ‘ |64 | mgon] | IR[% ‘ |w] ‘ | V| (mgon] §[mgon] IF, ‘ IF, ‘ IP; mgon] | IPyimgon | Ty
12 11 38.025011 0.452 0.539 22.46 | 1.03 8.07 +2.01 7.68 | 1.91 6.3 1.6 1.56
7 1 | 229.448 050 0.283 0.550 19.38 | 0.69 8.69 +1.46 8.43 | 1.42 7.0 1.2 1.05
1 9 | 233.102 688 0.059 0.497 34.18 | 0.11 6.54 +0.17 5.73 | 0.15 4.3 0.1 0.16
8 9 7 | 123.610011 0.390 0.565 14.89 | 1.09 9.92 +2.62 9.88 | 2.61 8.4 2.2 1.65
9 10 8 | 324.105 346 0.333 0.572 12.77 | 1.01 10.71 +2.61 | 10.80 | 2.63 9.3 2.3 1.52
15 6 53.290 147 | —0.147 0.494 34.92 | 0.27 6.47 —-0.42 5.64 | 0.37 4.2 0.3 0.41
11 5 10 | 254.471142 0.370 0.583 9.29 | 1.31 12.55 +3.98 | 12.91 | 4.10 11.4 3.6 1.98
12 13 5 | 171.546 481 0.432 0.559 16.61 | 1.15 9.39 +2.60 9.26 | 2.57 7.8 2.2 1.73
13 14 12 | 255.192 639 0.355 0.573 12.35 | 1.09 10.89 +2.87 | 11.01 | 2.91 9.5 2.5 1.65
14 15 13 | 134.731198 0.191 0.570 13.37 | 0.56 10.46 +1.42 | 10.52 | 1.43 9.1 1.2 0.85
15 1 14 | 195.942 443 0.119 0.560 16.50 | 0.32 9.42 +0.72 9.30 | 0.71 7.9 0.6 0.48
1 9 98.995 727 0.292 0.493 35.27 | 0.53 6.44 +0.83 5.60 | 0.72 4.2 0.5 0.80
10 11 9 65.272776 0.434 0.572 12.59 | 1.32 10.78 +3.45 | 10.89 | 3.48 9.4 3.0 2.00
7 8 6 | 126.838 088 0.431 0.565 14.88 | 1.21 9.92 +2.89 9.88 | 2.88 8.4 2.5 1.82
1 6 15 80.816 814 0.285 0.486 37.00 | 0.51 6.29 +0.77 5.39 | 0.66 4.0 0.5 0.76

(sy40M 19U ADUD]]) SYIO0MIIU [DUOISUIUIIP-OM] &



3 Two-dimensional networks (Planar networks)

3.6.7.2 Ex. 4

Available data files: [2D] Leick56:.*

Least squares solution A’.;C[cm] (1. iteration)

| x

U1

X3 Ys

X5

Ys

X6 Ye

X7

Y7

A,;CT‘O.OOO 0.000 —33.865 118.510 14.769 24.499 —19.702 0.000 —33.296 —10.809

| x

Ys

X9 Yo

X10

Y10

X11 Y11

X12 Y12

A}T‘—3.284 23.317 —2.476 26.135 —0.901 25.769 2.482 8.514 27.545 16.498

‘ X13

Y13

X14 Y14

X15

Yis

A}T‘10.658 10.100 14.774 7.609 —3.336 —284.999

Adjusted coordinates

L

—~

D | | R £—xtml | |6]m | B g [m] §—ym | 16]m | 1620]m)
3 | 291°22'42.5948" | 29860.4730 | —0.340 | 0.341 | 44°56'38.7285"| 4976809.3505 | 1.186 | 0.600 | 0.690
5 | 291°25'44.3868" | 339255241 | 0.147 | 0.194 | 44°48'20.7079"| 4961461.8040 | 0.246 | 0.399 | 0.443
6 | 291°12'44.0010"| 16760.0911 | —0.197 | 0.138 | 44°53' 2.4500"| 4970087.8491 | 0.000 | 0.000 | 0.138
7 | 291°14'59.9948" | 19726.5449 | —0.334 | 0.244 | 44°56' 0.0065"| 4975575.2195 | —0.108 | 0.111 | 0.268
8 | 291°16'48.4985" | 22105.4214 | —0.034 | 0.237 | 44°55'54.0376" | 4975398.8047 | 0.233 | 0.142 | 0.277
9 | 291°17'53.0389" | 23537.3030 | —0.025 | 0.147 | 44°53'22.1685" | 4970717.6055 | 0.262 | 0.143 | 0.205
10 | 291°18'59.9996" | 25001.5438 | —0.010 | 0.170 | 44°54' 0.0084"| 4971890.7925 | 0.258 | 0.179 | 0.247
11 | 291°19'28.5711" | 25647.9263 | 0.024 | 0.116 | 44°51'19.6928"| 4966946.4205 | 0.085 | 0.218 | 0.247
12 | 291°23'34.7026" | 31076.8497 | 0.275 | 0.193 | 44°48'20.0553"| 4961427.2661 | 0.165 | 0.337 | 0.388
13 | 291°21'39.4249" | 28539.2524 | 0.106 | 0.169 | 44°48'58.6333"| 4962605.9083 | 0.101 | 0.285 | 0.331
14 | 291°17'46.3367" | 23428.4521 | 0.147 | 0.199 | 44°47'42.9124"| 4960248.7328 | 0.076 | 0.197 | 0.280
15 | 291°13'53.5181"| 18303.3154 | —0.033 | 0.102 | 44°49'35.4076"| 4963703.3497 | —2.850 | 0.110 | 0.151

Absolute error ellipses Absolute confidence ellipses (1 — @ = 95%)

in \ Alem| \ Biem \ @ [gon] in \ Alem] \ Biem \ @ [gon]

3 | 63.10 | 27.93 | 177.423142 3 | 165.58 | 73.30 | 177.423142
5 | 41.26 | 16.25 | 17.936 279 5 | 108.28 | 42.65 | 17.936279
6 13.78 0.00 | 100.000 000 6 36.16 0.00 | 100.000 000
7 | 24.89 | 9.96 | 114.045025 7 | 65.32 | 26.14 | 114.045025
8 | 25.98 | 9.48 | 128.996388 8 | 68.17 | 24.88 | 128.996 388
9 | 19.13 | 7.45 | 148.657 224 9 | 50.20 | 19.56 | 148.657 224
10 | 22.86 | 9.29 | 152.192130 10 | 59.98 | 24.39 | 152.192130
11 | 22.05 | 11.12 | 188.470723 11 | 57.87 | 29.17 | 188.470723
12 | 35.41 | 15.87 | 22.441035 12 | 92.92 | 41.64 | 22.441035
13 29.74 | 14.51 21.603 611 13 78.03 | 38.08 21.603 611
14 | 24.35 | 13.75 | 50.632652 14 | 63.90 | 36.08 | 50.632652
15 | 12.21 | 8.82 | 42.383965 15 | 32.05 | 23.15 | 42.383965
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Adjusted horizontal distances (with additional distance Otter (3) - Chemo (5))

Variance component: Q = 7.301, r = 18.93, 65 =0.39, ag = 9.92%,

kE = 1.43

AG3T, 0

in|to| Sm elem | [63ltem | IRt | |wl | |Vlem | Viem | IFy | IFy | IPifem | IPyiem | IKytem | IKzlem | T
5 | 11| 9929.735 | 37.663 | 12.843 | 84.10 | 0.82 | 224.62 | +44.784 | 1.80 | 0.36 | 3572 | 7.2 | 3572 | 7.12 | 1.28
3 8 7882.288 0.001 | 20.479 | 35.96 | 0.00 272.95 +0.004 5.51 | 0.00 174.80 0.00 174.80 0.00 | 0.00
7 | 10208.799 | —0.002 | 20.686 | 60.96 | 0.00 | 271.21 | —0.004 | 3.31 | 0.00 | 105.89 | 0.00 | 105.89 | 0.00 | 0.00
5 15876.770 0.000 | 51.284 0.51 | 0.00 | 4605.77 —0.068 | 57.73 | 0.00 | 4582.29 0.07 | 4582.29 0.07 | 0.00
6 | 1 | 4307.854 | —3.954 | 11.274 | 35.57 | 0.30 | 150.63 | —11.117 | 5.56 | 0.41 | 97.06 | 7.16 | 97.06 | 7.16 | 0.47
8 | 6 | 7535.171 | —19.323 | 9.957 | 83.44 | 0.56 | 171.33 | —23.158 | 1.84 | 0.25 | 28.37 | 3.83 | 28.37 | 3.83 | 0.86
7 2385.409 1.108 6.879 | 22.91 | 0.19 104.70 +4.837 7.58 | 0.35 80.71 3.73 80.71 3.73 | 0.30
9 | 6 | 6806.408 | —25.836 | 8.839 | 84.03 | 0.82 | 154.31 | —30.747 | 1.80 | 0.36 | 24.65 | 4.91 24.65 | 4.91 | 1.27
8 | 4895.295 | 11.628 | 8.590 | 70.97 | 0.56 | 121.04 | +16.385 | 2.64 | 0.36 | 35.14 | 4.76 | 3514 | 476 | 0.87
1 | 10759.934 | —34.864 | 11.423 | 89.28 | 0.68 | 236.14 | —39.051 | 1.43 | 0.24 | 25.32 | 4.19 | 2532 | 4.19 | 1.06
11| 9 | 4321.639 | —12.637 | 8.826 | 60.76 | 0.74 | 115.61 | —20.799 | 3.32 | 0.60 | 45.37 | 8.16 | 45.37 | 8.16 | 1.15
10 4986.444 12.096 9.558 | 65.35 | 0.60 128.47 | +18.508 3.01 | 0.43 44.51 6.41 44.51 6.41 0.92
12 | 5 | 2848.884 | 50924 | 8.286 | 21.17 | 0.89 | 129.73 | +27.988 | 7.97 | 1.72 | 102.27 | 22.06 | 102.27 | 22.06 | 1.38
11| 7741723 | 15.398 | 12.008 | 77.18 | 0.45 | 183.01 | +19.950 | 2.25 | 0.24 | 41.76 | 4.55 | 41.76 | 4.55 | 0.70
13 | 5 5506.441 | —29.545 9.916 | 69.37 | 1.28 137.58 | —42.594 2.75 | 0.85 42.15 | 13.05 42.15 13.05 1.98
9 | 9529.907 | 38.987 | 10.448 | 88.58 | 0.87 | 210.09 | +44.014 | 1.48 | 0.31 | 24.00 | 5.03 | 24.00 | 5.03 | 1.34
11 5215.344 | —-21.703 | 10.281 | 63.32 | 1.04 136.45 | —34.277 3.15 | 0.79 50.05 | 12.57 50.05 12.57 1.61
12| 2797.963 | 2790 | 7.991 | 24.02 | 0.40 | 119.63 | +11.614 | 7.35 | 0.71 | 90.89 | 8.82 | 90.89 | 8.82 | 0.62
10 9936.018 27.086 | 10.329 | 89.73 | 0.57 217.60 | +30.186 1.40 | 0.19 22.35 3.10 22.35 3.10 | 0.89
14 | 6 | 11885.926 | —12.346 | 12.059 | 90.20 | 0.22 | 259.43 | —13.688 | 1.36 | 0.07 | 25.42 | 1.34 | 25.42 | 1.34 | 0.34
9 | 10469.439 | —0.162 | 9.541 | 92.10 | 0.00 | 226.25 | —0.176 | 1.21 | 0.00 | 17.87 | 0.01 17.87 | 0.01 | 0.00
13 | 5628.193 | —1.194 | 14.294 | 39.05 | 0.07 | 187.39 | —3.057 | 5.16 | 0.08 | 114.21 | 1.86 | 114.21 | 1.86 | 0.10
15| 9 | 8751.823 | 13.768 | 10.657 | 85.92 | 0.34 | 195.97 | +16.024 | 1.67 | 0.14 | 27.59 | 2.26 | 27.59 | 2.26 | 0.52
13 | 10294.600 —3.574 | 13.409 | 83.87 | 0.08 233.15 —4.261 1.81 | 0.03 37.61 0.69 37.61 0.69 | 0.12
14 | 6180.728 | —15.546 | 12.918 | 58.67 | 0.65 | 167.79 | —26.495 | 3.47 | 0.55 | 69.34 | 10.95 | 69.34 | 10.95 | 1.01
1| 6399.111 | 20.112 | 8.823 | 82.01 | 0.69 | 146.91 | +24.524 | 1.94 | 0.32 | 26.43 | 4.41 26.43 | 4.41 | 1.07
10 | 8 | 4549.030 | —12.406 | 8.044 | 70.55 | 0.64 | 112.87 | —17.584 | 2.67 | 0.42 | 33.24 | 518 | 33.24| 5.8 | 1.00
9 | 1876.265 | —0.851 | 6.034 | 4.97 | 0.40 | 177.52 | =17.099 | 18.06 | 1.74 | 168.69 | 16.25 | 168.69 | 16.25 | 0.62
7 | 6434.331 | 16.699 | 7.673 | 86.54 | 0.55 | 143.80 | +19.296 | 1.63 | 0.22 | 19.36 | 2.60 | 19.36 | 2.60 | 0.86
7 | 6 | 6237.875 | 12.523 | 10.662 | 72.36 | 0.47 | 152.48 | +17.307 | 2.55 | 0.29 | 42.15 | 4.78 | 42.15 | 4.78 | 0.73
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Adjusted horizontal angles

Variance component: Q = 1.881, r = 3.07, c}g =0.61, ag = 0.57%, kgc;r,oo =4.14
in ‘ from ‘ to ‘ & [gon] ‘ € [mgon] ‘ |64 | mgon] | IR[% ‘ |w] ‘ | V| (mgon] §[mgon] IF, ‘ IF, ‘ IP; mgon] | IPyimgon | Ty
12 11 38.025011 0.452 0.527 22.46 | 1.03 8.07 +2.01 7.68 | 1.91 6.3 1.6 1.59
7 1 | 229.448 050 0.283 0.537 19.40 | 0.69 8.69 +1.46 8.42 | 1.41 7.0 1.2 1.07
1 9 | 233.102 688 0.059 0.485 34.20 | 0.11 6.54 +0.17 5.73 | 0.15 4.3 0.1 0.17
8 9 7 | 123.610011 0.390 0.552 14.93 | 1.09 9.90 +2.62 9.86 | 2.60 8.4 2.2 1.69
9 10 8 | 324.105 346 0.333 0.559 12.77 | 1.01 10.71 +2.61 | 10.80 | 2.63 9.3 2.3 1.56
15 6 53.290 147 | —0.147 0.483 34.92 | 0.27 6.47 —-0.42 5.64 | 0.37 4.2 0.3 0.42
11 5 10 | 254.471142 0.370 0.570 9.30 | 1.31 12.55 +3.98 | 12.91 | 4.09 11.4 3.6 2.03
12 13 5 | 171.546 481 0.432 0.546 16.61 | 1.15 9.39 +2.60 9.26 | 2.57 7.8 2.2 1.77
13 14 12 | 255.192 639 0.355 0.560 12.35 | 1.09 10.89 +2.87 | 11.01 | 2.91 9.5 2.5 1.69
14 15 13 | 134.731198 0.191 0.557 13.38 | 0.56 10.46 +1.42 | 10.52 | 1.43 9.1 1.2 0.87
15 1 14 | 195.942 443 0.119 0.547 16.50 | 0.32 9.42 +0.72 9.30 | 0.71 7.9 0.6 0.49
1 9 98.995 727 0.292 0.481 35.27 | 0.53 6.44 +0.83 5.60 | 0.72 4.2 0.5 0.82
10 11 9 65.272776 0.434 0.559 12.60 | 1.32 10.78 +3.45 | 10.89 | 3.48 9.4 3.0 2.04
7 8 6 | 126.838 088 0.431 0.552 14.88 | 1.21 9.92 +2.89 9.88 | 2.88 8.4 2.5 1.87
1 6 15 80.816 814 0.285 0.475 37.01 | 0.51 6.29 +0.77 5.39 | 0.66 4.0 0.5 0.78
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3 Two-dimensional networks (Planar networks)

Network graphs
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3 Two-dimensional networks (Planar networks)

