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Motivation

model refinement by
localizing base functions
tend to zero outside the area
of influence
model mainly data within the
area of interest

very often: radial symmetric

Fig: Radial base functions on a
sphere
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Fig. 4 Peak-to-peak changes in continental water 
storage from July 2003 to July 2004 in each of the 
mascon blocks over the Amazon region. The units are 
cm, and the change ranges from 8 to 58 cm. 

The peak-to-peak changes in the estimate of 
water storage are depicted in Figure 5, for the 
India region. The changes range from 7 to 51 cm, 
with the peak not occurring over the Indian 
subcontinent, but on the eastern boundaries of 
the mascon region,  over  South East Asia. 
Specifically it is the 4°x 4 ° block centered on 
24°N, 100°E that has the largest ampli tude 
signal. With the mascon solutions over the 
Indian subcontinent, we resolve the differences 
in the change of annual water storage between 
southern India (peak signal 10-12 cm), northern 
India along the Ganges (30-40 cm). 
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Fig. 5 Peak-to-peak changes in continental water 
storage from July 2003 to July 2004 in each of the 
mascon blocks over the India study region. The units 
are cm, and the change ranges from 7 to 51 cm. 

Over the US study region, we can perform a 
similar analysis. The peak-to-peak changes range 
from about 6 cm over the Great Basin to 18-20 
cm over  Labrador  and Quebec ,  on the 
northeastern limits of the study region. Broadly 
speaking this is consistent with the semi-arid 
nature of the Great Basin region, and the heavy 
snow load that occurs in those regions of 
Canada. 

4 . 2  E x a m p l e s  o f  m a s c o n  t i m e  s e r i e s  

The individual mascon estimates in each block 
can be examined as a distinct time series. We 
depict three examples in Figures 6-8, where we 
show the time series of water mass estimates 
with respec t  to the base gravi ty  model ,  
GGM02C.  A time series over the Amazon is 
depicted in Figure 6, and over southeastern 
Venezuela in Figure 7. The block centers are 8 ° 
apart in latitude, and yet show peaks occurring at 
different times of the year, as expected from the 
behaviour  of the hydrological  basins of the 
Amazon and the Orinoco. The first block is 
centered at 3°S, 298 E °, just to the west of 
Manaus. According to the mascon solutions, the 
peak occurs in the ten-day solution of April 11- 
20, 2004. The minimum occurs in the ten-day 
solution of Oct. 21-30, 2003. The second block 
is centered over southeastern Venezuela at 5°N, 
298°E in a region that drains into the Orinoco 
river. The minimum occurs in the solution of 
February 11-20, 2004. The maximum occurs in a 
broad peak (either July 2003 or June 2004), 
indicating the phase of maximum amplitude in 
this region is distinct from that in the previous 
example. 
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Fig. 6 Time series of recovered water mass (wrt. 
GGM02C) for mascon block in the Amazon. This 
block is centered at 3°S, 298 E °, just to the west of 
Manaus. The total annual variation is 51 cm. 

Fig: Mascons (Lemoine, 2007)

Fig: Boundary elements (Weigelt,
2012)
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Manaus. The total annual variation is 51 cm. 

Fig: Mascons (Lemoine, 2007)

Fig: Boundary elements (Weigelt,
2012)
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Motivation

observations by satellites have
preferred direction
converging of tracks

Fig: Spherical caps with radius 1.5◦ and points per cap
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Idea

isotropic functions Ψ(x,y) in spatial domain
(x: location, y: node/center)
linear transformation x̃ = E · x and ỹ = E · y
‘elliptical’ contour lines per wavelets
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Poisson wavelets

Poisson wavelets of order N:

Xn =

(
‖y‖ ∂

∂‖y‖

)n 1
‖x− y‖

for n = 0,1, ...,N + 1 and

Ψ(x,y) =
1

4πR2 (2XN+1 + XN)

recursive formulas up to N = 9
Fig: (Normalized) wavelet on
the sphere

Fig: Cut along the meridian
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Transformation

keep size in North-South direction
scaling in East-West direction

empirical factor: f (φ) := exp
(

1
2 −

1
2

(
φ
45

)2
)

Fig: Points within modified spherical caps and points per cap 7 / 16



‘Elliptical’ wavelets

E−1 = (Re
g)>

1 0 0
0 f (φ) 0
0 0 1

Re
g with Re

g = R2(90− φ)R3(λ)

⇒Ψ(Ex,Ey)

Fig: (Normalized) original and modified wavelet on the sphere
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Spherical grid

Fig: Fibonacci grid (depth = 100 km)

Fig: ‘scaled helix grid’

well suited for standard wavelets
not enough nodes for ‘elliptic’ wavelets
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Spherical grid

Fig: Fibonacci grid (depth = 100 km) Fig: ‘scaled helix grid’

well suited for standard wavelets
not enough nodes for ‘elliptic’ wavelets
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Example

Fig: Potential in space

GRACE-like orbit
parameter
energy balance
approach
subtraction of a
reference field
‘regional’ selection
statistic in [m2/s2]:
MEAN 0.1191
MAX 0.9814
MIN −0.5464
STD 0.2774
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Synthesis

Fig: Synthesis by radial and ‘elliptic’ wavelets
radial ‘elliptic’

nodes 623 598
cond(A>A) 1709 495
regularization 3.58 · 10−7 2.56 · 10−7

correlation [%] 0.94 (0.99) 0.93 (0.99)
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Residuals in the inner zone

Fig: residuals after wavelet synthesis
[m2/s2] synthesis residuals

radial ‘elliptic’ radial ‘elliptic’
MAX 1.0101 1.0325 0.1623 0.2060
MIN −0.6260 −0.6138 −0.1550 −0.1477
MEAN 0.1137 0.1095 0.0056 0.0098
STD 0.2782 0.2769 0.0283 0.0278
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Comparison

So far, similar quality for both kinds of wavelets

But for ‘elliptic’ wavelets
smaller condition number and regularization parameter
consideration of observation geometry
improvements by grid modifications
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Summary

construction of spherical base functions
non-isotropic/directional dependent
re-scaling in East-West direction with latitude
in spatial domain
easy/fast calculation

Open Questions
scaling should depend on orbital parameters (I,r )
unchanged caps in higher/lower latitudes?
analysis in other directions?
special grid design?
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