Supplementary information

Observed distances 29 30
Observed angles 15 15
Coordinate unknowns 23 23
Datum defect 3 3
Datum definition fix fix
Number of datum constraints 3 3
Type-I-error probability ay, [%] (Baarda) 0.1 0.1
Type-I-error probability ag [%] (Baarda) 11.3 11.9
Test value koJ:]L/z 3.29 3.29
x?-Noncentrality parameter A, 17.1 17.1
Type-I-error probability a, [%] (Pope) 0.1 0.1
Critical value k,_ 3.0 3.0
Number of iterations (Max=20) 20 20
Stop criterion (actual) 8.4-1071% 8.7.1071°
Redundancy r 21 22
Redundancy distances 17.94 18.93
Redundancy angles 3.06 3.07
Weighted square sum of residuals Q [-] 9.18254 9.18254
(a priori) standard deviation oy [-] 1 1

(a posteriori) estimated standard deviation 6¢ [-] 0.6613 0.6461
Ratio &/ 0.6613 0.6461
Global test (62/0?) 0.4373 0.4174
Critical value kf ., 1.38 1.36
Number of outliers (Data snooping & z-criterion) 0 0

IX = X|| [m] 3.2005 3.2002
Trace coordinate covariance matrix, trfjg [m?] 55.759 1.365
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3 Two-dimensional networks (Planar networks)

3.6.8 Ghilani & Wolf (2012), Ch. 16.9.5

Charles D. Ghilani and Paul R. Wolf (2012): Elementary Surveying. An Introduction to Geomatics.
13th Edition, Ch. 16.9.5, p 422 & 450-456

Available data files: [2D] Ghilani_Wolf Distance_Anglex.x

Coordinates

Point name | Easting x m] ‘ Northing Y (m]

A 415.2730 (D) | 929.8680 (D)
B 507.9340 764.6520
C 618.9520 815.3530
D 723.8520 753.2870
E 826.1280 856.4380
F 794.6590 1021.6550
G 578.7410 1103.8260
H 652.2210 980.2450
J 600.5950 899.2720
K 713.3620 877.4180

Datum: fix, (D)...Datum coordinate

Horizontal distances

in ‘ to ‘ S [m] ‘ || (mm] ‘ Plym?
A | B | 189.4360 7 20408.16
B | C | 122.0500 7 20408.16
C | D | 121.9010 7 20408.16
D | E | 145.2560 7 20408.16
E | F | 168.1800 7 20408.16
F | G | 231.0210 7 20408.16
G | A | 238.7140 7 20408.16
H | 143.7800 7 20408.16
H| ] 96.0360 7 20408.16
K | 119.6310 7 20408.16
J|C 85.9080 7 20408.16
K | E | 114.6950 7 20408.16
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3 Two-dimensional networks (Planar networks)

Horizontal angles

in ‘ from ‘ to ‘ & [gon] ‘ | o | (mgon] ‘ Pli/rad?]

A 119.4382716 | 2.7469 | 537118676
B 105.266 6667 | 3.6111 | 310798 234
C 261.2858025 | 4.2284 | 226677 875
D 115.716 0494 | 3.9198 | 263780583
E 138.288 8889 | 3.4568 | 339167493

76.3074074 | 3.7963 | 281216011
135.132098 8 | 2.9321 | 471414629
124.8703704 | 2.5617 | 617581221

42.6993827 | 3.0556 | 434090096
270.2839506 | 4.5062 | 199592655
129.717 2840 | 4.5062 | 199592655
329.7154321 | 4.6296 | 189089 646
150.1574074 | 5.5556 | 131312254
145.8611111 | 4.4136 | 208055016

o)

e ]
T T—— Q™ »gom=" Jdow >0

HOROQ—I>»OH-dEY oW

Grid bearings

in ‘ to ‘ T[gon] ‘ |O'| [mgon] p[l/radz]

A| B |167.4601852 | 0.00031 | 4.2545-10'6

Design matrix Apmgonm and reduced observation vector Ayimen grid bearings (1. iteration)

Al xa Ya XB Ys  Xc Yc XD Yp XE YE XF YF XG Yo XH Yu XJ Yy Xk yk|| Ay

TA,B‘293.1237 164.3977 —293.1237 —-164.3977 0 0 0 0 0 0 0 0 O O O O O O O OH—0.06

Design matrix Ay and reduced observation vector Aywm horizontal distances (1. iteration)

Too large to be displayed !

Design matrix Apmgonm and reduced observation vector Aymgon horizontal angles (1. iteration)

Too large to be displayed !

Matrix D' of datum constraints

‘XA Yya XB YB Xc Yc Xp Yp XE YE XF YF XG YG XH YH XJ Yy XK YK

1 0 0 0 0 0 0 0 0 0o 0 0 0 0 0 0o 0 0 © 0
0 1 0 0 0 0 0 0 0 0o 0 O 0 0 0 0o 0 0 ©0 0

DT
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3 Two-dimensional networks (Planar networks)

Least squares solution A/\.x[cm] (1. iteration)

‘XA Yya  XB Y xc Yc XD YD XE YE

AAxT\ 0 0 0404 —0.687 0.272 -0.310 1.465 —0.150 0.512 0.288

Least squares solution A/\.x[cm] (continued)

‘ XF Yr XG Yy XH YH Xj Yy XK YK

AAxT\o.zm —0.100 0.452 0.121 0.528 —0.004 0.413 —0.239 0.831 —0.012

Adjusted coordinates

Point name X [m] X = X [em] \ |5 fem] \ ¥ [m] U = Ylem] \ |5 fem) \ |G2D | [em]
B 507.9380 | 0.404 | 0.214 | 764.6451 | —0.687 | 0.382 | 0.438
C 618.9547 | 0.272 | 0.459 | 815.3499 | —0.310 | 0.493 | 0.674
D 723.8666 | 1.465 | 0.642 | 753.2855 | —0.150 | 0.685 | 0.939
E 826.1331 | 0.512 | 0.528 | 856.4409 | 0.288 | 0.923 | 1.063
F 794.6611 | 0.210 | 0.581 | 1021.6540 | —0.100 | 0.859 | 1.037
G 578.7455 | 0.452 | 0.578 | 1103.8272 | 0.121 | 0.451 | 0.733
H 652.2263 | 0.528 | 0.493 | 980.2450 | —0.004 | 0.609 | 0.784
J 600.5991 | 0.413 | 0.497 | 899.2696 | —0.239 | 0.575 | 0.760
K 713.3703 | 0.831 | 0.558 | 877.4179 | —0.012 | 0.733 | 0.921

Absolute error ellipses Absolute confidence ellipses (1 — o = 95%)
in ‘ Alfem] ‘ Biem) ‘ ¢ lgon] in ‘ Alfem] ‘ Biem) ‘ @ lgon]
B | 0.44 | 0.00 | 167.460 185 B | 1.28 | 0.00 | 167.460 185
C ]0.50 | 0.45 | 176.765 367 C|1.45]|1.32|176.765367
D | 0.74 | 0.58 | 41.058901 D|2.15|1.70 | 41.058901
E | 0.93 ] 0.52 8.385491 E|271]1.51 8.385491
F | 0.91|0.49 | 173.670278 F | 2.66 | 1.43 | 173.670 278
G| 0.60 | 0.42 | 124.105 169 G| 1.75|1.23 | 124.105 169
H | 0.63 | 0.47 | 175.160 712 H | 1.84 | 1.36 | 175.160 712
J 1 0.58 | 0.50 | 195.805 562 J | 1.68 | 1.45 | 195.805 562
K| 0.73 | 0.56 | 196.564 810 K|2.14 | 1.63 | 196.564 810
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Adjusted grid bearings

Variance component: Q = 0.000, r = 0.00, c}g =0.00, ag = 0.00%, kgc;,,m = 00
in ‘ to ‘ f[gon] ‘ é[mgon] |0A'fl[mgon] IR[%] ‘ |W| ‘ |V|[mg0n] §[mgonl IFl ‘ IFZ ‘ IP1 [mm] ‘ IPZ [mm] ‘ IK] [mm] ‘ IKZ [mm] ‘ TT

A|B|167.4601852| 0 | 0.014 |[0.00| oo | 3488 | 0 |oco| 0 |1038| 0o | 1038 | 0 |

Adjusted horizontal distances

Variance component: Q = 2.143, r = 2.89, 67 = 0.74, ag = 0.52%, kgG;m =4.34
in \ to \ $m) \ € fem] \ |6 fem] \ IR \ |wl \ |V fem) \ V feml \ IF, \IFz \IPl (mm] \ IP; (mm] \ IK fmm) \ IK fmm) \ T,
A | B |[189.4344 | 0.157| 0.438 | 19.5|0.5| 6.6 |+0.804| 8.4|1.0| 52.8 6.5 52.8 6.5 |0.73
B | C|122.0478| 0.215| 0.452 | 14.2 (0.8 | 7.7 |+1.521|10.2|2.0| 66.0 13.1 66.0 13.1 | 1.17
C|D|121.8955| 0.554| 0.435 | 20.6 |1.7| 6.4 |+2.690| 8.1|3.4| 50.6 21.4 50.6 21.4 |2.50
D | E | 145.2565 | —0.055 | 0.436 | 20.3 |0.2| 6.4 |—-0.270| 8.2|0.3| 51.1 2.1 51.1 2.1 10.25
E | F |168.1840 | —0.401 | 0.424 | 24.7 (1.2 | 5.8 |-1.627| 7.2|2.0| 43.9 12.3 43.9 12.3 | 1.65
F | G|231.0237 | —0.275| 0.423 | 25.0|0.8| 5.8 |—-1.099| 7.2|1.4| 434 8.2 43.4 8.2 |1.13
G| A |238.7155 | —0.147 | 0.450 | 14.9|0.5| 7.5 |—-0.984| 9.9|1.3| 63.7 8.4 63.7 8.4 |0.78
H | 143.7776 | 0.241| 0.396 | 34.4|0.6| 4.9 |+0.701| 5.7/0.8| 32.3 4.6 32.3 4.6 |0.84
H|J | 96.0332| 0.283| 0.422 | 25.5]0.8| 5.7 |+1.109| 7.1|1.4| 42.7 8.3 42.7 8.3 |1.15
K |119.6328 | —0.178 | 0.415 | 27.9|0.5| 5.5 |—0.636| 6.60.8| 39.4 4.6 39.4 4.6 |0.69
J |1 C| 85.9037| 0.431] 0.411 | 29.2 | 1.1 54 | +1.473| 6.4|1.8| 37.9 10.4 37.9 10.4 | 1.63
K| E | 114.6974 | —0.237 | 0.402 | 32.3 0.6 | 5.1 |—-0.733| 6.0|0.9| 34.4 5.0 34.4 5.0 [0.85
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Adjusted horizontal angles

Variance component: Q = 2.237, r = 6.11, 6% = 0.37, ag = 1.83%, kgG;,’m = 2.53
in ‘ from ‘ to ‘ & [gon] ‘ € [mgon] ‘ |64 | mgon] | IR (%] ‘ |w] ‘ | V| (mgon] §[mgon] IF, ‘ IF, ‘IPl (mgon] | TP [mgon] | T5
Al G B | 119.438033 | 0.239 1.541 35.3210.15| 19.10 | +0.68 | 5.590.20 12.4 0.4 0.21
B A C | 105.264646 | 2.021 1.971 38.8210.90| 23.95 | +5.21 |5.19|1.13 14.7 3.2 1.29
C B D | 261.284 006 1.796 2.447 31.18|0.76 | 31.29 | +5.76 | 6.14 | 1.13 21.5 4.0 1.09
D| C E | 115.715684 | 0.365| 2.185 |[36.16|0.16| 26.94 | +1.01 |5.49|0.21 17.2 0.6 0.22
E| D F | 138.291862 | —2.973 1.827 |42.58 |1.32| 21.89 | —6.98 | 4.80| 1.53 12.6 4.0 1.89
K F | 76.307344| 0.064 1.785 54.58 10.02 | 21.23 | +0.12 |3.77 | 0.02 9.6 0.1 0.03
F E G | 135.134550 | —2.451 1.571 41.03|1.31| 18.92 | =5.97 [ 4.95]|1.56 11.2 3.5 1.87
G F A | 124.871220 | —0.849 1.363 41.80 | 0.51 | 16.37 | —2.03 | 4.88 ] 0.61 9.5 1.2 0.74
F H| 42.698748 | 0.635 1.415 55.96 1 0.28 | 16.88 | +1.13 | 3.67 | 0.25 7.4 0.5 0.40
H| G J 1270.283883 | 0.068 1.937 62.05]0.02| 23.64 | +0.11 {3.23|0.01 9.0 0.0 0.03
] G | 129.716 117 1.167 1.937 62.05|0.33| 23.64 | +1.88 [3.23]0.26 9.0 0.7 0.47
]J K | 329.714 249 1.183 2.246 51.67 | 0.36 | 26.61 | +2.29 | 4.00]|0.34 12.9 1.1 0.51
] H C | 150.157679 | —0.272 3.396 23.2110.10| 47.65 | —1.17 | 7.52|0.18 36.6 0.9 0.15
K| H | E |145.861227|—-0.116 | 2.482 |35.03|0.04| 30.81 | —0.33 | 5.63|0.06 20.0 0.2 0.06
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3 Two-dimensional networks (Planar networks)

Network graph
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Supplementary information

Observed grid bearings :o 1
Observed distances : 12
Observed angles : 14
Coordinate unknowns : 18
Datum defect :2
Datum definition : fix
Number of datum constraints :2
Type-I-error probability ap [%] (Baarda) ;0.1
Type-I-error probability ag [%] (Baarda) : 34
Test value ko]:]L/z :3.29
x%-Noncentrality parameter A, : 1741
Type-I-error probability a, [%] (Pope) ;0.1
Critical value k;,_ i 26
Number of iterations (Max=20) i3

Stop criterion (actual) : 3.4-1071
Redundancy r 9
Redundancy grid bearings ¢ 0.00
Redundancy distances ;o 2.89
Redundancy angles : 611
Weighted square sum of residuals Q [-] : 4.38065
(a priori) standard deviation og [-] |

(a posteriori) estimated standard deviation 6o [-] : 0.6977
Ratio 6y /0y : 0.6977
Global test (6Z/02) : 04867 (kL .., 0 =2.01)
Number of outliers (Data snooping & r-criterion) : 0

IX = X|| [em] . 2.188
Trace coordinate covariance matrix, trig [cm?] : 6.3113
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3 Two-dimensional networks (Planar networks)

3.7 Distance-Direction-Angle networks

3.7.1 Wolf (1979), Ex. 13.2-11

Wolf W (1979): Ausgleichungsrechnung II. Diimmlers, pp. 66

Available data files: [2D] Wolf_DistanceDirectionAngle_freex.x

Coordinates

Point name

Easting x [m]

‘ Northing ym

O OO0 I O U b W N

184 423.2800 (D)
186 444.1800 (D)
183 257.8400 (D)
184292.0000 (D)
185 487.0000 (D)
186708.7200 (D)
184 868.2000 (D)
186 579.3000 (D)
185 963.0700 (D)

726 419.3300 (D)
726 476.6600 (D)
725 490.3500 (D)
723313.0000 (D)
721829.0000 (D)
722 104.5800 (D)
725 139.7000 (D)
725 336.6000 (D)
723 322.0200 (D)

Datum: free, (D)...Datum coordinate

Horizontal distances

in|to| sw | ol | preem

7| 9 | 21219000 | 30 | 1.71347-107
Horizontal angles

in ‘ from ‘ to ‘ o [gon] ‘ || (mgon] Pl

8| 7 | 2997810000 | 3.5 |5.10204107

Directions and approximate orientations

in ‘ to ‘ ¥ [gon] ‘ |0 | tmgon] | P ‘ @ [gon]
1 2 0.000 000 2.5 1 98
7 80.500 000 2.5 1
3 | 158.961 000 2.5 1
2 8 0.000 000 2.5 1 192
7 62.726 000 2.5 1
1 | 105.712000 2.5 1
3 1 0.000 000 2.5 1 57
7 56.496 000 2.5 1
9 85.845 000 2.5 1
4 | 114.595000 2.5 1
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3 Two-dimensional networks (Planar networks)

Directions and approximate orientations (continued)

in | to 7 [gon] |0 | tmgon] | PI-1 | @igon]
4 7 0.000 000 2.5 1 19
8 34.450 000 2.5 1
9 80.211 000 2.5 1
5 | 137.402 000 2.5 1
3 | 352.309000 2.5 1
5 9 0.000 000 2.5 1 19
6 66.245 000 2.5 1
4 | 337.216 000 2.5 1
6 5 0.000 000 2.5 1 285
9 79.169 000 2.5 1
8 | 111.582 000 2.5 1
7 2 0.000 000 2.5 1 55
8 37.498 000 2.5 1
9 | 110.258 000 2.5 1
4 | 164.232 000 2.5 1
3 | 258.441000 2.5 1
1 | 323.486 000 2.5 1
8 6 0.000 000 2.5 1 197
9 21.445 000 2.5 1
4 56.442 000 2.5 1
9 8 0.000 000 2.5 1 18
6 | 146.143 000 2.5 1
5 | 200.733 000 2.5 1
4 | 280.756 000 2.5 1
3 | 324.105000 2.5 1
7 | 346.569 000 2.5 1

Design matrices and reduced observation vectors (1. iteration)

Too large to be displayed !

Matrix D'(; of datum constraints (1. iteration)

Too large to be displayed !

Least squares solution A/\x[m,mgon] (1. iteration)

‘ X1 Y1 X2 Y2 X3 Y3 X4 Y4 X5 Ys

A}T‘—0.2465 0.3316 0.1744 0.1348 —0.5272 0.2304 0.0766 0.2968 0.3937 —0.4777

Least squares solution Axmmgn (continued)

‘ X6 Ye X7 Y7 X8 Ys X9 Yo

A}T‘—0.0638 —0.5967 —0.1910 —0.0377 0.1918 —0.1407 0.1919 0.2593
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3 Two-dimensional networks (Planar networks)

Least squares solution Axmmgn (continued)

‘ w1 W2 w3 W4 W5 We w7 w3 W9

A}T‘200.664 489.671 160.946 447.156 632.997 876.144 214.669 456.583 901.610

Adjusted coordinates

Point name X [m] %= Xfem | 6] 1em | U m) § = Ylemt | |&]1em) | |62p] tem
1 184423.0335 | —24.648 | 2.183 | 726419.6616 | 33.165 | 3.117 | 3.805
2 186 444.3543 | 17.433 | 2.510 | 726476.7948 | 13.484 | 3.512 | 4.317
3 183257.3128 | —52.720 | 3.557 | 725490.5804 | 23.041 | 2.099 | 4.130
4 184 292.0767 7.667 | 2.172 | 723313.2969 | 29.691 | 2.190 | 3.085
5 185487.3938 | 39.385 | 1.780 | 721828.5221 | —47.787 | 3.704 | 4.110
6 186 708.6561 —-6.392 | 2.975 | 722103.9831 | —59.694 | 3.388 4.509
7 184868.0090 | —19.096 | 1.254 | 725139.6623 | —3.770 | 1.249 | 1.770
8 186579.4918 | 19.177 | 2.793 | 725336.4593 | —14.068 | 2.547 | 3.780
9 185963.2619 | 19.195 | 1.060 | 723322.2794 | 25.938 | 1.438 | 1.786

Absolute error ellipses Absolute confidence ellipses (1 — a = 95%)

in ‘ Alem] ‘ Biem] ‘ ¢ [gon] in ‘ Alem] ‘ Biem] ‘ ¢ [gon]

1 3.21 | 2.04 | 179.690 890 1 8.79 | 5.58 | 179.690 890
2 3.82 | 2.01 30.576 400 2 | 10.44 | 5.51 30.576 400
3 3.66 | 1.92 | 117.480524 3 9.99 | 5.26 | 117.480524
4 2.24 | 2.12 | 154.760361 4 6.13 | 5.80 | 154.760361
5 3.72 | 1.75 5.895903 5 | 10.16 | 4.80 5.895903
6 4.10 | 1.87 | 156.312869 6 | 11.22 | 5.12 | 156.312 869
7 1.29 | 1.22 52.257 621 7 3.52 | 3.33 52.257 621
8 3.18 | 2.04 57.061 588 8 8.70 | 5.58 57.061 588
9 1.44 | 1.05 6.684 932 9 3.94 | 2.88 6.684 932
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Adjusted directions

Variance component: Q/O'(f =1.969, r = 13.59, frg/ag =0.14, ag = 6.37%, kgG;r,w =1.64
in | to| Flgon] | Tlgenl élmgon] | 67| imgont | IR1%1 | |w| | |V|imgon] | Vimgon] | stm] | Qpfmmi | IFy | IFy | IPy(mm] | IPz(mm] | IKqfmm] | IKp(mm) | Ty
1] 2 0.000392 | 98.201056 | —0.392 |  0.892 2360 | 032 | 2126 | -1.662 | 2022 | 125 | 5.58 | 0.44 | 516.0 40.3 331.4 25.9 | 0.79
7 | 80.500050 | 178.700713 | —0.050 | 0.824 | 34.83 | 0.03 | 17.50 | —0.142 | 1355 1.1 | 3.95 | 0.03 | 242.8 2.0 108.2 0.9 | 0.08
3 | 158.960558 | 257.161222 | 0.442 | 0.876 26.27 | 034 | 2015 | +1.681 | 1491 | 10.3 | 5.12 | 0.43 | 348.0 29.0 175.5 14.6 | 0.84
2 | 8 0.000980 | 192.490650 | —0.980 | 0.911 20.18 | 0.87 | 23.00 | —4.855 | 1148 | 17.7 | 6.27 | 1.32 | 331.1 69.9 225.5 47.6 | 2.14
7 | 62725635 | 255.215305 | 0.365 | 0.805 37.76 | 0.24 | 16.81 +0.968 | 2067 | 119 | 3.62 | 0.21 | 339.7 19.6 97.8 56 | 0.58
1 | 105.711386 | 298.201056 | 0.614 | 0.854 | 29.92 | 0.45 | 18.89 | +2.053 | 2022 | 19.5 | 4.58 | 0.50 | 420.4 45.7 239.0 26.0 | 1.10
3|1 0.000276 | 57.161222 | —0.276 | 0.877 26.16 | 0.22 | 20.20 | —1.055 | 1491 6.5 | 5.65 | 0.30 | 349.2 18.2 257.3 134 | 0.53
7 | 56.495516 | 113.656461 | 0.484 | 0.720 50.25 | 0.27 | 14.57 | +0.964 | 1648 | 125 | 2.90 | 0.19 | 187.7 12.4 112.7 75 | 0.67
9 | 85.845172 | 143.006118 | —0.172 |  0.629 61.96 | 0.09 | 13.12 | —0.278 | 3468 94 | 1.90 | 0.04 | 271.9 5.8 29.8 0.6 | 0.21
4 | 114.595036 | 171.755982 | —0.036 | 0.765 | 43.81 | 0.02 | 15.61 —0.083 | 2411 14 | 349 | 0.02 | 3321 1.8 173.6 0.9 | 0.05
4 | 7 | 399.999875 | 19.447031 | 0.125 | 0.689 54.38 | 0.07 | 14.01 +0.230 | 1915 3.8 | 2.84 | 0.05 | 192.2 3.2 115.2 1.9 | 0.17
8 | 34.450657 | 53.897812 | —0.657 | 0.646 59.92 | 0.34 | 13.35 | -1.096 | 3054 | 315 | 2.39 | 0.20 | 256.6 21.1 118.1 9.7 | 0.83
9 | 80.210670 | 99.657826 | 0.330 | 0.771 42.96 | 0.20 | 1576 | +0.768 | 1671 87 | 3.84 | 0.19 | 236.0 11.5 167.3 8.1 | 0.49
5 | 137.401972 | 156.849127 | 0.028 |  0.866 28.01 | 0.02 | 19.52 | +0.101 | 1906 0.9 | 5.63 | 0.03 | 420.7 2.2 305.8 1.6 | 0.05
3 | 352.308826 | 371.755982 | 0.174 | 0.810 36.96 | 0.11 | 16.99 | +0.470 | 2411 6.6 | 4.46 | 0.12 | 405.7 11.2 252.6 7.0 | 0.28
519 0.000763 | 19.633759 | —0.763 | 0.824 | 34.78 | 0.52 | 17.52 | —2.193 | 1568 | 18.8 | 3.96 | 0.50 | 281.3 35.2 135.5 17.0 | 1.27
6 | 66.244106 | 85.877103 | 0.894 | 0.880 2555 | 0.71 | 2044 | +3.498 | 1252 | 17.6 | 5.24 | 0.90 | 299.2 51.2 188.4 322 | 1.73
4 | 337.216131 | 356.849127 | —0.131 0.870 27.22 | 0.10 | 19.80 | —0.482 | 1906 3.9 | 497 | 0.12 | 4315 10.5 202.6 49 | o0.25
6| 5 0.000959 | 285.877103 | —0.959 | 0.892 2363 | 079 | 21.25 | —4.058 | 1252 | 18.9 | 5.58 | 1.06 | 319.2 60.9 199.6 38.1 | 1.93
9 | 79.168658 | 365.044801 | 0.342 | 0.769 | 43.13 | 0.21 | 1573 | +0.793 | 1428 7.7 | 3.05 | 0.15 | 200.7 10.1 94.5 4.8 | 0.51
8 | 111.581383 | 397.457527 | 0.617 | 0.805 3770 | 0.40 | 16.82 | +1.636 | 3235 | 31.3 | 3.62 | 0.35 | 532.6 51.8 179.5 17.4 | 0.98
7| 2 0.000637 | 55.215305 | —0.637 | 0.862 28.65 | 0.48 | 19.30 | —2.223 | 2067 | 20.7 | 5.71 | 0.66 | 447.1 51.5 360.8 41.6 | 1.17
8 | 37.497088 | 92711755 | 0.912 | 0.867 2771 | 0.69 | 19.63 | +3.293 | 1723 | 24.7 | 5.86 | 0.98 | 384.0 64.4 332.3 55.8 | 1.70
9 | 110.257074 | 165.471742 | 0.926 | 0.748 | 46.25 | 0.54 | 15.19 | +2.003 | 2122 | 30.9 | 3.70 | 0.49 | 272.2 35.9 139.4 184 | 1.34
4 | 164.232363 | 219.447031 | —0.363 |  0.828 34.16 | 0.25 | 17.67 | —-1.063 | 1915 | 10.9 | 4.96 | 0.30 | 350.0 21.0 228.1 13.7 | 0.61
3 | 258.441794 | 313.656461 | —0.794 | 0.844 | 31.54 | 0.57 | 18.39 | —2.516 | 1648 | 20.5 | 5.29 | 0.72 | 326.0 44.6 243.5 333 | 1.38
1 | 323.486045 | 378.700713 | —0.045 |  0.860 28.95 | 0.03 | 19.20 | —0.156 | 1355 1.0 | 5.66 | 0.05 | 290.4 2.4 249.5 2.0 | 0.08
3 | 6 0.000944 | 197.457527 | —0.944 | 0.749 | 46.15 | 0.56 | 15.21 —2.045 | 3235 | 48.0 | 2.76 | 0.37 | 416.2 56.0 178.2 24.0 | 1.36
9 | 21.444827 | 218.901410 | 0.173 | 0.670 56.91 | 0.09 | 13.69 | +0.304 | 2106 57 | 1.71 | 0.04 | 195.2 4.3 74.6 1.7 | 0.22
4 | 56.441229 | 253.897812 | 0.771 0.772 | 42.70 | 0.47 | 15.81 +1.805 | 3054 | 37.0 | 3.10 | 0.35 | 4345 49.6 111.7 128 | 1.16
9 | 8 | 399.999801 | 18.901410 | 0.199 | 0.818 35.65 | 0.13 | 17.30 | +0.558 | 2106 6.6 | 478 | 0.15 | 368.4 11.9 260.3 84 | 033
6 | 146.143192 | 165.044801 | —0.192 |  0.868 2759 | 0.15 | 19.67 | —0.696 | 1428 43 | 587|021 | 3194 11.3 261.3 9.3 | 0.36
5 | 200.732150 | 219.633759 | 0.850 | 0.864 | 28.27 | 0.64 | 19.43 | +3.009 | 1568 | 20.9 | 5.77 | 0.89 | 343.2 53.1 283.6 43.9 | 1.57
4 | 280756217 | 299.657826 | —0.217 | 0.785 | 40.84 | 0.14 | 16.16 | —0.530 | 1671 57 | 421 | 014 | 2510 8.2 201.7 6.6 | 0.33
3 | 324.104508 | 343.006118 | 0.492 | 0.644 | 60.14 | 0.25 | 13.32 | +0.817 | 3468 | 26.8 | 2.57 | 0.16 | 289.2 17.7 127.6 7.8 | 0.62
7 | 346.570132 | 365.471742 | —1.132 |  0.690 54.32 | 0.61 | 14.02 | -2.084 | 2122 | 37.7 | 3.02 | 0.45 | 213.4 31.7 112.6 16.7 | 1.51
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Adjusted orientation unknowns

in (,(A)[gon] o — (0 [mgon] |CAT| [mgon]
1 98.200 664 200.66 0.93
2 | 192.489670 489.67 1.00
3 57.160 946 160.95 0.71
4 19.447 156 447.16 0.61
5 19.632 996 633.00 0.87
6 | 285.876144 876.14 0.87
7 55.214 668 214.67 0.51
8 | 197.456 583 456.58 0.80
9 18.901 609 901.61 0.50
Adjusted horizontal distances
Variance component: Q/ag = 0.000, r = 0.00, c}g/ag =0.00, ag = 0.00%., k,I;G;,’OO =00
in ‘ to ‘ §[m] ‘ é[cm] ‘ |6'§|[cm] ‘ IR[%] ‘ |W| ‘ |V|[cm] ‘ e[cm] ‘ IFl ‘ IFZ ‘ IPl[cm] ‘ IPz[cm] ‘ IK][cm] ‘ IKz[cm] ‘ TT
719 ]21219000 | 0 | 1224 | 0 [ | o | o [ [0 | o | o | o | o |
Adjusted horizontal angles
Variance component: Q/cf = 0.362, r = 0.41, 62/0¢ = 0.88, ag = 0.03%, kgG;r’oo = 25.00
in ‘ from ‘ to ‘ d[gon] ‘ é[mgon] ‘ |C}E}|[mg0n] ‘ IR[%] ‘ |W| ‘ |V|[mgon] ‘ ﬁ[mgon] ‘ IF] ‘ IFZ ‘ IPl[mgon] ‘ IPz[mgon] ‘ Tz-

(sy40M 19U ADUD]]) SYIO0MIIU [DUOISUIUIIP-OM] &

8| 7 | 299778894 | 2.106 | 1.095 | 41.19 | 094 | 035 | +5.11 | 494|112 | 133 | 3.0 |23




3 Two-dimensional networks (Planar networks)

Network graph
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3 Two-dimensional networks (Planar networks)

Supplementary information

Observed directions 36
Observed distances 1
Observed angles 1
Orientation unknowns 9
Coordinate unknowns 18
Datum defect 3
Datum definition free
Number of datum constraints 3
Type-I-error probability a; [%] (Baarda) 0.1
Type-I-error probability ag [%] (Baarda) 6.6
Test value ki:’L/z 3.29
x%-Noncentrality parameter A, 17.1
Type-I-error probability a, [%] (Pope) 0.1
Critical value k;,_ 2.8
Number of iterations (Max=20) 5

Stop criterion (actual) 6.4-10711
Redundancy r 14
Redundancy directions 13.59
Redundancy distances 0.00
Redundancy angles 0.41
Weighted square sum of residuals Q [mgon?] 14.572
(a priori) standard deviation o, [mgon] 2.5

(a posteriori) estimated standard deviation &, [mgon] 1.0202
Ratio 64/ 09 0.4081
Global test (62/0?) 0.1665 (kgc;r’oo
Number of outliers (Data snooping & 7-criterion) 0

IX = X|| [em] 125.971
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4 Three-dimensional networks (Spatial
networks)

4.1 Baumann (1995), Ch. 23.3.4

Baumann Eberhard (1995): Vermessungskunde, Lehr- und Ubungsbuch fiir Ingenieure. Band 2:
Punktbestimmung nach Hohe und Lage. Finfte, bearbeitete und erweiterte Auflage Bonn. Ch.
23.3.4, pp. 224

Available data files: [3D] Baumann23_3_4_fixs.x

Coordinates
Point name X [m] ‘ Y [m] ‘ Z [m]
1 1000.0000 (D) | 1201.1710 (D) | 108.6800 (D)
2 1371.2170 (D) | 1072.8950 (D) | 111.9740 (D)
3 1016.4370 (D) | 952.3520 (D) | 117.3120 (D)
N 1181.7660 1071.6740 94.2580

Datum: fix, (D)...Datum coordinate

Approximate orientations

Point name ‘ @ [gon]
N | 339.409 000

Spatial distances Directions

in ‘ to ‘ S [m] ‘ || (mm] ‘ P [rad? /m?] in ‘ to ‘ ¥ [gon] ‘ |0 | fmgon] | P ‘ @ [gon]

N | 1 | 223.6428 5 3.947 84-107° N |1 0.000 000 2 1 339.409 000

2 | 190.2878 5 3.947 84-107° 2 | 160.183 800 2 1
3 | 205.1894 5 3.947 84-107° 3 | 320.788 400 2 1

Zenith angles

in ‘ to ‘ Z[gon] ‘ |o| tmgon] | Pr-1 ‘ ip, [m] ‘ Ly [m]

N | 1 959015000 2.5 0.64 | 1.600 | 1.572
2 | 94.0450000 2.5 0.64 | 1.600 | 1.650
3 | 92.8390000 2.5 0.64 | 1.600 | 1.588
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4 Three-dimensional networks (Spatial networks)

Design matrix Apmgonm -1 and reduced observation vector Aypmgn directions (1. iteration)

Al X Y1 71 Xs Y, Zy X3 Ys Zs3 XN YN Zn on|| Ay

rN,1|165.5151 232.3221 0.0000 0.0000 0.0000 0.0000 0.0000  0.0000 0.0000 —0.0026 —0.0036 0.0000 —1|| 0.65
rN2| 0.0000  0.0000 0.0000 2.1656 —336.0200 0.0000 0.0000  0.0000 0.0000 0.0000 0.0053 0.0000 —1| 3.09
rn;3| 0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 —182.7283 253.1829 0.0000 0.0029 —0.0040 0.0000 —1 |[—3.81

Design matrix Ay and reduced observation vector Aymm spatial distances (1. iteration)

Al X Yy 7 X3 Y, Zy X3 Y3 Zs XN YN Zn || Ay

SN,1 | —0.8128 0.5790 0.0644 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.8128 —0.5790 —0.0644 || 1.26
Sn2 | 0.0000 0.0000 0.0000 0.9956 0.0064 0.0934 0.0000 0.0000 0.0000 —0.9956 —0.0064 —0.0934 || 1.69
Sn3 | 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 —0.8057 —0.5815 0.1123  0.8057 0.5815 —0.1123 || 0.82

Design matrix Apmgonm; and reduced observation vector Aymgn zenith angles (1. iteration)

A ‘ Xl Y1 Zl Xz Y2 Zz X3 Y3 Z3 XN YN ZN H Ay

zN,1 | —14.9217 10.6308 —284.0706 0.0000 0.0000 0.0000  0.0000  0.0000 0.0000 14.9217 —10.6308 284.0706|| 1.74
ZN,2 0.0000 0.0000 0.0000 31.2354 0.2013 —333.0979  0.0000  0.0000 0.0000 —31.2354 —0.2013 333.0979||—2.55
ZN3 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 —28.2518 —20.3900 —308.2983 28.2518 20.3900 308.2983|| 3.14

Matrix D'(j of datum constraints

Xl Y1 Zl X2 Y2 Zz X3 Y3 Z3 XN YN ZN WN

(=]

0

(=]

DT

O O O O O O O O =
SO O O O O O O =
SO O O O O O =

S O O O O = O O O
S O O O = O O O
S O O B O O O O O
S O =k O O O O O O
S = O O O O O O
_ O O O O O o O
SO O O O o o o o o
SO O O O O o o o <o
SO O O O O o o o o
S O O O O O o o <o

Least squares solution AXfemmgon] (1. iteration)

‘ XN YN ZN WN

A}T\—o.ms 0.552 0.183 —0.259

Adjusted coordinates

Point name ‘ Xm] ‘)?—X[cm] ‘ 6 fem] ‘ Y [m] ‘ Y — Y [em] ‘ |6 fem] ‘ A ‘ 7 — Z[em] ‘ |6 fem] ‘ 163D | [em]
N | 1181.7645 | —0.148 | 0.348 | 1071.6795 | 0.552 | 0.396 |94.2598 | 0.183 | 0.526 | 0.745
Absolute error ellipsoids Absolute confidence ellipsoids (1 — a = 95%)
in ‘ Alem) ‘ Biem] ‘ Cem] in ‘ Alem] ‘ Biem] ‘ Cim]
N | 053 | 0.40 | 035 N | 212 | 1.60 | 1.40
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Adjusted orientation unknowns

in ‘ C:) [gon] ‘ C:) — (U [mgon] |6'| [mgon]
N | 339.408741 | —0.26 | 1.33
Adjusted directions
Variance component: Q/O'g =2.191, r = 1.19, 602/002 = 1.85, ag = 0.13%, kgG;r,oo =9.28
in ‘ to ‘ ;‘[gon] ‘ T[gon] é[mgon] ‘ |5';«|[mgon] ‘ IR[%] ‘ |W| ‘ |V|[mgon] ‘ V[mgon] ‘ S [m] ‘ Qf [mm] ‘ IFl ‘ IFZ ‘ IP] [mm] ‘ IP2 [mm] ‘ IKl [mm] ‘ IKg [mm] ‘ TT
N | 1 |399.998571 | 339.407 312 1.429 1.619 49.55 | 1.02 11.74 +2.884 | 223 5.0 2.43 | 0.60 20.8 5.1 8.1 2.0 0.89
2 1160.182826 | 99.591567 0.974 2.016 21.77 | 1.04 17.71 +4.472 | 189 2.9 5.93 | 1.50 41.2 10.4 20.6 5.2 0.92
3 1320.790803 | 260.199543 | —2.403 1.656 47.19 | 1.75 12.03 —-5.091 | 204 7.7 2.65|1.12 20.3 8.6 8.7 3.7 1.53
Adjusted spatial distances
Variance component: Q/o? = 1.381, r = 1.80, 6¢/0Z = 0.77, ag = 0.24%, kE_., ., = 6.42

in \ to \ Siml \ € fem] \ |64 tem \ IR \ |wl \ |V fem) \ V femi \IFl \ IF, \IPl (mm] \ IP; mm] \ IK fmm] \ IK fmm] \ T,

N | 1]223.6370| 0.578 | 0.362 | 59.7 | 1.5| 2.7 |+0.968 |3.4|1.2| 10.8 3.9 10.8 3.9 1.31
2 1190.2874| 0.042| 0.351 | 62.1 |0.1| 2.6 |+0.068|3.2|0.1 9.9 0.3 9.9 0.3 0.09
3 1205.1904 | —0.099 | 0.369 | 58.0 |0.3| 2.7 |-0.171|3.5]|0.2| 11.4 0.7 11.4 0.7 0.23

Adjusted zenith angles

Variance component: Q/oZ = 2.921, r = 2.02, 6Z/0% = 1.45, ag = 0.29%, k& .. ., =5.82

ag;r,o

V imgont | IFy \ IF, ‘IPI [mm] \ IP; [mm) \ IK {mm] \ IKz[mm]‘ T;

IR % ‘ |w] ‘|V|[mgon]

in ‘ to ‘ 2[gon] é[mgon] ‘ |6';,3| [mgon]

N|1]959001974| 1.303| 1.498 |72.37|0.61| 12.14 | +1.80 |2.55]0.38 | 11.8 1.7 11.8 1.7 |0.54
2 194.0482056 | —3.206 | 1.754 |62.08|1.63| 13.11 | —5.16 |3.23|1.27| 14.9 5.9 14.9 5.9 1.43
3192.8364934| 2.507| 1.631 |67.23|1.22| 12.60 | +3.73 |2.89|0.85| 13.3 3.9 13.3 3.9 1.07

(sydomiau (v13pds) sylomiau [puUOISUIWIP-294Y] F



4 Three-dimensional networks (Spatial networks)

Network graph
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Supplementary information

Observed directions 3
Observed spatial distances 3
Observed zenith angles 3
Orientation unknowns 1
Coordinate unknowns 3
Datum defect 4
Datum definition o fix
Number of datum constraints 9
Type-I-error probability ay [%] (Baarda) ;0.1
Type-I-error probability ag [%] (Baarda) : 13
Test value kgL/Z :3.29
x2-Noncentrality parameter A, : 171
Type-I-error probability a, [%] (Pope) ;0.1
Critical value k,_ : 2.2
Number of iterations (Max=20) i3

Stop criterion (actual) : 3.10712
Redundancy r 5
Redundancy directions : 119
Redundancy spatial distances ;180
Redundancy zenith angles ;2,02
Weighted square sum of residuals Q [mgon?] : 25.972
(a priori) standard deviation oy [mgon] i 2

(a posteriori) estimated standard deviation 6y [mgon] : 2.2791
Ratio 6y/ 09 : 1.1396
Global test (62/0?) t1.2986 (kL. 00 =2.89)
Number of outliers (Data snooping & 7-criterion) 0

IX = X|| [cm] ;0572
Trace coordinate covariance matrix, trfjg [cm?] : 0.55466
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4 Three-dimensional networks (Spatial networks)

4.2 Blankenbach & Willert (2009)

Blankenbach J and V Willert (2009): Robuster raumlicher Bogenschnitt - Ein Ansatz zur robusten
Positionsberechnung in Indoor-Szenarien, AVN, 8-9, pp. 320-327

Available data files: [3D] BlankenbachWillert3D_Distance_fixs.x

Coordinates

Point number ‘ ID ‘ X (m] Y Z [m]
51 51 | —8.6200 (D) | 27.4200 (D) | 10.2900 (D)
37 37 | —4.9500 (D) | 27.3000 (D) | 10.0400 (D)
31 31 | —4.8500 (D) | 20.6900 (D) | 10.5100 (D)
102 10 | 0.5200 (D) | 22.5900 (D) | 9.7700 (D)
331 33 | —=6.1200 (D) | 25.4800 (D) | 10.9200 (D)
35 35 0.4500 (D) | 27.3900 (D) | 10.7500 (D)
103 01 | 0.6100 (D) | 17.1900 (D) | 9.7100 (D)
101 02 | —7.8800 (D) | 22.4500 (D) | 10.1600 (D)
MS MS | —2.5900 24.2200 9.6200

Datum: fix, (D)...Datum coordinate

Spatial distances

in ‘ to ‘ S m] ‘ || [em] ‘p[—]
MS | 31 | 4.3500 5 1
35 | 4.3700 5 1
37 | 3.8500 5 1
51 | 8.2000 5 1
02 | 5.7300 5 1
10 | 3.5100 5 1
01 | 8.1700 5 1
33 | 3.9800 5 1

Design matrix A and reduced observation vector Ay spatial distances (1. iteration)

Too large to displayed!

Matrix D';j of datum constraints

Too large to displayed!

Least squares solution Axm) (1. iteration)

| Xus  Yms  Zus

Ax" \ 0.2848 0.0756 —0.0363
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4 Three-dimensional networks (Spatial networks)

Adjusted coordinates

D ‘ )?[m] ‘)?—X[cm] ‘ |G| [em] ‘ i;[m] ‘ ?—Y[cm] ‘ |] [em] ‘ f[m] ‘Z—Z[cm] ‘ |6 [em] ‘ |63 | [em]

MS \ —2.3042 \ 28.576 \ 29.914 \ 24.3101 \ 9.009 \ 33.222 \ 9.5248 \ —9.522 \ 119.427 \ 127.52

Absolute error ellipsoids Absolute confidence ellipsoids (1 — @ = 95%)

in ‘ Alem] ‘ Biem] ‘ Clem] in ‘ Alem] ‘ Biem] ‘ Cm)

MS | 120.04 | 34.13 | 26.19 MS | 483.58 | 137.50 | 105.52

Network graph

Gy =129,9cm
&¢=133,2cm )
8;=+119cm .~ H

A= 120cm
“B=234,1cm-:
~C=26.20m

28 29 1
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Adjusted spatial distances

in ‘ to ‘ §[m] ‘ €[em] ‘ ’65 [cm] ‘ IR ‘ |w] ‘ [V em] ‘ ﬁ[cm] ‘ IF, ‘ IF, ‘ IP; [cm] ‘ IP; [cm) ‘ IK fem] ‘ IK fem] ‘ T,
MS | 31 | 4.5339 | —18.394 | 40.084 | 52.09 5.10 | 28.63 —35.310" | 3.96 4.89 | 13.71 16.92 13.71 16.92 | 0.44
35 | 4.3096 6.038 | 50.043 | 25.33 2.40 | 41.05 +23.837 7.09 4.12 | 30.65 17.80 30.65 17.80 | 0.21
37 | 4.0255 | —17.555 | 28.103 | 76.45 4.02 | 23.63 —22.962* | 2.29 2.23 5.56 5.41 5.56 5.41 | 0.35
51 | 7.0814 | 111.862 | 26.220 | 79.50 | 25.09 | 23.17 | +140.703# | 2.10 | 12.74 4.75 28.84 4.75 28.84 | 2.17
02 | 5.9121 | —18.207 | 30.109 | 72.97 4.26 | 24.19 —24.951* | 2.51 2.59 6.54 6.74 6.54 6.74 | 0.37
10 | 3.3159 19.410 | 33.348 | 66.84 4.75 | 25.27 +29.040" | 2.91 3.34 8.38 9.63 8.38 9.63 | 0.41
01 | 7.6956 47.436 | 32.161 | 69.16 | 11.41 | 24.84 +68.589* | 2.76 7.62 7.66 21.15 7.66 21.15 | 0.98
33 | 4.2279 | —24.793 | 37.688 | 57.65 6.53 | 27.21 —43.006* | 3.54 5.60 | 11.52 18.21 11.52 18.21 | 0.56
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4 Three-dimensional networks (Spatial networks)

Supplementary information

Observed spatial distances

Coordinate unknowns
Datum defect

Datum definition fix

Number of datum constraints 24
Type-I-error probability a; [%] (Baarda) 0.1
Type-I-error probability ag [%] (Baarda) 1.3

Test value kgL/z 3.29
x?-Noncentrality parameter A 17.1
Type-I-error probability a; [%] (Pope) 0.1

Critical value k;,_ 2.2

Number of iterations (Max=20) 20

Stop criterion (actual) 2.2-1077
Redundancy r 5
Redundancy spatial distances 5.00
Weighted square sum of residuals Q [m?] 1.67692

(a priori) standard deviation oy [m] 5-1072

(a posteriori) estimated standard deviation &, [m] 5.79124 - 1071
Ratio 6,/ 11.5825
Global test (62/0?) 134.1540 (kE_.,

Number of outliers (Data snooping)

Number of outliers (r-criterion)
IX - XI| [cm] )
Trace coordinate covariance matrix, trX5 [cm?]
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deviations by the factor 11.58)
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4 Three-dimensional networks (Spatial networks)

4.3 Wolf H (1979), Ex. 13.2-14

Wolf H (1979): Ausgleichungsrechnung II. Diimmlers, pp. 87

Coordinates

Point number X [m] ‘ Y [m] ‘ Z m]
1 1200.0000 (D) | 900.0000 (D) | 900.0000 (D)
2 900.0000 (D) | 600.0000 (D) | 900.0000 (D)
3 600.0000 (D) 900.0000 (D) 900.0000 (D)
4 900.0000 (D) | 1200.0000 (D) | 900.0000 (D)
P 900.0000 900.0000 1300.0000

Datum: fix, (D)...Datum coordinate

Spatial distances

in ‘ to ‘ S m] ‘ || fem] ‘ Plim?]
1 | P | 499.9900 1 1
2 | P | 500.0000 1 1
3 | P | 500.0100 1 1
4 | P | 500.0200 1 1

Design matrix A and reduced observation vector Ay spatial distances (1. iteration)

A Xl Y1 Zl Xz Y2 Zz X3 Y3 Zg X4 Y4 Z4 XP YP ZPH Ay

Sip|0.6 0.0 —0.8 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 —0.6 0.0 0.8|—1.0
S,p (0.0 0.0 0.0 0.0 -0.6 —0.8 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.6 0.8| 0.0
S3p (0.0 0.0 0.0 0.0 0.0 0.0 —-0.6 0.0 —0.8 0.0 0.0 0.0 0.6 0.0 0.8 1.0
S4p|0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.6 —0.8 0.0 —0.6 0.8|| 2.0

Matrix D';j of datum constraints

X1 Y1 Z1 Xy Yy Zy X3 Y3 Z3 Xy Yy Zy Xp Yp Zp

[e=)

0 0

(=]
o
(=)
o
(=]
o
o
(=]
(=]

O O O O O O O oo o o o =
O O O O O O O o o O =
SO O O O O O o o o = O
S O O O O O O o = O O
S O O O O O O = O O O©
S O O O O O Rk O O O O
S O O O O Rr O O O O O
S O O O =k O O O O O O
S O O =B O O O O O ©o o
S O B O O O O O O o o o
S R O O O O O O o o o
_ O O O O O O o o o o
O O O O O O O o o o o o
S O O O O O O o o o ©
S O O O O O O o o o <o
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4 Three-dimensional networks (Spatial networks)

4.3.1 Spatial distance observations only

Available data files: [3D] Wolf 3D_Distance_fixx.x

Least squares solution Axm) (1. iteration)

| Xp Yp Zp

Ax" \ 0.0167 —0.0167 0.0062

Adjusted coordinates

Pointname | X[ml | X-X[em] | |6]fem] | Ym] | Y=Yem] | [6]fem] | Zml | Z-Zem] | [&]fem] | |63p][em]
P | 900.0167 | 1.667 | 1.179 | 899.9833 | -1.667 1.179 | 1300.0062 | 0.625 | 0.625 | 1.780
Absolute error ellipsoids Absolute confidence ellipsoids (1 — a = 95%)
in ‘ Alem] ‘ Biem] ‘ Clem] in ‘ Alem] ‘ Biem] ‘ Cm
P | 1.18 | 1.18 | 0.62 P | 29.98 | 29.98 | 15.90

4.3.2 Spatial distance and vertical angle observations

Available data files: [3D] Wolf 3D_DistanceVertical Angle_fixx.x

Vertical angles

to B lgon] |0 | lgon] | Pli/rad?]
| to | | |

P | 59.0332716 | 0.01273 | 2500
P | 59.0333025 | 0.01273 | 2500
P
P

59.0333333 | 0.01273 | 2500
59.0333642 | 0.01273 | 2500

B W N =

Design matrix Apmgnm) and reduced observation vector Ayimen vertical angles (1. iteration)

A ‘ X1 Y1 Z1 X9 Yo Zy X3 Y3 Zs3 X4 Ys Zy Xp Yp Zp H Ay
Bip | —101.8592 0 -76.3944 0 0.0000 0.0000 0.0000 0 0.0000 0 0.0000 0.0000 101.8592 0.0000 76.3944 || —0.18
ﬁz,P 0.0000 0 0.0000 0 101.8592 —76.3944 0.0000 0 0.0000 0 0.0000 0.0000 0.0000 —101.8592 76.3944 || —0.14
Bsp 0.0000 0 0.0000 0 0.0000 0.0000 101.8592 0 -76.3944 0 0.0000 0.0000 —101.8592 0.0000 76.3944 || —0.11
ﬂ4,P 0.0000 0 0.0000 0 0.0000 0.0000 0.0000 0 0.0000 0 —101.8592 —76.3944 0.0000 101.8592 76.3944 || —0.08
Least squares solution Axm (1. iteration)
| Xp Yp Zp
oT
Ax"|0.0164 —0.0164 0.0062
Adjusted coordinates
Pointname | X[m| | X-X[em] | |6[fem] | Y[m] | Y=Yiem] | |6]lem] | Zm| | Z-Zem] | |&|lem] | |63p][em]
P | 900.0164 | 1.637 | 0.543 | 899.9836 | -1.637 | 0.543 | 1300.0062 | 0.621 | 0.290 | 0.821
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Absolute error ellipsoids

in ‘ Alem] ‘ Biem] ‘ Clem] in ‘ Alem] ‘ Biem] ‘ Clm]

P | 054|054 0.29 P | 219219117

Adjusted spatial distances (solely distance observations)

—~

Absolute confidence ellipsoids (1 — a = 95%)

in ‘ to ‘ S [m] ‘ & [em)] ‘ |&§ [cm] ‘ IR %) ‘ |w] ‘ |V [em] ‘ V [em] ‘ IF; ‘ IF, ‘ IP; [mm] ‘ 1Py [mm] ‘ IK [mm] ‘ IK [mm] ‘ T,
1 P | 499.9950 | —0.500 0.866 25.0 | 1.0 8.3 —-2.000 | 7.2 | 1.7 62.0 15.0 62.0 15.0 1.00
2 P | 499.9950 0.500 0.866 25.0 | 1.0 8.3 +2.000 | 7.2 | 1.7 62.0 15.0 62.0 15.0 1.00
3 P | 500.0150 | —0.500 | 0.866 25.0 | 1.0 8.3 —-2.000 | 7.2 | 1.7 62.0 15.0 62.0 15.0 1.00
4 P | 500.0150 0.500 0.866 25.0 | 1.0 8.3 +2.000 | 7.2 | 1.7 62.0 15.0 62.0 15.0 1.00
Adjusted spatial distances (in combination with vertical angles)
Variance component: Q/of = 1.001, r = 1.04, 6¢/0f = 0.96, ag = 0.11%, k., ., = 10.44
in ‘ to ‘ §[m] ‘ € [cm] ‘ |6’§ [cm] ‘ IR« ‘ |w] ‘ |V em] ‘ §[cm] ‘ IF, ‘ IF, ‘ IP; [mm] ‘ IP5 [mm] ‘ IK [mm] ‘ IK [mm] ‘ T,
1 P | 499.9951 | —0.514 | 0.400 26.0 | 1.0 8.1 -1.977 | 7.0 | 1.7 59.9 14.6 59.9 14.6 2.17
2 P | 499.9951 0.486 0.400 26.0 | 1.0 8.1 +1.867 | 7.0 | 1.6 59.9 13.8 59.9 13.8 2.05
3 P | 500.0148 | —0.479 0.400 26.0 | 0.9 8.1 —1.840 | 7.0 | 1.6 59.9 13.6 59.9 13.6 2.02
4 P | 500.0148 0.521 0.400 26.0 | 1.0 8.1 +2.004 | 7.0 | 1.7 59.9 14.8 59.9 14.8 2.20*
Adjusted vertical angles
Variance component: Q/O'(f = 0.080, r = 3.96, frg/ag =0.02, ag = 0.88%, kgG;,,w =341
in | to B\[gon] é[mgon] |6'ﬁ”| [mgon] IR [%] |W| |V| [mgon] V[mgon] IF] IFZ IP1 [mm] IP2 [mm] IK1 [mm] IKZ [mm] T‘L’
1| P |59.0355886 | —2.317| 0.596 [98.99|0.18| 52.88 | —2.34 | 0.42 | 0.02 4.2 0.2 4.2 0.2 0.39
2 | P |59.0355885 | —2.286 0.596 98.99 | 0.18 | 52.88 —2.31 1 0.42|0.02 4.2 0.2 4.2 0.2 0.39
3 | P |59.0322536 1.080 0.596 98.99 |1 0.09 | 52.88 +1.09 | 0.42 | 0.01 4.2 0.1 4.2 0.1 0.18
4 | P |59.0322536 1.111 0.596 [98.99|0.09| 52.88 | +1.12 |0.420.01 4.2 0.1 4.2 0.1 0.19
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4 Three-dimensional networks (Spatial networks)

Network graphs
|65 =A=1,2cm
|65] =B =1,2cm
s =C=0

,6cm

|65/ =A=0,5cm
|65/=B=0,5cm
|62 = C=0,3cm .~

1450 -1
1350 -
1250 -

1150 -

Zm]

1050 -

950 |

1200
1100

1200
1100



4 Three-dimensional networks (Spatial networks)

Supplementary information

Observed spatial distances 4 4
Observed vertical angles 0 4
Coordinate unknowns 3 3

Datum defect 6 4

Datum definition fix fix
Number of datum constraints 12 12
Type-I-error probability ay, [%] (Baarda) 0.1 0.1
Type-I-error probability ag [%] (Baarda) 0.1 1.3

Test value koJ:]L/z 3.29 3.29
x?-Noncentrality parameter A, 17.1 17.1
Type-I-error probability a, [%] (Pope) 0.1 0.1
Critical value k,_ 00 2.2
Number of iterations (Max=20) 3 3

Stop criterion (actual) 3.2-10712 3,5.10712
Redundancy r 1 5
Redundancy spatial distances 1.00 1.04
Redundancy vertical angles n.a. 3.96
Weighted square sum of residuals Q [-] 1-1074 1.08147 - 107*
(a priori) standard deviation oy [-] 1-1072 1-1072

(a posteriori) estimated standard deviation 6¢ [-] 1-1072 4.65073 - 1073
Ratio 6/ 1.0000 0.4651
Global test (62/0?) 1.0000 0.2163
Critical value kf ., 10.83 2.89
Number of outliers (Data snooping & z-criterion) 0 1

IX = X|| [cm] 2.357 2315
Trace coordinate covariance matrix, trfjg [cm?] 3.16845 0.67435
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4 Three-dimensional networks (Spatial networks)

4.4 Wolf H (1979), Ex. 13.2-15

Wolf H (1979): Ausgleichungsrechnung II. Diimmlers, pp. 90
Available data files: [3D] Wolf_SpatialPolygonTraverse_fix:.x

Coordinates
Point name ‘ X [m] ‘ Y [m] ‘ Z [m]
A —2000 (D) | 1000 (D) 0 (D)
S1 0 1000 1000
S2 0 —1000 1000
B 2000 (D) | —1000 (D) 0 (D)

Datum: fix, (D)...Datum coordinate

Spatial distances

in ‘ to ‘ S [m] ‘ || {rmm] ‘ P [rad?/m?]
A | S1 | 2236.0680 | 35.120 | 8.00186-1077
S2 | 3000.0000 | 47.120 | 4.44518-1077

B | S2 | 2236.0680 | 35.120 | 8.00186-1077
S1 | S2 | 2000.0000 | 31.420 | 9.997 41-1077
Horizontal angles

in ‘ from ‘ to ‘ Algon] | |0 |mgon] | Pi-1

S1 S2 A 100 1 4

S2 B S1 300 1 4
Vertical Angles

in ‘ to ‘ ﬁ [gon] ‘ |O'| [mgon] | PI[-]

A | S1|29.5167000 2 1

B | S2 | 29.5167000 2 1

Design matrix Apmgnm and reduced observation vector Ayimen vertical angles (1. iteration)

A | Xa Yo Za Xsi Ysi Zsi  Xse Y2 Zss  Xs Yy  Zs || Ay
Basi|12.7324 0 —25.4648 —12.7324 0 25.4648 0.0000 0  0.0000 0.0000 0 0.0000 || —0.02
Prs2| 0.0000 0 0.0000 0.0000 0 0.0000 12.7324 0 25.4648 —12.7324 0 —25.4648| —0.02
Design matrix A and reduced observation vector Aymm spatial distances (1. iteration)

A | Xa Ya Za Xs1 Ys1 Zg; Xs2 Ys2 Zs, X Y Zp ||Ay
Sasi | —0.8944 0.0000 —0.4472 0.8944 0 0.4472  0.0000 0.0000 0.0000 0.0000 0  0.0000|| 0
Sasz | —0.6667 0.6667 —0.3333 0.0000 0 0.0000 0.6667 —0.6667 0.3333 0.0000 0  0.0000|| 0
Spsz | 0.0000 0.0000 0.0000 0.0000 0 0.0000 —0.8944 0.0000 0.4472 0.8944 0 —0.4472| 0
Ssisz | 0.0000 0.0000 0.0000 0.0000 1 0.0000 0.0000 —1.0000 0.0000 0.0000 0  0.0000|| 0
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4 Three-dimensional networks (Spatial networks)

Design matrix Amgonm and reduced observation vector Aymen horizontal angles (1. iteration)

A |Xp Ya Zx  Xs Ysi Zsi Xsz Y ZsaXs Ye Zs|Ay
asis2a| 0 31.8310 0 —31.8310 —31.8310 0 31.8310 0.0000 0 O 0.0000 O O
asapsi| 0 0.0000 0 31.8310 0.0000 0 -—31.8310 —31.8310 0 O 31.8310 0 || O
Matrix D'(j of datum constraints
|Xa Ya Za Xs1 Ysi Zsi Xs2 Yso Zsz Xp Ys Zs
1 0 0 O 0 0 0 0 0O 0 0 O
o 1 0 0 0 O o o0 O o0 0 O
DT 0O 0 1 0 0 0 0 0 0O 0 0 0
0O 0 0 O 0 0 0 0 0 1 0 0
0O 0 0 O 0 0 0 0 0O 0 1 0
o 0 0o o0 o0 O o 0 0 0 0 1
Least squares solution AXfem (1. iteration)
| Xa YA Za Xs1 Ysi  Zsi Xso Yso Zs2 Xp Y Zp
Ax"| 0 0 0 0.010 —0.004 —0.053 0.001 0.001 —0.039 0 0 0
Adjusted coordinates
Pointname | X[m] | X —Xfem] | |&|fem] |  Ym] | Y=Yem] | [6]fem] | Z[m] | Z=Z[em] | |&|[em] | |63p][cm]
s1 0.0001 0.010 0.026 1000.0000 |  —0.004 0.022 | 999.9995 | —0.053 0.049 0.060
s2 0.0000 0.001 0.023 | —1000.0000 0.001 0.021 | 999.9996 | —0.039 0.043 0.053
Absolute error ellipsoids Absolute confidence ellipsoids (1 — a = 95%)
in ‘ Alem] ‘ Biem] ‘ Clem] in ‘ Alem) ‘ Biem] ‘ Cim]
S1 | 0.05 | 0.02 | 0.02 S1 | 0.38 | 0.18 | 0.16
S2 | 0.04 | 0.02 | 0.02 S2 | 0.33 | 0.17 | 0.15

227



8¢¢

Adjusted vertical angles

Variance component: Q/oZ = 0.000, r = 0.69, 6¢/0f = 0.00, ag = 0.06%, k., ., = 15.26

in ‘ to ‘ B\[gon] ‘ é[mgon] ‘ |6—‘8A [mgon] IR[%] |W| ‘ |V|[mgon] §[mgon] IFl ‘ IFZ ‘ IPl [mm] ‘ IPZ [mm] ‘ IKl [mm] ‘ IKZ [mm] ‘ TT

A |S1]29.5167087 | —0.009 | 0.014 |24.11|0.01| 16.83 | —0.04 | 7.33 | 0.02 | 448.6 1.0 448.6 1.0 1.09

B |S2|29.5167136 | —0.014 | 0.012 |45.03|0.01| 12.32 | —0.03 | 4.57|0.01 | 237.8 0.6 237.8 0.6 1.25
Adjusted spatial distances
Variance component: Q/cZ = 0.000, r = 1.13, 6¢/0f = 0.00, ag = 0.12%, k., ., = 9.66

in ‘ to ‘ §[m] €[em] ‘ |6’§ [cm] ‘ IR %] ‘ |w] ‘ | V] em] ‘ §[cm] ‘ IF; ‘IFZ ‘IPl [mm] ‘ TPy [mm] ‘ IK [mm] ‘ IK [mm] ‘ T,

A | S1]2236.0678 | 0.015| 0.025 | 24.1|0.0| 29.6 +0.063| 7.3|0.0| 224.3 0.5 224.3 0.5 1.09

S$212999.9999 | 0.013 | 0.025 | 55.9 [ 0.0 | 26.0 +0.023| 3.7 (0.0 | 114.9 0.1 114.9 0.1 0.46

B | S2|2236.0678 | 0.018 | 0.025 | 21.6 | 0.0 | 31.2 +0.085| 7.9|0.0 | 244.8 0.7 244.8 0.7 1.39
S1|S2|2000.0000 | 0.005| 0.024 | 11.7 | 0.0 | 38.0 +0.042 |{11.4|0.0 | 335.2 0.4 335.2 0.4 0.56
Adjusted horizontal angles
Variance component: Q/oﬁ = 0.000, r = 0.18, 63/0(? =0.00, ag = 0.01%, kgG;m = 57.38

in ‘ from ‘ to ‘ &[gon] ‘ é[mgon] ‘ |0A'd|[mgonj IR[%J ‘ |W| ‘ |V|[mgon] V[mgonj IFl ‘ IFz ‘ IP1 [mgon] IP2 [mgon] T‘r
S1 S2 A 99.999 998 0.002 0.000 11.69 | 0.00 12.08 +0.01 | 11.36 | 0.01 10.7 0.0 0.56
S2 B S1 | 300.000003 | —0.003 0.000 5.88 | 0.01 17.04 —0.05 | 16.53 | 0.05 16.0 0.0 1.41
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4 Three-dimensional networks (Spatial networks)

Network graph

G5, =£0,3mm
&y, =+0,2mm
&3, =+0,5mm

Supplementary information

63, =+0,4mm

Observed spatial distances 4
Observed angles 2
Observed vertical angles 2
Coordinate unknowns 6
Datum defect 4
Datum definition fix
Number of datum constraints 6
Type-I-error probability a; [%] (Baarda) 0.1
Type-I-error probability ag [%] (Baarda) 0.3

Test value kOZ:IL/Z 3.29
x?-Noncentrality parameter A, 17.1
Type-I-error probability a; [%] (Pope) 0.1
Critical value k,_ 1.4
Redundancy r 2
Redundancy spatial distances 1.13
Redundancy angles 0.18
Redundancy vertical angles 0.69
Weighted square sum of residuals Q [mgon?] 0.00052659
(a priori) standard deviation o, [mgon] 2

(a posteriori) estimated standard deviation &, [mgon] 0.016226
Ratio 64/ 09 0.0081
Global test (62/0%) 0.0001 (k% o =5.87)
Number of outliers (Data snooping & 7-criterion) 0

IX - X|| [cm] 0.011
Trace coordinate covariance matrix, tr/Z\;( [cm?] 0.00640
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4 Three-dimensional networks (Spatial networks)

4.5 Wolf H (1979), Ex. 13.2-18

Wolf H (1979): Ausgleichungsrechnung II. Dimmlers, pp. 103
Available data files: [3D] Wolf PosAngle_and_Distx*.x

Coordinates
Point name ‘ X [m] ‘ Y [m] ‘ Z [m]
A 500 (D) | 500 (D) | 500 (D)
B 1000 (D) | 1000 (D) | 500 (D)
C 1200 (D) | 1700 (D) | 500 (D)
D 750 (D) | 2000 (D) 500 (D)
N 900 1200 1500

Datum: fix, (D)...Datum coordinate

Spatial distances

in ‘ to ‘ S [m] ‘ || mm] ‘ P [rad?m?)

N | A | 1284.5200 | 30 2.74156-1077
1024.7000 30 2.74156-1077
1157.5800 | 30 2.74156:1077
1289.3800 30 2.74156-1077

O 0O w

Position angles

in ‘ from ‘ to ‘ TT [gon] ‘ |0 | (mgon] ‘ Il
N B A | 37.0111852 1 1
C B | 42.6315679 1 1
D C | 27.5470957 1 1
A D | 80.4765648 1 1

Design matrix A and reduced observation vector Aymm spatial distances (1. iteration)

A | Xa Ya Za  Xp Yy Zy  Xc Yo o Zc Xp Yp  Zp XN YN 2Zn || Ay
SN.A | —0.3114 —0.5449 —0.7785 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.3114 0.5449 0.7785]|-3.26
SNB | 0.0000 0.0000 0.0000 0.0976 —0.1952 —0.9759 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 —0.0976 0.1952 0.9759|| 4.92
SN | 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.2592 0.4319 —0.8639 0.0000 0.0000 0.0000 —0.2592 —0.4319 0.8639 ||—3.69
Snp| 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 —0.1163 0.6205 —0.7756 0.1163 —0.6205 0.7756|| 0.30

Design matrix Apmgonm and reduced observation vector Aymen position angles (1. iteration)

A | Xa Ya Za Xp Yy Zy Xc Yc Zc Xp Yp Zp XN YN Zn || Ay
NBA | —32.293 —23.486 29.357 44.455 43.197 —4.194 0.000  0.000 0.000  0.000 0.000 0.000 —12.162 —19.711 —25.163 || 0.0008
NCB | 0.000  0.000 0.000 —18.281 —58.549 9.882 9.356 47.298 26.456  0.000 0.000 0.000  8.925 11.252 —36.337(|0.0016
ZNDC| 0.000  0.000 0.000  0.000 0.000 0.000 46.114 —29.946 —1.139 —42.950 15.464 18.814 -3.164 14.482 —17.675[0.0009
NAD| 1.161 —40.808 28.101  0.000  0.000 0.000 0.000  0.000 0.000 14.309 37.924 28.193 —15.469  2.884 —56.294|[0.0012

230



4 Three-dimensional networks (Spatial networks)

Matrix D'ij of datum constraints

XA Ya Zao X3 Y Z Xc Yc Zc Xp Yp Zp XN YN Zn

1 0 0 0 0 0 O O O O o O o0 o o
o 1 0o 0 O O O O O O O O o0 o0 o
o o 1 0 O O O O O O O o0 o0 o0 o
o o0 o 1 0 O O O O O O o o0 o0 o
o o o o0 1 0 O O O O O O o0 o0 o
DT o o o o o0 1 O O O O O o0 o0 o0 o
o o0 o o O O 1 O O O O O o0 o0 o
o o o o o o o 1 0 0 o0 o0 o0 o0 o
o o o o o o o o 1 0 0 o0 o0 o0 o
o o o o o0 o o o o 1 o0 o0 o0 o0 o
o o0 o o O O O o o O 1 0 0 o0 o0
o o o o o o o o o0 O o0 1 o0 o0 o
Least squares solution A’\.x[mm] (1. iteration)
| XN YN Zn
Ax"|-1.6 0.8 0.1
Adjusted coordinates
Point name| X ([m |X - X[eml||6|fem]| Y[m] |Y=Y[em]||&|lem]| Zm] |Z-Z[eml||6|lem]||65p|[em]
N | 899.9984| -0.157 | 0.498 |1200.0008| 0.085 | 0.293 |1500.0001| 0.012 | 0.128 | 0.592
Absolute error ellipsoids Absolute confidence ellipsoids (1 — @ = 95%)
in ‘ Alem] ‘ Biem ‘ Clem] in ‘ Alem] ‘ Biem ‘ Cm]
N | 053023011 N | 214 | 0.95 | 0.44
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Adjusted spatial distances

Variance component: Q/o7 = 0.052, r = 2.57, 6¢/0f = 0.02, ag = 0.43%, k., . = 4.76
in ‘ to ‘ §[m] ‘ €em ‘ |6'§ [em] ‘ IR ‘ |w] ‘ |V fem] ‘ §[cm] ‘ IF; ‘ IF, ‘ IP; [mm] ‘ 1Py [mm] ‘ IK [mm] ‘ IK [mm) ‘ T,

N | A|1284.5233 | —=0.332 | 0.173 | 68.3 | 0.1 | 15.0 | —0.486 (2.8 0.1 | 47.5 1.5 47.5 1.5 1.31
B | 1024.6955| 0.449| 0.189 | 62.4 | 0.2 | 15.7 |+0.720|3.2|0.1 | 59.1 2.7 59.1 2.7 1.85
C | 1157.5838 | —0.384 | 0.177 | 66.8 | 0.2 | 15.2 |-0.575|2.9|0.1| 50.4 1.9 50.4 1.9 1.53
D | 1289.3791| 0.092| 0.195 | 59.8 | 0.0 | 16.0 |+0.154|3.4|0.0| 64.3 0.6 64.3 0.6 |0.39

Adjusted position angles

Variance component: Q/o? = 0.001, r = 2.43, 6¢/0f = 0.00, ag = 0.39%, kf ., . = 4.99
in ‘ from ‘ to ‘ 7% [gon] ‘ é[mgon] ‘ |6’ﬁ— | [mgon] IR [%] ‘ |W| ‘ |V| [mgon] 6 [mgon] IFl ‘ IFZ ‘ IPl [mgon] IPZ [mgon] T‘[
N B A | 37.011184 0.001 0.001 63.70 | 0.00 5.18 0.00 | 3.12 | 0.00 1.9 0.0 0.02
C B | 42.631557 0.010 0.001 56.23 | 0.01 5.51 +0.02 | 3.65 | 0.01 2.4 0.0 0.14
D C | 27.547110 | —0.014 0.001 79.23 | 0.02 4.64 -0.02 | 2.12 | 0.01 1.0 0.0 0.16
A D | 80.476584 | —0.019 0.001 43.59 | 0.03 6.26 —0.04 | 4.70 | 0.03 3.5 0.0 0.28
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4 Three-dimensional networks (Spatial networks)

Network graph
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700

Yim] 2100 1300 X [m]
Supplementary information
Observed spatial distances 4
Observed position angles 4
Coordinate unknowns 3
Datum defect 6
Datum definition fix
Number of datum constraints 12
Type-I-error probability a; [%] (Baarda) 0.1
Type-I-error probability ag [%] (Baarda) 1.3
Test value koli/z 3.29
x%-Noncentrality parameter A, 17.1
Type-I-error probability a, [%] (Pope) 0.1
Critical value k;,_ 2.2
Redundancy r 5
Redundancy spatial distances 2.57
Redundancy position angles 243
Weighted square sum of residuals Q [mgon?] 0.052599
(a priori) standard deviation oy [mgon] 1
(a posteriori) estimated standard deviation &, [mgon] 0.10257
Ratio 6y/ 09 0.1026
Global test (62/0?) 0.0105 (k£ .., oo =2.89)
Number of outliers (Data snooping & 7-criterion) 0
IX = X|| [cm] 0.178
Trace coordinate covariance matrix, trfg [em?] 0.35003
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4 Three-dimensional networks (Spatial networks)

4.6 Ghilani (2010)

Ghilani Charles D. (2010): Adjustment Computations. Spatial Data Analysis. Fifth Edition, John
Wiley & Sons, Inc., ISBN 978-0-470-46491-5, Ch. 17.6, p 337-352

Available data files: [3D] Ghilani_GNSS_Baselines:.x

Coordinates

Point name X [m] ‘ Y (m] ‘ Z [m]
A 402.3509 (D) | —4652995.3011 (D) | 4349 760.7775 (D)
B 8086.0318 (D) | —4 642 712.8474 (D) | 4360 439.0833 (D)
C 12 046.5808 —4649394.0824 4353160.0645
D —3081.5831 —4643107.3692 4359531.1234
E —4919.3388 —4649361.2199 4352934.4548
F 1518.8012 —4 648 399.1454 4354116.6914

Datum: fix, (D)...Datum coordinate

3D-GNSS baseline components

in\tO\ AX m) AY ) AZ m) ‘Uix [Cm21‘0'AXAY[szl OAXAZ Icmzl‘o'iy[cmzl‘UAYAZ [en?]| O3, fem?]
A|C| 11644.2232| 3601.2165| 3399.2550| 9.884 | —0.096 | 0.095 | 9.377 | —0.095 | 9.827
E| —5321.7164| 3634.0754| 3173.6652| 2.158 | —0.021 | 0.022 | 1.919 | —0.021 | 2.005
F| 1116.4577| 4596.1553| 4355.9141| 0.662 | —0.008 | 0.009 | 0.811 | —0.008 | 0.938
B|C| 3960.5442]—6681.2467(-7279.0148] 2.305 | —0.022 | 0.021 | 2.546 | —0.022 | 2.252
D|-11167.6076| —394.5204| —907.9593| 2.700 —0.028 0.028 2.721 -0.027 2.670
F| —6567.2310|—5686.3033|—-6322.3807| 0.551 | —0.006 | 0.006 | 0.747 | —0.006 | 0.663
D|C| 15128.1647|-6286.7054|—6371.0583| 1.461 | —0.014 | 0.013 | 1.614 | —0.014 | 1.308
E| —1837.7459|—6253.8534|—6596.6697| 1.231 | —0.012 | 0.012 | 1.277 | —0.012 | 1.283
F|A| —1116.4523]|-4596.1610]-4355.9062| 0.748 | —0.008 | 0.009 | 0.659 | —0.008 | 0.762
B| 6567.2311| 5686.2926| 6322.3917| 0.664 | —0.007 | 0.007 | 0.746 | —0.006 | 0.605
C| 10527.7852| —994.9377| —956.6246| 2.567 —0.022 0.024 2.163 —-0.023 2.397
D| —4600.3787| 5291.7785| 5414.4311| 0.933 | —0.010 | 0.009 | 0.988 | —0.010 | 1.204
E| —6438.1364| —962.0694|-1182.2305| 0.944 | —0.009 | 0.010 | 0.996 | —0.009 | 0.883
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4 Three-dimensional networks (Spatial networks)

Design matrix A and reduced observation vector Ayim GNSS Baselines (1. iteration)

A |Xa Ya Za Xp YB Zs Xc Y Zc Xp Yp Zp Xg Y Zp X5 Y Z5| Ay

N AN~ NI O N AN OO 0 = O AN QDD OO O O O O ™I AN - OV O O O O o o o o o
IS —w QN I I ©O N o AN &0 O O NN F¥ I HF N3 — 00 0 O 0 I~ — O N V. N H = O I~ N O N O O —
NN AN W NN o QN O NS AN NN QN QN Qg NN ANQ NN
T TN T ST T icec°79"S°°°59799°°75°7°°°7°°°
0000000010OOOOOOO1000000004001_.004.004004
0000001OOO000001000000004001_.004.001_.004.00
O OO0 OO OO OO0 OO0 OO0 OO0 00000 OO0 000000000 oo H
S O O O = O O O O O O O O O O O OO OO0 oo OO oo o oo ocoooc oo oo = o
S O O o O O O O O O O O O O OO oo oo o oo oo oo oo ocoococooco o -« o o
S O O O O O O O O O O O = O O O O O = O O @ O O O OO oo oo ocoooo o o o o o
| |
O O o O O O O O O O O v O O O O O O O o 4 O O oo oo oo oooo o o o o o o
S = O O O O O O O O H O O O O O O O O - O O OO oo oo oo o o o o o o o o
O O O O O O O O v ©O O O O O O O O v O O O O O O o oo oo - o o o o o o o o
001_.004.001_.0OOOOOOOOOOOOOOOOlOOOOOOOOOOOO
O1_‘001_‘001_*00000000000000000100OOOOOOOOOOO
.ﬂOO;1004OOOOOOOOOOOOOOOOOIOOOOOOOOOOOOOO
C O O H m®m\mM~Hmp 5 O A AAMMEBBBRQOUUAMEMB < << Aaom0O0Qu L AAAA M@
< d d < dd < ddd a0 amdmgmAAQAaAAQQ & moe om m om0 By B By
Mo N X D~ N X >IN X By N > N X N D N >IN X B N N X N X D N N
SRR IR B < B SR IR VIR VIR IR VIR R M R R VIR YR YR YRV R R R IR IR IR R R R SRR R YR R R IR R
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4 Three-dimensional networks (Spatial networks)

Matrix D'ij of datum constraints

XA YA ZaXg Y Z Xc Yo Zc Xp Yp Zp Xg YE Zg X¢ Y7 ZF

S O O O O =
S O O O = O
o O O = O O
S O = O O O
S = O O O O
= O O O O O
S O O O o O
S O O O © O
S O O O o ©
S O O O o O
S O O O ©O O
S O O O o ©
S O O o o ©
SO O O O o ©
S O O O o ©
S O O O o O
S O O O o ©
S O O O o ©

Least squares solution Axmm (1. iteration)

XA YA ZaXs Ys Zs Xc Yo Zc Xp Yp Zp Xg Y& Zg X Yr Zp

A’SCT‘ 0 0 0 0 0 0 —0.04-0.16 -0.07 —0.03 0.05-0.07 —0.28 0.03 0.00 —0.01 0.07 0.01

Adjusted coordinates

Point name‘ )?[m] X - X[mmj‘ || [cmj‘ ?[m] Y - Y [mm] ‘ || [cmj‘ flmj 7 - Z [mm] ‘ | [em] ‘ |63 | [em]

C 12046.5808| —0.04 |0.608 |—4649394.0826| —0.16 |0.612|4353160.0644| -—0.07 |0.597 | 1.049
D —3081.5831| —0.03 | 0.494 |—4643107.3692 0.05 |0.506 |4359531.1233| -0.07 |0.514| 0.874
E —4919.3391| -0.28 | 0.523 |—4649361.2199 0.03 | 0.526 |4352934.4548 0.00 |0.517 | 0.905
F 1518.8012| —0.01 | 0.267 |—4 648 399.1453 0.07 |0.282 |4354116.6914 0.01 |0.280 | 0.478

Absolute error ellipsoids Absolute confidence ellipsoids (1 — @ = 95%)
in ‘ Alem] ‘ Biem) ‘ Clem] in ‘ Alem] ‘ Biem) ‘ Ciml
C | 0.61 | 0.61 | 0.60 C | 183 | 1.81 | 1.78
D | 0.51 | 0.51 | 0.49 D | 1.53 | 1.51 | 1.47
E | 0.53 | 0.52 | 0.52 E | 1.58 | 1.56 | 1.54
F | 0.28 | 0.28 | 0.27 F | 0.84 | 0.83 | 0.79
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Adjusted 3D-GNSS baseline components

in ‘ to ‘ Variable ‘ Value [m] ‘ € [mm] ‘ |G| {rom] ‘ IR %) ‘ |w] ‘ [V {cm) ‘ V fem] ‘ IF; ‘ IF, ‘ IP; [em] ‘ IP; (em) ‘ IK [cm] ‘ IK [em] ‘ T,
A|C &)\( 11644.2299 | —6.69| 6.08 |92.53|0.22| 13.51 | =0.72|1.17 | 0.06 | 1.01 0.05 1.01 0.05 |0.31
ﬁ’ 3601.2185 | —-2.03| 6.12 |92.01|0.07| 13.19 | —-0.22 | 1.22 | 0.02 | 1.05 0.02 1.05 0.02 |0.10

A7 3399.2869 | —31.90 | 5.97 |92.75|1.06| 13.45 | —3.44|1.16|0.30 | 0.98 0.25 0.98 0.25 | 1.49

E AX —5321.6900 | —26.45 | 5.23 |74.64(2.08| 7.03 | -3.54|2.41|1.21| 1.78 0.90 1.78 0.90 |2.95
ﬁ 3634.0812 | —5.82| 5.26 |71.1410.50| 6.79 | —0.82|2.63|0.32| 1.96 0.24 1.96 0.24 |0.70

EZ 3173.6773 | —12.07 | 5.17 |73.33|1.00| 6.83 | —1.65|2.49|0.60 | 1.82 0.44 1.82 0.44 |1.41

F AX 1116.4503 7.38 | 2.67 |78.49|1.02| 3.79 | +0.94|2.16 | 0.54| 0.82 0.20 0.82 0.20 |1.45

H 4596.1558 | —0.46 | 2.82 |80.42|0.06| 4.15|—-0.06|2.04|0.03| 0.81 0.01 0.81 0.01 |0.08
E\Z 4355.9139 0.22| 2.80 |83.35]0.02| 4.38 | +0.03|1.85]0.01| 0.73 0.00 0.73 0.00 |0.04
B|C Ef 3960.5490 | —4.78 | 6.08 |67.98|0.38| 7.61 | —0.70|2.84|0.26| 2.44 0.23 2.44 0.23 |0.54
AY —6681.2352 | —11.53 | 6.12 |70.580.86| 7.85 | —1.63|2.67|0.56| 2.31 0.48 2.31 0.48 |1.22

A7 —7279.0188 4.03| 597 |68.360.32| 7.50 | +0.59|2.81]0.22| 2.37 0.19 2.37 0.19 |0.46

D Ef —11167.6149 7.31| 494 [81.91/0.49| 7.50 | +0.89|1.94|0.23| 1.36 0.16 1.36 0.16 | 0.69
AY —394.5218 1.36 | 5.06 |81.19(0.09| 7.56 | +0.17|1.99|0.04| 1.42 0.03 1.42 0.03 |0.13

A/Z —-907.9599 0.63| 5.14 |80.260.04| 7.54 | +0.08 | 2.05|0.02| 1.49 0.02 1.49 0.02 | 0.06

F E( —6567.2306 | —0.41| 2.67 |74.17]10.06| 3.56 | —0.05|2.44|0.04| 0.92 0.01 0.92 0.01 |0.09
AY —-5686.2979 | —-5.36| 2.82 |78.76 (0.70 | 4.02 | —0.68|2.15|0.36 | 0.85 0.14 0.85 0.14 [0.99

A? —6322.3919 11.15| 2.80 |76.45|1.57| 3.85 |+1.46|2.29|0.87| 0.91 0.34 0.91 0.34 |2.21
D|C A’X 15128.1639 0.81| 6.18 |47.69]0.10| 7.23 | +0.174.33]0.10| 3.78 0.09 3.78 0.09 |0.14
E\Y —6286.7134 8.01| 6.32 |[50.61|0.89| 7.38 | +1.58 |4.08|0.88| 3.65 0.78 3.65 0.78 | 1.25

AZ —6371.0589 0.60 | 6.02 |44.58|0.08| 7.08 | +0.14|4.61|0.09| 3.92 0.07 3.92 0.07 |0.11

E Af)\( —1837.7560 10.05| 5.52 |[50.60|1.27| 6.44 | +1.994.08|1.26| 3.18 0.98 3.18 0.98 |1.80
ﬁ’ —6253.8507 | —2.68 | 5.59 |51.04]0.33| 6.54 | —0.534.05]0.33| 3.20 0.26 3.20 0.26 | 0.47

A? —6596.6685 | —1.17| 5.60 |51.12]0.14| 6.55 | —0.23]4.04|0.14| 3.20 0.11 3.20 0.11 |0.20
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Adjusted 3D-GNSS baseline components (continued)

in ‘ to ‘ Variable ‘ Value [m] ‘ € [mm] ‘ |G| {rom] ‘ IR %) ‘ |w] ‘ [V {cm) ‘ §[cm] ‘ IF; ‘ IF, ‘ IP; [em] ‘ IP; (em) ‘ IK [cm] ‘ 1K [cm] ‘ T,
F|A 5)\( —1116.4503 | —1.98 | 2.67 |80.95]0.25| 3.97 | —0.24|2.00|0.12| 0.76 0.05 0.76 0.05 |0.36
ﬁ’ —4596.1558 | —5.24| 2.82 |75.92]10.74| 3.85 |—-0.69|2.33]0.42| 0.93 0.17 0.93 0.17 | 1.05

A7 —4355.9139 7.68 | 2.80 [79.50|0.99| 4.04 | +0.97|2.10|0.50 | 0.83 0.20 0.83 0.20 | 1.39

B 5( 6567.2306 0.51| 2.67 |78.57|0.07| 3.80 | +0.06|2.16|0.04| 0.81 0.01 0.81 0.01 [0.10
ﬁ 5686.2979 | —5.34| 2.82 |78.74|0.70| 4.02 | —0.68|2.15|0.36 | 0.86 0.14 0.86 0.14 |0.98

EZ 6322.3919 | —0.15| 2.80 |74.19|0.02| 3.73 | —0.02|2.44|0.01| 0.96 0.01 0.96 0.01 |0.03

C AX 10527.7796 5.63| 6.04 |71.59|0.42| 7.82 |4+0.79|2.60|0.26 | 2.22 0.22 2.22 0.22 |0.59
H —-994.9372 | —0.47| 6.05 |66.20|0.04| 7.47 | —0.07|2.95|0.03| 2.52 0.02 2.52 0.02 |0.06

E\Z —-956.6270 2.38| 594 [70.59|0.18| 7.61 |+0.34|2.67|0.12| 2.24 0.10 2.24 0.10 | 0.26

D AX —4600.3843 5.61| 4.68 |53.110.80| 5.48 | +1.06|3.88|0.75| 2.57 0.50 2.57 0.50 |1.13
ﬁ/ 5291.7762 2.33| 4.78 [53.7710.32| 5.60 | +0.43 |3.83|0.30 | 2.59 0.20 2.59 0.20 |0.45
E\Z 5414.4319 | —-0.82| 4.92 |59.85|0.10| 5.86 | —0.14|3.39|0.08 | 2.35 0.06 2.35 0.06 |0.14

E E( —6438.1403 3.87| 4.97 |(47.77|10.58 | 5.81 | +0.81|4.32|0.60| 3.03 0.42 3.03 0.42 |0.81
B’ —-962.0745 5.14| 5.01 [49.62|0.73| 5.85 | +1.04|4.16|0.74 | 2.95 0.52 2.95 0.52 | 1.03

E\Z —1182.2366 6.11| 4.90 [45.68|0.96| 5.74 | +1.34|4.51|1.05| 3.12 0.73 3.12 0.73 | 1.36
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4 Three-dimensional networks (Spatial networks)

Network graph

A=B=C=5mm

4365000

4360000

E. 4355000
N

4350000

4345000
-10000

Supplementary information

Observed GNSS Baseline Components 39
Coordinate unknowns 12
Datum defect 3

Datum definition fix
Number of datum constraints 6
Type-I-error probability ap [%] (Baarda) 0.1
Type-I-error probability ag [%] (Baarda) 14.9
Test value ko]:]L/z 3.29
x*-Noncentrality parameter A, 17.1
Type-I-error probability a, [%] (Pope) 0.1
Critical value k7 _ 3.1
Number of iterations (Max=20) 20

Stop criterion (actual) 6.7 - 10710
Redundancy r 27
Redundancy GNSS Baselines 27.00
Weighted square sum of residuals Q [-] 13.5145
(a priori) standard deviation oy [-] 1

(a posteriori) estimated standard deviation &¢ [-] 0.707486
Ratio 6y /0y 0.7075
Global test (6Z/0Z) 0.5005 (k. .o =1.28)
Number of outliers (Data snooping & 7-criterion) 0

IX = X|| [em] 0.034
Trace coordinate covariance matrix, tr’Z\)? [cm?] 2.91322
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4 Three-dimensional networks (Spatial networks)

4.7 Caspary W (2013)

Caspary W (2013): Fehlertolerante Auswertung von Messdaten: Daten- und Modellanalyse, robuste
Schatzung. 1. Auflage, ISBN 978-3486727715, pp. 9

Available data files: [3D] Caspary:.x

Coordinates
Point name‘ X [m] ‘ Y ‘ Z [m]
1 4000 (D) | =10 000 (D) | 1600 (D)
2 3000 (D) | 11000 (D) | 1500 (D)
3 700 (D) | =700 (D)| 800 (D)
4 0 (D) 0(D)| 700 (D)
N 5000 2000 1800
Datum: fix, (D)...Datum coordinate
3D-GNSS baseline components
in ‘ to ‘ AX [m] ‘ || fem] ‘ Pplym?] ‘ AY [m] ‘ || [em] ‘ Plim?] ‘ AZ [m] ‘ || fcm) ‘ Plym?]

4 | N | 5000.0200 | 1.600 | 3.90625 | 1999.9800 | 1.600 | 3.90625 | 1099.9400 | 6.200 | 0.260 14

Spatial distances

in ‘ to ‘ S [m] ‘ || (mm] ‘ Plim?]

1 N | 12043.3050 | 37.500 | 0.71111
2 N 9224.4040 | 29.400 | 1.15693
3 | N 5174.9100 | 18.500 | 2.921 84
4 | N 5496.4020 | 19.800 | 2.55076

Zenith angles

in ‘ to ‘ Z[gon] ‘ | o | (mgon] Pl1/rad?]

4 | N | 87.1726000 | 0.300 | 45031637.2

Design matrix A and reduced observation vector Aywm 3D-GNSS Baselines (1. iteration)

A |Xi Y1 Zy X2 Y2 Zy X3 Ys Zs X4 Ya Zy Xn YN Zn| Ay

AXyny/0O 0 O 0 O O O O O -1 0 O 1 0 O 2.000
AYyn| 0 0 0 0 O O O 0 O 0-1 0 0 1 0 [-2.000
AZs;yx| 0O O 0 0 0 0 0 0 O 0 0 -1 0 0 1 ||-6.000

Design matrix A and reduced observation vector Aywm spatial distances (1. iteration)

Al X Y1 Z Xz Yo Zy X3 Y3 Z3 X4 Yy Zy  Xx o Yn Zxn || Ay

S1N|—0.0830 —0.9964 —0.0166 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0830 0.9964 0.0166 4.963
SaN | 0.0000 0.0000 0.0000 —0.2168 0.9757 —0.0325 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.2168 —0.9757 0.0325||—2.010
S3N | 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 —0.8309 —0.5217 —0.1932 0.0000 0.0000 0.0000 0.8309 0.5217 0.1932]||-2.961
S4N| 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 —0.9097 —0.3639 —0.2001 0.9097 0.3639 0.2001 3.957
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4 Three-dimensional networks (Spatial networks)

Design matrix Apmgnm and reduced observation vector Aymen zenith angles (1. iteration)

AlXi Y1 Zi X2 Y2 Z2 X5 Y35 Zs Xa Yo Zy X Yno Zn | Ay

Z4,N‘0 0 0 0 00O 0 0 0 —2.1523 —0.8609 11.3482 2.1523 0.8609 —11.3482”0.04

Matrix D'(j of datum constraints

‘Xl Y. 20 Xo Yy Zy X3 Y3 Zs X4 Yy Zy XN YN Zn

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
DT 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
Least squares solution Ax(em) (1. iteration)
| X1 Y1 Zi X2 Y2 Zp Xs Ys Zs Xa Y Zi Xno Yn Zx

A}T\o O 0 0 0 0 0 0 0 0 0 0 1482 —0.766 —1.319

Adjusted coordinates

Pointname\ X fm] \)?—X[cmﬂI&I[cm]\ Y mi \?—Y[cmﬂlffl[cm]\ Zm \Z—Z[cnﬂ\|5|[cm1\|53D|[cm1

N 5000.0148| 1.482 [ 1.720(1999.9923| —0.766 | 1.856 [1799.9868| —1.319 |3.450 | 4.278

Absolute error ellipsoids Absolute confidence ellipsoids (1 — a = 95%)
in ‘ Alem] ‘ Biem] ‘ Clem] in ‘ Alem] ‘ Bem] ‘ Cim)
N | 3.46 | 2.01 | 1.51 N | 13.95 | 8.08 | 6.08
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444

Adjusted 3D-GNSS baseline components

Variance component: Q/oZ = 1.269, r = 1.72, 62/0Z = 0.74, ag = 0.22%, k& =6.68

ag;r,o

in ‘ to ‘ Variable ‘ Value [m] ‘ € [mm] ‘ || (mm] ‘ IR %) ‘ |w] ‘ |V iem] ‘ §[cm] ‘ IF; ‘ IF, ‘IPl fem] ‘ IP; [em] ‘ IK [em] ‘ IK; [em] ‘ T,

4 N AX 5000.0148 5.18 | 17.20 | 47.35]0.47| 9.61 | +1.09 |4.36|0.50| 5.06 | 0.58 5.06 0.58 |0.32
AY 1999.9923 | —12.34 | 18.56 | 38.69 | 1.24 | 10.63 | —3.19 | 5.20 | 1.56 | 6.52 1.95 6.52 1.95 |0.84
AZ 1099.9868 | —46.81 | 34.50 | 85.88 | 0.81 | 27.64 | —5.45|1.68 | 0.33 | 3.90 | 0.77 3.90 0.77 |0.55

Adjusted spatial distances

Variance component: Q/O'g = 9.507, r = 3.09, 6'5/0'3 =3.08, ag = 0.58%, kgG;r,oo =4.12
in ‘ to ‘ §[m] ‘ € [cm] ‘ |6’§ [cm] ‘ IR ‘ |wl ‘ |V fem] ‘ ﬁ[cm] ‘ IF; ‘ IF, ‘IPl [cm] ‘ IP5 [em) ‘ IK [cm] ‘ IK [em] ‘ T,

N |12043.249| 5.625| 1.816 |89.31|1.59 | 16.40 | +6.298 | 1.43 | 0.55| 1.75 | 0.67 1.75 0.67 | 1.07
N | 9224.434|-3.036 | 1.943 | 80.09 | 1.15| 13.57 | —=3.791 | 2.06 | 0.58 | 2.70 | 0.75 2.70 0.75 |0.78
N | 5174.945|-3.538 | 1.542 | 68.35|2.31| 9.25 |-=5.177 |2.81 |1.57| 2.93 1.64 2.93 1.64 | 1.56
N | 5496.370 | 3.151| 1.574 |71.20|1.89| 9.70 | +4.425|2.63|1.20| 2.79 1.27 2.79 1.27 | 1.27

B W N =

Adjusted zenith angles

ag;r,®

Variance component: Q/O'g =0.191, r = 0.19, 6'5/0'3 =1.00, ag = 0.01%, k£ =52.82

IR7) \ |wl ‘|V|[mgon] V fmgont | IFy \ IF; \IP1 [mm]‘Ipz[mm]‘IKl [mm]‘IKz[mm]‘ T;

in ‘ to ‘ é[gon] ‘ é[mgon] ‘ |6'2| [mgon]

4 |N|87.1727312|-0.131| 0.400 |19.12|1.00| 2.84 | -0.69 |8.50|2.06| 198.0 | 47.9 | 198.0 | 47.9 |0.68

(sydomiau (v13pds) sylomiau [puUOISUIWIP-294Y] F



4 Three-dimensional networks (Spatial networks)

Network graph

4000

enchmark
B point (@pPox)
. NewPoint (adj.)

3000

Z[m]

2000

1000

11000

1000

Y [m] -1000

Supplementary information

-11000

X[m]

-1000

Observed 3D-GNSS Baseline Components 3

Observed spatial distances 4

Observed zenith angles 1

Coordinate unknowns 3

Datum defect 3

Datum definition fix

Number of datum constraints 12
Type-I-error probability ap [%] (Baarda) 0.1
Type-I-error probability ag [%] (Baarda) 1.3

Test value kUI:rL/Z 3.29
x%-Noncentrality parameter A, 17.1
Type-I-error probability a, [%] (Pope) 0.1

Critical value k;,_ 2.2

Number of iterations (Max=20) 3

Stop criterion (actual) 5.7-1071
Redundancy r 5
Redundancy 3D-GNSS Baselines 1.72
Redundancy spatial distances 3.09
Redundancy zenith angles 0.19
Weighted square sum of residuals Q [-] 1.09680 - 1072
(a priori) standard deviation oy [-] 3.16228 - 1072
(a posteriori) estimated standard deviation &y [-] 4.68358 - 1072
Ratio 5'0/0'0 1.4811

Global test (6Z/02) 2.1936 (k5 ..o =2.89)
Number of outliers (Data snooping & z-criterion) 0

IX = X|| [cm] 1.669

Trace coordinate covariance matrix, trfg [em?] 18.30207
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A Abbreviations

Observable and/or unknown quantities ("~ " indicate Ly-norm, "~ " L;-norm estimates)
h; ﬁ,fz Height difference (levelled, trigonometric); estimates
r;f, r Direction; estimates
;8,8 Distance (2D) or levelling line length; estimates
S; §, S Distance (3D); estimates
;2,2 Zenith angle; estimates

AAAAAA

XY, 2%, 25X, Y, 2
Ax, Ay; Ax, Ay, Ax, Ay

—~ — —_— — —~— —~

~ e~ o~~~ ~

(Approx.) Cartesian coordinates, estimates
2D-GNSS baseline vector components; estimates
3D-GNSS baseline vector components; estimates
Vector of coordinates x, y or X, Y, Z; estimates
Azimuth

(Approx.) longitude, latitude, height; estimates
Grid bearing (clockwise from North); estimates
Horizontal angle; estimates

Vertical angle; estimates

Position angle; estimates

(Approx.) additive constant of distance/height difference

observation; estimates

(Approx.) scale of distance/height difference observation;

estimates
(Approx.) orientation unknown; estimates
Observational residual, estimates

Vector of unknown parameters in linear and linearized

systems

Least squares (L;-norm) estimates of unknown parame-

ters

Least absolute (L;-norm) estimates of unknown parame-

ters
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A Abbreviations

Other quantities

ip, th
KN kX KF kT

7NZZ
$NZX
Py,p

z 7z

N

SN

R()

TNa TXZ’ TF’ TT
w

y, Ay

aK

Design matrix, major semi axis (error or confidence ellipse, ellipsoid)

Design matrix in partitioned systems, submatrix of A (coordinates/heights)

Design matrix in partitioned systems, submatrix of A (orientations/scale/...)
Design matrix after elimination of part A,, Ay = Ay — A,N;!N,x

Minor semi axis (error or confidence ellipse), middle semi axis (error ellipsoid)
Matrix of constraints for external restrictions, vector of inhomogeneities (BTAx =c)
Major semi axis (error ellipsoid)

Matrix of constraints for resolving datum problem, vector of inhomogeneities
(D"Ax = ¢)

Instrument height, target height

Critical value (of the Normal, y?, Fisher, 7 (Pope) distribution, for the given Type-I-
error probability «, and the given degrees of freedom)

Normal equation matrix (N = ATPA)

Normal equation submatrices (Ny, = ALPA,, N,, = ATPA,)

Normal equation submatrices (N, = AI‘PAZ’ N, = AEPAX)

Diagonal observational weight matrix, diagonal elements of P

Weight matrix of coordinates/heights

Projection matrix onto R(A) along R (PA)*, (P4 = ANT!ATP)

Redundancy matrix = Projection matrix onto R(PA)* along R(PA), (P; =1 — Pa)
Projection matrix onto R(Ay), (Pa, = AX(AJTCPAX)‘IALP)

Cofactor matrix (Q = N7 1)

Lateral deviation caused by residual estimate in direction observation, Qy = sé
(local) redundancy number, redundancy

Column (range) space of matrix

Test statistic (wrt. the Normal, y?, Fisher, r (Pope) distribution)

Standardized observational residual é/os

Vector of observations, reduced vector

Type-I-error error probability

Type-I-error probability local test (data snooping, Baarda)

Type-I-error probability global test

Type-I-error probability local test (Pope)

Power of test (y = 80% throughout all examples)

Weighted square sum of residuals, (Q = é'Pé)

Sum of absolute weighted residuals, (5 = |éTG|1, 1=summation vector, P = GG,
G=regular lower triangular matrix)

Bearing of major semi axis (error/confidence ellipse), clockwise from North

(A priori) observational standard deviation: constant (c) and distance dependent
parts (1,d)

(A priori) observational standard deviation, (a posteriori) estimated value

(A priori) standard deviation of unit weight, (a posteriori) estimated value
(Estimated) Variance-covariance matrix (i = 620)
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A Abbreviations

Internal Reliability

IR

[wl

P
Iv|

\Y%

v, 9
Tz'

T T

T T

Impact [%] of possible blunder on residual é, (IR = 100[%] - r)
0 <IR< 1 notcontrolled
1 <IR< 10 badly controlled
10 < IR < 30 weakly - sufficiently controlled
30 <IR< 70 well controlled
70 < IR < 100 observation can be omitted without loss of reliability
Absolute standardized observational residual |é| /o
< 2.6 supposedly outlier
2.6 — 3.3 supposedly outlier
3.3 — 4.1 outlier probable
> 4.1 outlier very probable
Noncentrality parameter y? distribution
Minimal detectable bias (MDB: o4/A¢/r)
Estimate for possible blunder (é/r using |w| < k
wl > kY, V* = V*(max(|w|)) — subtract V* !
Absolute, internally studentized observational residual |é| /6;, possibly corrupted

N
(XL/Z)

by blunder in observation
Test statistic T, > k7, T} =max(T}) — subtract V* !

External Reliability

IF,
IF,
1P,
1P,
IK;

1K,

Remark 1

Remark 2

(Theoretical) impact factor of MDB |V| on coordinates/heights ("Net distortion",

[V|; /(P - Pa,)ii/ 00, target < (6 — 8)) N

(Empirical) impact factor of blunder estimate V on coordinates/heights ("Net distor-
tion", V;+/(P - Pa,)ii/09)

(Theoretical) impact factor of MDB |V| on the estimate (|V|; (Pa);;)

(Empirical) impact factor of blunder estimate V on the estimate (V;(P4);;)
(Theoretical) impact factor of MDB |V| on the relative point position
(lvli (Ax(A;PAx)_lA;cP)ii) -

(Empirical) impact factor of blunder estimate V on the relative point position
(Vi(Ax(A,,PA,) 1A/ P);;, impact on point position if observation would be omitted)

IP = IK if no parameters like orientation unknowns, scale... are present in the
corresponding observation equation (then A, = 0 = A= A, = A,)

In case of directions, zenith angles or vertical angles IP and IK are scaled by the
distance s between involved points

246



B Legend

Point markers

EEHO O )

Benchmark

New point (approximate location)

New point (adjusted)

Benchmark/New point (approximate location)
Benchmark/New point (adjusted)

Observations

Coordinate(s) x,y,z; Height H
Levelling height difference h,, from P to Q

Trigonometric height difference h,, from P to Q

2D-GNSS baseline vector components between P and Q

3D-GNSS baseline vector components between P and Q
Planar distance s, in P to Q

Spatial distance S,, in P to Q

Direction r,, in P to Q

Direction r,, and distance s,, in P to Q

Azimuth A, in P to azimuth mark
Grid bearing T, in P to Q

Horizontal angle a.,./position angle 7, in P from Q to R

Zenith angle z,, in P to Q

Zenith angle z,, and spatial distance S,, in P to Q

Vertical angle 3, in P to Q

Vertical angle f3,, and spatial distance S,, in P to Q
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C Observation equations and design matrices

See also Sneeuw et al. (20xx) [20].

C.1 One dimensional network (Height network)

C.1.1 Levelled height difference

Stand point i with instrument height i, target point j with target height ¢, scale m, additive
constant a. Constant standard deviation o, [m] , distance dependent standard deviations o [m/Vkm]
and oy [m/km] for a levelling line length s of 1 km

hij=m[Hj +ty, — (H; +ip)]+a , op= \/O'C2 + O'IZS[km] + (O'ds[km])z

A, = (2hi Ohy Ohy Ohy
h = \ 9H, 9H; dm "da

= (—m, m, Hj+th—(Hi+ih), 1)’
0 0

C.1.2 Trigonometric height difference

Stand point i with instrument height i, target point j with target height ¢, standard deviation oy,

hij :Hj-l—th—(Hi +ih)

dhi; Ohy \| _
An= (G G = (1 1)

C.1.3 Height

Stand point i, standard deviation oy
Hi = Hi

C.2 Two dimensional network (Planar network)

C.2.1 2D distance

Stand point i, target point j, scale m, additive constant a. Constant standard deviation o, distance
dependent standard deviations o7 and oy

sij = m\/(xj -x)?+yj—yi)?+a , o5= \/0'(;2 +07s + (0gs)?

— mz(x,-—xj) mz(yi—yj) _mz(xi—xj) _mz(yi—yj) sij—a 1
0 sij—a ’ sij—a sij—a sij—a > m ’ 0
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C Observation equations and design matrices

C.2.2 2D GNSS baseline vector components

Stand point i, target point j, with 2 X 2 variance-covariance matrix X[ax,ay]

Axij=xj—xi , Ayijj=y;—y;

_ _ 6Ayi' 6Ay,—-
(1), e (e o)

_ anij 6Axij
AAX - ( axi 6xj

()

0

C.2.3 Bearing

Stand point i, target point j, standard deviation or
Xj — Xi

Yj — Yi

T;j = arctan

dT;; OTi; 0Ty aTij)|
0

A = _ [ Yizyi Xi—Xj Yi~Yj Xi—Xj
T = ox; Oy; O0x; Ox;j 0

B ( Gi)? 7 Gi)? ? Gl 7 (i)

C.2.4 Direction

Stand point i, target point j, orientation w;, constant standard deviation o, distance dependent
standard deviations o; and oy

rij=Tj—wi , o‘,=\/o‘cz+0'12/s+o‘§/s2

A = Orij Ori; Orij Ory; Orij YTy XX YiTYp XiTXj -1
T\ Ox By 9x; 9x; dwi J|g T\ (i) 7 ()P 7 (si)? 7 (si)? 0

C.2.5 Horizontal angle

Stand point i, left target point j (backsight station), right target point k (foresight station), standard

deviation o,
Xk — Xj Xi— X;
a;jk = Ty — Tjj = arctan ! _ arctan
Ye = Yi Yji—Yi

A = Oajjr Oajjr Oaijr Oaijr Oaijr Oayjk
a Ox; Ay; ox; ox;j Oxr  Oxi 0

o _ukmYi o YitYi xeexs  XmXe YiYio XX YkmYi Xk
- (sae)? 7 Gi)? 7 (sl (si)* 7 (i) 7 G > Ga)® 2 (i) )]
v 0° horizontal circle

Bearings Tj;, Tjx, direction r;j, orientation w; and horizontal angle a; .
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C Observation equations and design matrices

C.2.6 Coordinate
Standpoint i, with standard deviations oy, o, or 2 X 2 variance-covariance matrix X[, 4]

x; = x; and/or y; = y;

C.3 Three dimensional network (Spatial network)

C.3.1 3D distance (Slant distance)

Stand point i with instrument height iy, target point j with target height ¢, scale m, additive constant
a. Constant standard deviation o,, distance dependent standard deviations o; and oy

Sy = my(X) = XoP2 + (Y = Y2+ (Zy + th = (Zi 4 W) +a . 05 = \Jo? + 078 + (0uS)

6Xi 6Yi GZ,- an BYJ (9Zj om da

s =

_ [ MXi=Xy) mA(i-Y) mi(Zi=Z)  mA(X-Xp)  mP(G-Y) miZi=Zp)  Sij—a 1
- S,-j—a ’ S,-j—a ? Sij—(l ’ S,-j—a ’ S,-j—a ’ Si]——a ’ m ’ 0

C.3.2 3D GNSS baseline vector components

Stand point i, target point j, with 3 X 3 variance-covariance matrix Xjax, ay,az]

AXU IXJ'—X,' N AYUIYJ'—YI' N AZij:Zj—Zi
OAX;; OAX; _ _ [ OAY;; OAYy; _
AAX:(WJWJ_J)L)—(—l, 1), AAY_(W;WJ'])L)_(_l’ 1)

_ BAZU» BAYij _
Az = (5 St )|y = (1)

C.3.3 Vertical angle

Stand point i with instrument height i, target point j with target height t;, constant standard devi-
ation o, distance dependent standard deviations o7 and oy

X; = X)Z + (Y; — Y;)2 .
Bij = arccot\/ ] : LY = arccot—X, op = \/0'3 + crlz/s + ngl/s2
Zj+th—(Z,‘ +lh) AZU
Ap = OPij 0Bij OPij 9Bi OPij 9P
= \oxi oV, 9z; 9x; oY, 97 )|,
_ 1 X XpAZy _(YAZy o (XGimX)AZy (Y YAZy
(si)? + (AZ;)? S ’ sig Y Sij ’ s 7" o

C.3.4 Zenith angle

Stand point i with instrument height i, target point j with target height ¢, constant standard devi-
ation o,, distance dependent standard deviations o; and o4

VX = X)? + (Y - V)2 Sij
zjj = arctan - = arctan
Zj+th—(Zl'+lh) AZU

, 0,= \/O'CZ + 0'12/5 + 0021/32
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C Observation equations and design matrices

A _ 3Zij Bzij (921*]‘ 3Z,~j az,»j 6zl~j
== \ox; 9vi 3z 9x; 3y, 9z )|,

-1 ( _XGXAZy(GYpAZy o (XmX)AZy (GYAZy )‘
, » Sij
0

- (sij)? + (AZ;j)? Sij ’ Sij > THe Sij ’ Sij

X

Vertical angle f3, zenith angle z, position angle 7, planar and spatial distance, s and S

C.3.5 Position angle

Stand point i, left target point j (backsight station), right target point k (foresight station), standard

deviation o,
2 2 _ @2
Sij + Sik = Sik

Tjjk = arccos
ZSijSik

A = Omijr Omijx Omijk Omyjr Omyjx Omijk Omijr Omyjx Omiji
T oX;  0Y; 0z; 0X; 0Y; 9Z; IXp OYr 0Z

0
with
a”ijk 1 1 ij Xk —Xj
= —(cosTmijr — —2)(X; — X;) +
an S,-jsinﬂ,-jk[S,-j (COS7TUk Sik )( J) Sik ]
OTijk 1 1 Sij Y -Y;
- — (cosmijr — —L)(Y; - ;) +
9Y; SijSi””ijk[Sij (cosiji Sik (¥ = 1)) i ]
oy 11 Sy Zk - 7
o - [—(cosmij — —=)Zi — Zj) + : 2]
aZj S,-jsmmjk Sij Sik Sik
Ormijk 1 1 Sik X — X
= —(cosmir — 22)(Xg — X;) +
06X, SikSinﬂ'ijk[Sik (COS”zjk Sij )Xk i) Sij ]
aﬂ'ijk 1 1 Sik Yi - j
= —(cosmijr — )Y - Vi) +
aY, SikSinﬂ'ijk[Sik (COSJT,]k Sij (Y i) Sij ]
on;j 1 1 S; Zk—Zj
ik _ . [—(cosmjjr — ;k)(Zk -Z)+ K ]]
0Zy Siksmﬂ'ijk Sik Sij ij
aﬂijk __ aﬂ'l’jk + 8”ijk) aﬂ.’ijk _ _(67T,'jk aﬂ'ijk) aﬂ'ijk _ _(aﬂ'ijk + aﬂ'ijk)
X; ox; | oxy = oy ov, = oy, oz 0z; 0z

251



C Observation equations and design matrices

C.3.6 Coordinate

Standpoint i, with standard deviations ox, oy, 0z or 3 X 3 variance-covariance matrix X[x,y,z

Xi = Xi and/or Yi = Yi and/or Zi = Zi
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